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Preface 


This collection of problems is intended as an accompani- 
ment to a course on discrete mathematics at the universi- 
ties. Senior students and graduates specializing in mathe- 
matical cybernetics may also find the book useful. Lectur- 
ers can use the material for exercises during seminars. 

The material in this book is based on a course of lec- 
tures on discrete mathematics delivered by the authors over 
a number of years at the Faculty of Mechanics and Mathe- 
matics, and later at the Faculty of Computational Mathe- 
matics and Cybernetics at Moscow State University. 

The reader can use /ntroduction to Discrete Mathema- 
tics by S. Yablonsky as the main text when solving the 
problems: in this collection. 

The book consists of eight chapters. The first two chap- 
ters are devoted to Boolean algebra which forms the ba- 
sis of discrete mathematics. About a quarter of the total 
teaching time during lectures and practicals at the Com- 
putational Mathematics and Cybernetics Faculty at Mos- 
cow University is devoted to Boolean algebra. The ma- 
terial in this part introduces the student to the concepts 
ef discrete functions, superposition, and functionally 
complete sets. It also acquaints the student with various 
methods for specifying a discrete function (tables, poly- 
nomial representation, normal forms, geometrical repre- 
sentation using an n-dimensional unit cube, etc.). Me- 
thods for testing the completeness and closure of sets of 
functions are also considered. 

The third chapter is devoted to k-valued logics. The 
problems presented are intended to acquaint the reader 
with the canonical expansions of k-valued functions, equiv- 
alent transformations of formulas, closed classes of the 
k-valued functions, and methods for testing the complete- 
ness and closure of functions. Several problems in the 
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chapter illustrate the difference betweem k-valued logics 
(k > 2) and Boolean algebra. 

The fourth chapter contains problems on the theory of 
directed and undirected graphs, and the network and circuit 
theory.The chapter describes the basic concepts, methods 
and terms of graph theory, which are widely used to de- 
scribe and investigate the structural properties of objects 
in various branches of science and technology. The prob- 
lems are intended to consolidate the basic concepts of 
graph theory, to illustrate the application of network and 
graph theory to the construction of circuits representing 
Boolean functions, to count the number of objects with a 
given geometrical structure, etc. The authors hope that 
the lecturer will also find problems in this chapter to 
help him demonstrate the mathematical rigor during the 
proof of geometrically “obvious” statements. 

The fifth chapter describes the basic concepts of coding 
theory. The problems concern the properties of error cor- 
recting codes, alphabetical codes, and minimum redun- 
dancy codes. 

The sixth chapter contains problems demonstrating 
different ways of describing discrete transformers (auto- 
matons). Problems aimed at revealing deterministic and 
boundedly deterministic automatons are also given. Other 
problems concern the different ways of representing auto- 
matons (diagrams, canonical equations, and schemes (cir- 
cuits)), the investigation of the functional completeness 
and closure of sets of automaton mappings, and also the 
properties of operations involving such mappings. 

The seventh chapter deals with the elements of algo- 
rithm theory and is intended to provide an idea about 
effective computability and complexity of computations. 
It is also about certain ways for specifying algorithms, 
such as Turing’s machines and recursive functions. 

The eighth chapter describes the elements of combina- 
torial analysis. While studying discrete mathematics, 
one frequently comes across questions concerning the 
existence, counting, and estimation of various combina- 
torial objects. Hence, combinatorial problems are in- 
cluded in the book. 

For the sake of convenience, the authors have started 
each section with a theoretical background. 

Hints and answers are provided for most (but not all) 


PREFACE 9 


problems. Solutions are given in a concise form in the 
form of notes, and trivial conclusions are omitted. In 
some cases, only the outlines of solutions are presented. 

The exercises in the book have various origins. Most of 
the material is traditional and specialists on discrete 
mathematics are all too familiar with such problems. 
However, it is practically impossible to trace the origin 
of the problems of this kind. Most of the problems were 
conceived by the authors during seminars and practical 
classes, during examinations, and also while preparing 
this book. Some of the problems resulted from studying 
publications in journals, and a few have been borrowed 
from other sources. Several problems were passed on to 
us by staff at the Faculty and by other colleagues. The 
authors express their sincere gratitude to them all. 

The authors are deeply indebted to S.V. Yablonsky 
for his persistent interest during the preparation of this 
book. His comments and suggestions played a significant 
role in determining the structure and scope of this book. 

We are also grateful to our reviewers V.V. Glagolev 
and A.A. Markov for their critical comments and sugges- 
tions for improving the collection. 

G.P. Gavrilov 
A.A. Sapozhenko 


Chapter One 


Boolean Functions: Methods 
of Defining and Basic Properties 


1.1. Boolean Vectors 
and a Unit 72-Dimensional Cube’ 


A vector (a@,, @,...,@,) Whose coordinates assume 
values from the set {0, 1} is called a binary, or Boo- 
lean, vector (tuple). We shall denote such a vector by 


a" or a. The number n is called the length of the 
vector. The set of all Boolean vectors of length n is 
called a unit n-dimensionalcube and is denoted by 8B". 


The vectors a” are called the vertices of the cube 8B". 
The weight or norm ||a"|| of the vector a” is the num- 
a of poordinares of this vector that are equal to unity, 


i.e. I| a” || = y a;. The set of all vertices of the cube B” 


having a weight k is called k-th stratum of the cube 


B” and is denoted by Bz. To each Boolean vector at” 


there corresponds a number v(a") = >} a,2"-?, called 


i=1 

the number of the vector a”. The tuple a” is obviously 
a binary expansion of the number v y (a ). The (Ham- 
ming) distance between the VEruces a and 6 of the cube 


B" is the number 0 (a, B) = py |a,—B;|, equal to the 


number of coordinates in which they differ. The Ham- 
ming distance is a metric, and the cube B” is a metric 


space. The tuples a and 5 from B" are called adjacent 
if p (a, B) = 1, and opposite if p (a, B) = n. An unor- 
1 This section is auxiliary. We shall be using only problems 


LA At456., 43144. i114... 1:41.15. 4.4.31... 1:1,34,, 44.35... 
and 1.1.44. 
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dered pair of adjacent vertices is called an edge of the cube. 
The set BR (a) = {B: 0 (a, 6) = k} is called a sphere, 
while the set S? (a) = {B: p (a, B)< k} is a ball of ra- 
dius k with a centre at a. The tuple a” is said to precede 
the tuple 8” (notation: an< B") ifa,< 6; for all 
i=1,n. If in this case au” + B", the tuple a” is said 
to precede B” strictly (notation: an 6”). If at least one 
of the relations ans 6” or 8” =< a.” is satisfied, a” and 
B” are called comparable. Otherwise, a” and B” are said 
to be incomparable. The tuple a.” directly precedes Bp” 


ifar< B” and (a, 6”) = 1. The precedence relation 
hetween the tuples is the relation of partial order in B”. 


Fig. 4 


Figure 1 shows the diagrams of partially ordered sets 
B?, B® and Bt. The sequence of vertices of the cube 


{Gos Oy, be aoe Cp } is called a chain connecting oo and 
Cp (notation: (a, ct» ]) if o (O;-1, @;) =1(i=1, k). 
The number & is called the length of the chain [a,, a]. 
The chain foto, G1, da es an} is called an ascending chain 
if Gay < ct (i = 1, k). A chain z of the ty pe {ao, Ory: oe 
Gp} is called a cycle of lengthk if a) = oy. Let a=(o, 
Css a8 .,&,)and B = (6,, B., ..., B,) be vectors from 8B". 
We denote by a ® 6 the vector (a, ®B,,a, BB, .. 


°% 
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a, ®8,) obtained by exclusive sum of Vectors a and B. 
By aU B we denote a vector whose i-th coordinate is 


equal to zero if and only if a; = B; = 0, and by aL an: 
a vector whose i-th coordinate is equal to 1 if and only if 


a; = 6; =1. By a we denote a vector (opposite to ax) 
whose i-th coordinate assumes the value 0 if a; = 1, and 


the value 1 if a; =0. If o € {0, 1}, we put on = 


(0@,, O,...,; ce The symbols 0 and 4are used to 
denote vectors (0, 0, .,0) and (4, 14, ., 1) respec- 
tively. 


Theset Bs. _ a ‘ 


- *k ofall tuples (a,, ..., @,) from B” 
for whichoe;, =o; (j = 1,k) is called a face of the 
cube B”, The set J] ={i,, ..., i,} is called the direction of 
the face, the number k the rank of the face, and n — k 


the dimension of the face. 


1.4.1. (1) Find the number | BF | of tuples a” having 
a weight k. 
(2) What is the total number of vertices in the 
cube B”? 
1.1.2. (1) Find the numbers of tuples (1001), (01101), 
and (110010). 
(2) Find a vector of length 6 which is a binary 
expansion of the number 19. 


1.1.3. Find the number of tuples a € BE satisfying the 


condition 2.7.+< v (a) < 2”. 
1.1.4. Show that the following relations hold for any 


a, B, y in B": 
(1) p (a, <p, 8) + e &, v3 
(2) p (@, ») =p (@ @B, y @ B); 
(3) p (a, 6) = le ll+ IBI-2lenBil; 
(4) 9 (a, p) =||a OB |. 


1.5. (1) Find the number of unordered pairs of adja- 
a vertices of B”. 
(2) Find the number of unordered pairs of tup- 


les (a”, 6”), such that p (a”, 6") =k, 
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1.1.6. Let a and 6 be the vertices of a cube 8”, 


p (a, p) = = m. Find the number of vertices ” satisfying 
the condition 


(1) p (a, y) +p (y, B) = p , B): 
(2)p@ y=, 96, y) =1 
(3) p(@,y<k, p(B, y) =7; 
(4)p(a,y<k, (6, y)>r. 
1.1.7. Prove that the following systems of relations are 


incompatible for a, p and y in B", n>2: 


; i o (a, 6) > 2n/3, p(y) > 2n/3, p(y, a) > 
n/ 


(2) v@)<v@GSEy, viG)<vy¥@a), vy< 
v (a @ B); 

(3) lali> I BOvI,WBI>ly@al, ivi> 
We @Bil, lenny li =; 

(4) 2 @ROPU=0, leobexyll=n—1. 


1.1.8. Let a, i and } y be the vertices of a cube B”. Show 
that: 


(4) a < 6 is equivalent to a mA Bo 0; 

(2) at B = 1 is equivalent to B< a; 

(3) a N@U B) = 4; 

(4) aU @ 1B) = 4; 

(6) @UB)NGUY=E@NYUB 

6) (@ nyu Bs) Nr=EnYUG a ; 
(7) a< y leads to the relation a J BN 


(8) a<xy is equivalent to a U (BN 
(9) @ ABU BNYU & a) =(@ 
N (PU @). 
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1.1.9. How many vectors (a,, @, ...,@4.) in Bt’ satisfy 
the relation >) @;,<m/2 forall m=1, 12? 
i<i<m 


1.1.10. Find the number of vectors @ in Birei<k<n/2, 
{4<r<(n—k)/(k — 1), which have at least r zero 
coordinates between two unit coordinates. 

1.4.41. (1) Show that B” contains a set consisting of 
a, pairwise incomparable vectors. 

(2) Show that any subset containing not less 
than n + 2 vectors includes a pair of incomparable 
vectors. 

1.4.42. Let O< l<k<n and let A (a) beaset of all 


vectors in B” comparable with a. Find the power of the 
set C: 

(1) C=A (a) BE, ae Bi 

(2) C =A (a) BT, w@EB, 

(3) C = A (a), a € BY. 

1.4.13. Let A <= B?, and B be a set of all tuples in 
By; that are comparable with at least one set in A. 


Prove that Ja <= mn 
( l ( k 
1.1.14. (1) Show that B” contains nm! pairwise different 
ascending chains of length n. 
(2) Show that the number of pairwise different 
ascending chains of length n containing a fixed vertex 


a in B® is equal to k!i(n — k)!. 
4.1.15*. (1) Show that the power of any subset of 
pairwise incomparable tuples of cube B” does not exceed 


rn 
( [2/2] ). 

(2) Show that if the subset A < B” consists 
of pairwise incomparable sets and ||a@||<-A for any ac, 
then J|A< ( ‘ for k<n/2. 

1.4.16. Let p,, po, ..., py, be pairwise different prime 
numbers, and WN be the set of all numbers that can be 
presented in the form p*1p%2 ... pyr, where a; € {0, 1}, 
i= 1,n. Let ACW be a subset such that none of the 


Sst 
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numbers a € A is a divisor of any of the numbers b € A 


other than a. Prove that | A |< aa i: 


1.1.17. Let @ and 6 be the vertices of a cube B”, such 
that a <8, p(a, B)=&é. Prove that the number of 
tuples y satisfying the relation a< y< 8 is equal to 2°. 

1.1.18*. Prove that the cube B” can be represented as 
a union of pairwise nonintersecting ascending chains 
having the following properties: 


(1) the number of chains having a length (n—2k) is 
equal to ( . —( Pad ) , k=0, [n/2], the minimal tuple 
of each chain having a weight k and the maximal tuple 


a weight n—k; 

(2) if Obs, Os tay and Chi +s are three consecutive vertices 
of an ascending chain having a length n — 2k, the ver- 
tex B satisfying the relation a; < 6 Za, B O44 
belongs to a certain chain of length n — 2k — 2. 

1.1.19. Leta and B be the vertices of the cube 8” such 
that o (a, 6) =k, and let C (cx, 6) be a set of all verti- 


ces . for each of which there exists a chain [a, 6] of 
length which is not more thank -+ 2r containing this ver- 


tex y. Find the power of the set C (x, 6). 
1.1.20. The set A < B” is called a complete set in B” 


if any vector p € B" can be uniquely reconstructed under 
the condition that the distance p (a, B) is known for each 
ae A.A complete set in B” is called a base set if for each 
vector a in A, the set AX {a} is not a complete set. 

(1) Prove that any ascending chain Cho, Oh, a 


Qn-, in B”" forms a base set. 

(2) Show that the sets B? and Byh_, are complete in 
B” for n > 2. Indicate a number n > 2 for which B? 
is not a base set. 

(3) For what n and k is the set By not complete in B"? 

(4) Prove that any base set A in B" satisfies the con- 


one n 
dition iar |<on. 


16 CH. 4. BOOLEAN FUNCTIONS 


(5) Prove that none of the faces having a dimension 
n—2 is a complete set in B”. 
(6) Prove that the number Y, of base sets in B" 


satisfies the inequalities 2 (nl) <¥n<| iE 
1.1.21. Let @ be a one-to-one mapping of A” onto it- 
self. The mapping @ is said to preserve the distance be- 


tween vertices if 0 (a, p) = =p (” (a), ~ (B)) for all a, B 
in B”, Prove that the mapping q@ preserves the distance 
if and only if it can be obtained with the help of: 

(1) a certain commutation of coordinates simultaneous- 
ly in all vectors in B”; 

(2) a substitution of 0 by 1 and 1 by O in certain coordi- 
nates of all vectors. 

1.1.22. The mapping g of the set B” onto itself is called 


monotonic if the condition v (a)< v (B) leads to the 


inequality v (@ (a))< v (@ (B)). Find the number of 
monotonic mappings of the cube B”. 


1.1.23. Let «€BR. The set ME (a) = fy: v(y)< 


Vv (x), y € Bh} is called the initial segment of the stra- 
tum Bi. Let A < B": we denote by Z? (A) the set of all 


tuples BE B? for each of which there exists an a € A 
such that B< a. 
(1) Let a € By, and i, i,...,%U<i<i< 
. <.i,< n) be the numbers of those coordinates of 
the vector a which are equal to unity. Show that 


| MR) I=14 ("EO ) 4 (og) eee + ("4"). 


(2) Show that if /< k and A istheinitial segment of 
the stratum Bz, the set Z} (A) is the initial segment of 
the stratum B?. 


(3) Let a € BR and i,,i,,...,% Ux<i<ci< 
.<(ly<cn) be the numbers of those coordinates 
of the vector a which are equal to unity. Let A = 


MR(a) and I< k. Show that 
[ZEA Cay |e a |e 
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(4)* Let 1<m<| : . Prove that the minimum of 


the quantity | Zy_,(A)| for all 4 @ BF satisfying the 
condition | A|=™m is attained at the initial segment 
of the stratum BF. 


(5) Let i<m<( {| and l<k. Prove that the mini- 
mum of the quantity |Z? (A)| for all AGB satisfy- 


ing the condition | A|=-m is attained at the initial 
segment of the stratum By}. 
(G) Let ay, a,, a, ..-,@, be given numbers for which 


there exists a set A of pairwise incomparable tuples 
such that | Af) Be| =a, (k=0,n). Then the mini- 
mum of the quantity | Z/(A)| for all such sets A is 
altained when the set A () B? is the initial segment 
of the stratum 8B? for all itl. 

1.1.24*. Let A < RB" be a set of all tuples such that 


there are no tuples aL, B, y in A for which @ an = 0 
and aU B = ¥. Let a, = |A () BR |. Show that 


ansml ( 44 m) tan] (i }+ an (7, )<? 


for all natural numbers k and m that do not exceed n. 


1.1.25. The set I'(A) = fa: a EB"\A,p(a, A) = 1} 
is called the boundary of the subset Ac B”. LetlLoi< 
log <o...<ciyxcn. We denote by ra - con the 
set of ail tuples in A for which the coordinate with number 
t; is equal to o; (j = 1, &). 

The centre of set A is defined as a tuple whose i-th coor- 
dinate is equal to zero for | Ai |> 1/2 | A |, and equal 
to unity otherwise. We denote by a't*?"°” ‘n the tuple ob- 


tained from @ 2 bY reversing the values of coordinates with 


numbers i,, t,, ..., ep 
(1) Show that for any A <= 8" there exists an A’ € B" 
such that |A’|]={A]|, |P(A’)[| =| PF (A)]. and 


the centre of A’ is the vertex 0 = (0,0, ..., 0). 
(2) We shall say that the set A < &” has the property 


I if for all i = 1, n it follows from a € A? that ai eA, 
Show that for all A < B" there exists a set A’ with cen- 


2—0636 
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treat 0, such that |A’ |= |AJ]|, A” possesses the 
property I, and | T (A’) |< | T (A) |. 

(3) We shall say that the set A <& B” possesses the 
property II if for all i, j 4<ci<j<n) it follows from 


aL € Ai? that aii € A. Show that for any A having its 
centre at 0 and possessing the property I, there exists an 


A’ with centre at 0 possessing the properties I, II, and 
such that |A |= | A’ |, and | (4) |< [|T (A) |. 
(4)* Show that the mahaum o |T (A) | for all A <& B” 


. 

satisfying the inequality > & <|A|< eee 
4 = 

is attained on the set A = Sp_, (0) U MR a where 


Mr (a) is a certain finite segment of the stratum 5} 
(see Problem 1.1.23). 

1.1.26. Let @ (nr) (g’ (n)) be the maximum power of 
the set A & B” such that Il a np | = 1 (resp. || cL a 
6 \|>> 1) for any two different vectors in A. Show that 

() p(n) =n; (2) @’ (n) = 2h". 

1.1.27. Let F (n, hk) be a family of subsets A of the 


set B” such that || a an) l|>> kh for any cL, B in A. Let 


p (n, k) = max | A |. Prove the following state- 
A€ F(n,k) 
ments: 
Tr 
(1) p(n, A> DS (7). 
_ qnrtk+t 
oe) a | 


(2) LetAcF (7, k); then | Af] BY + | Afq Br-i+r-1| <= 
n 
(7). 
(3) For Seo the equality| AN BP|+ |4Nn 
Be jpeg (7) holds only when Af) Bt_jin-1 =O. 


vt 


(4) g(n, A= > (* } for even n-+-k, 


nt+kh 
2 
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p(n, k) = f= iW y (")) for odd n+k. 


i= mtkt+1 


a 
1.1.28. Let F,(n) be a family of subsets A & B” such 


that 0 (a, B)<2r for all a and p in A. Let @,(n)= 
max |A |. 
AE F,,(n) 

(1)* Show that the maximum of | AJ is attained for 


all A€F,(n) on sets of the type S? (x) and is equal to 
r 
a (x): 
=0 
(2) For odd n and r = (n — 1)/2, give an example ofa 
set A € F,(n) which is not a ball of radius r, and for 
which | A |= 4Qq, (n). 


1.14.29*. The subset A < BH" is said to possess the 
property 1 if any two vectors in A have acommon unit coor- 


dinate, property 2 if for any a € A the opposite vector 


a does not lie in A, and property 3 if it follows from 


a€A anda< 6B that B € A. Let » (n) be the number of 
subsets A < #8” possessing properties I and II simulta- 
neously, and @ (nm) be the number of subsets B < B" 
possessing property 3. Show that: 


n-i1 
(1) (nye aben-ni); (2) yin) <@? (n—4). 
1.1.30. Let A cB”, and R (A) be the number of such 


edges (a, B) thata € A, B € B“\A. Show that | R (A) |> 
min {|A], 2” —|A |}. 

1.1.31. Prove the following statements: 

(1) The number of different faces in a fixed direction 
fi,, ig, .. +, tp} is equal to 2°. 

(2) Two different faces in the same direction do not 
intersect. 

(3) The union of all faces of the cube A" having a 
given direction is the entire cube. 

(4) The number of all faces of rank & in the cube B” 
is equal to & 2”. 

(5) The total number of faces of the cube B” is equal 
to 3”. 
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(6) The number of faces of dimension 4 containing a 
given vertex a is equal to Gar 

(7) The number of faces of dimension *& containing a 
given face of dimension 7 is equal to i Z i 


(8) The number of k-dimensional faces intersecting 
a given /-dimensional face of the cube B” is equal to 
min(k, 1) 


l ij {n—l 
a ad el 
j= 
1.1.32. We define the interval of the cube B" as a set 
of the form fy: ax y< 8}, where a and f are certain 


vertices such that a< f. The number op (a, 8) is called 
the dimension of the interval. Show that a face of dimen- 
sion k is an interval of dimension k. 

1.1.33. Let g,, g., g3 be the faces of the cube B". Show 
that the relations g, g,= 2, @ e@#@, oN 
£1 # © lead to the inequality (g, Ng.) N gs # OD. 

1.1.34. ae Ny, My,...,n, be non-negative integers 


such that y 2"i< 2". In this case, B” contains pair- 


wise nieacinversectiae faces £1, Bo, ---. 8; ees dimen- 
sions are respectively equa! to n,, 7,,..., 

1.1.35. The faces g, and g, of the cube Be are called 
incomparable if neither of the inclusions g, © g, and 
2. = g, is Satisfied. 

(1) Show that there exists a set of faces of the cube B” 
consisting of ( ae aa pairwise incomparable faces. 

(2) Show that the power of any set of pairwise incompa- 
rable faces of the cube 8” does not exceed ( ‘ )x 

[n/3] 
Qn-([n/3] | 

1.1.36. Let ZL (n, k) be the minimum number of ver- 
tices in B” such that each k-dimensional face contains at 
least one of these vertices. Prove that 

(1) L (n, 1) = 2""; 

(2) L(n,n — 1) = 2; 

(3) L (n, 2)< (27/3); 

(4*) mx L (n,n — 2)<. m + 2, where m is the smal- 


lest integer for which lee /2} > Nn; 
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[n/k] 


(5) Lin, < DB (4, ): 
i=0 


(6) L(n, k) SQ OL (r, k), k<r<n. 
1.1.37. Show that tuples in Br can be expanded into 


sequence Oy, Oy ee Gon which is a cycle. 

“1. 1.38. Show that B" does not contain cycles of odd 
length. 

1.1.39. The binary vector (a), a, ...,; @y_,) is 
called n-universal if for each vector (By, B,, .. » Bre 1) 


in B" there exists a number k such that 8; = Cass i= 
0,n—1), where k ®i=k-+ i(mod AN). Will the 
vector a be n-universal if 

(1) a = (0011), n=2; 

(2) a = (01011), =n = 2; 

(3) @ = (00110), n=2; 

(4) a = (000111401), n = 3? 

1.1.40. Prove that for each natural number n there 
exists an m-universal vector of length 2”, and no n-univer- 


sal vector having a length smaller than 2”. 

1.1.41. The cycle Z of the cube B” iscalled a 2d-cycle 
if |Z S83 (a) | =2d4+ 1 for all a€Z, ie. if for 
any vertex @ in the cycle Z the set of vertices of thecycle 
situated at a Hamming distance not exceeding d coin- 
cides with the set of vertices ata distance not exceeding 
d “along the cycle”. 

(1) Let I (n) be the maximum length of a 2-cycle in 
B", Find the value of / (n) for n = 2, 95. 

(2) Let Z be a 2-cycle in B”. Show that any face of di- 
mension 4 does not contain more than 8 vertices of the 
2-cycle Z. 

(3)* Show that the maximum length of a 2-cycle in 
B™ does not exceed 2”-"!, n>3 


1.1.42. The pair (a;, a;+,) formed by two consecutive 
vertices of the cycle Z in cube B” is called an edge of the 
cycle. Show that B° contains a cycle of length 32, any 
four consecutive edges of which have pairwise different 
directions, 
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1.1.43. Let a,,...,@, be such numbers that a; >2 (i = 
1, n). Show that the number of sums 

Dd) (— 1)%a;, 6, € (0, 1},i=1, 0, 

i=1 


satisfying the condition | >, (— 1) a,|<1 does 


not exceed Ce : 


1.1.44. Let A & B”, | A | > 2” '. Show that at least 
n edges of the cube are completely contained in A. 


1.2. Methods of Defining Boolean Functions. 
Elementary Functions. Formulas. 
Superposition Operation 


We shall assign the symbol x (or x) to the tuple of 
variables (z,, 2, ..., Z,), and denote the set of the 
variables by X”. The function / (x"), which is defined on 
the set B” and which assumes values from the set {0, 1}, 
is termed a Boolean function. We shall denote the set of 


all Boolean functions of variables 2z,, 2, ..., Xp 
by P, (X"). 


The Boolean function f (x”) can be presented in tabular 
form T (f) (see Table 1). Here, the tuples o are arranged 


Table 1 


in ascending order of their numbers. Assuming such an 
arrangement to be the standard procedure in the fol- 
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lowing, we shall define the function f (x") through the vec- 
tor ae (Ope (Ose ea he % n_,) in which the coordinate 
a; is the value of the function f (x") on the tuple o with 
number i (i = 0,1,..., 2"—~-1). 

The symbol N, will be used to denote the set 0: (o E 


B") & (f (0) = 1)}. 


The Boolean function / (x") can be also _ presented 
through the rectangular table I], ,_» (f) (see Table 2) in 


which the value f (0,, Go, ...-, O,) of the function f lies 
at the intersection of the “row” (0,, 62, ..., Ox) and 
the “column” (6n4;, Onto. ++) On), 1Rk<n. 
Table 2 
0) 0 . o 6 Ohka1 o 2 6 1 Th+i 
Os OF se: gx Ohag + © « 1 Th+9 
Oe ww ew whe Li 
ry A) . . ° LR 
0 0 0) 
0 0 { 
O01, O2 Oh _ | eaveenvsvessccese i (0) 
14 1 1 


Boolean functions described in Tables 3 and 4 are 
assumed to be elementary functions. 

Let us now consider the notation and names of these 
functions. 


Table 3 
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Table 4 


(1) The functions 0 and 1 are called zero (or 0-function) 
and unity (or 1-function) respectively. 

(2) The function /, is called an identity function and 
is denoted by xz. 

(3) The function f, is called the negation of x, denoted 
by x or |z, and often read as “not x” 

(4) The function f, is called the conjunction of x, and 
Zo, denoted by z,&2y, Or X,°Xy, OF TX, Xo, Or MIN (x1, Zp), 
and often read as “z, and z,’. 

(5) The function f, is called the disjunction of x, and zy, 
denoted by LON Xo, OF Ly + 25, or max (2), x2), and often 
reads as “x, Or Xo 

(6) The function fs is called the exclusive sum of x, and 
xZ,, denoted by x, ® 2x2, and often read as “z, plus z,”. 

(7) The function f, is called the equivalence of x, and x, 
denoted by z,~ 23, or 2, <> X53, OF XL, = 2X2, and often 
read as “zx, is equivalent to x,’. 

(8) The function f, is called the implication of x, and 
Z,, denoted by x, — 2%, or X,2 z,, and often read as 
“x, implies x,’. 

(9) The function f, is called Sheffer’s stroke for x, and 
x,, denoted by x, | z,, and often read as “not both x, and 

‘eo 

(1G) The function f, is called the Peirce’s arrow of 
x, and x, denoted by x, }z,, and often read as “neither 
LZ, nor x. . 

Sometimes, the functions O and 1 are treated as 
functions depending on the empty set of variables. 

The symbols |], & V, ®, ~ , etc. are used in the 
notations of elementary functions and are called senten- 
tial connectives. 

Let us fix a certain (finite or countably infinite) al pha- 
bet of variables X. Let D = {f(™), fim), ... } be a set 
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of functional symbols, where the superscripts indicate the 
number of sites where the symbols can be placed. Some- 
times the superscripts are omitted if the arity of the 
functional symbols is assumed to be known. 

Definition 1.1. A formula generated by the set M is 
such (and only such) expression as 

(1) f, and f; (z;,, 2,, -- +, 2,), Where f, and f; are 
functional symbols of zero and nm arguments respectively, 
and z; yy Liye ey Ly are variables in the set X; 

(2 \ fn (,, %., ..-, 4,), where f,, is a functional sym- 
bol of s arguments and %; is either a formula generated 
by @ or a variable in X, i= 1,s. 

In order to accentuate the fact that formula 9% con- 
tains only variables in X (or only functional symbols in ®M), 
we shall write 2 (X) (resp. A [@]). 

Sometimes, formulas of the type f (z, uy are written 
in the form (zfy) or zfy, and formula f (x) in the form 
(fx) or fz. The symbol f is called a connective. 

Usually, connectives are denoted by symbols from the 
stS={],& V, ® ~, > |, 4). 

Definition 1.2. A formula generated by the © is such 
(and only such) expression as 

(1) z, i.e. any variable from the set X; 

(2) (]%), (A&B), (A VB), A SB), (A~ 8), 
(1 —> B), (2 1B), ) 8), where 9% and 8 are for- 
mulas generated by G. 

The following convention is usually adopted for ab- 
breviating the notation of formulas generated by the set 
© of connectives: 

(a) the outer brackets in the formulas are omitted; 

(b) formula ("] %) is written in the form Y; 

(c) formula (A & B) is written in the form (%-%) or 
(AB); 

(d) it is assumed that the connective | is stronger than 
any connective of two variables in 6; 

(e) the connective & is assumed to be stronger than any 
of the connectives \/, ®, ~,—, |, J. 

With the help of this convention, we can write, for 
example, the formula (( |x) ~ ((z&y) \/z)) in the form 
x —> (zy \/ 2). 

“Mixed” form of notation is also used, for example, 


xOe ty, Zz) or Xf (Xo, 0, x3) Vat (1, 25; 23). 
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Suppose that each functional symbol fre in the set 
@ has a corresponding function F;: Br? — B. The con- 
cept of the function py, represented by formula A genera- 
ted by the set M, is defined by induction: 

(1) if YF = fi? (ai, Ljgy+++%j, +), then foreach tuple 
(C4, Qo, ...,Qn,) of values of the variables es 
Ljgy srs Bj, the value of the function gy is equal 
to Fi; (Gy, Mp, .. «5 n,)s 

(2) if M=f(A,, A.....,.H%m), where fC, A, 
Wh (Yair Yror-+->Yks,) IS a formula generated by ® or 
a variable in X, and on each tuple (,4, Gyo, --., &ns,) 
of the values of variables Yrs, Yror--+> Yas, the function 
@y, is equal to B, (k=1, m), then 
Poy (Oy, Oso, 26> Aisys ++ +1 Any, Apay-- +1 ORs, +049 Amy, 


Omar ++ +1 ms) =F (By, . +s Bar. + + %m) 
(here F is the function corresponding to the functional 
symbol f). 
Te Y= fl? (25,1 Liye i, Yq isusually denoted by 
PAD Die sees Xin): If, however, 


W = f (Ay, Wo, ee) Wm): 
then gy is denoted hy 


F (Pg, (Yai, Yio, sees Yi5,)9 eee OY ma (Ym Ymos sees Yms,,)): 


The concept of the function py represented by formula Y 
generated by theset of connectives © is introduced as follows: 

(1) the formula 9% = x. where x € X, is juxtaposed 
to the identity function @y (z) = 2; 

(2) if Y = ( 1%) (or A = (BOG), where © € {&. \V/. @. 
~, >, |, 4 }), then gy = Og (resp. Py =Yg_ OY, where 
the symbol © should now be considered as the notation for 
the corresponding elementary Boolean function, see 
Tables 3, 4). 

Let {x,, 2), ...,; 2,} be a set of variables which are 
encountered in at least one of the formulas %& or &. 
Formulas 9 and & are called equivalent (notation: Y = 


1.2. METHODS OF DEFINING BOOLEAN FUNCTIONS 27 


8 or UM =) if on each tuple (a,, a, ..., a,) 
of the values of variables z,, z,, ..., 2, the values of 
functions @gy and @y represented by formulas Y and B 
respectively coincide. 

Let @ be a set of functional symbols (or sentential con- 
nectives), and P be the set of functions corresponding to 
them. The superposition generated by the set P can be 
defined as any function F that can be obtained through a 
formula of the set @. 


1.2.1. What is the number of functions in 2, (X") 
that assume the same values on opposite tuples? 

1.2.2. Find the number of functions in P, (X") which 
assume opposite values on any pair of adjacent tuples. 

1.2.3. Find the number of functions in P, (X") that 
assume the value 1 on less than k& tuples in B". 

1.2.4. Using the functions f (x,, z,) and g (x3, x,) spe- 
cified in the vector form, write the function hk in the 
vector form: 


1) a@,=(1011), ag =(1004), 
h (xq, X3, X,) = f (¥ (73, %,), Lo); 


2) a, = (1011), yg = (1001), 


. h (x*) =f (x4, Lo) V & (Lz, X,); 
3) a; = (1000), a, = (0111), 

h (x*) = f (1, 2g) & B (45, 2). 
1.2.5. Let v, be a number having its binary expansion 
in the form of the tuple (z,, z,.), and let v, be a number 
with its binary expansion in the form (z,, x,). Let f; (7*) 
be the i-th order of the binary representation of the num- 
ber {[v, —v, |. = 1, 2. Construct a rectangular table 

Il, of the functions f, (x*) and f, (2°). 


1.2.6. (1) The function f (z’) is defined as follows: 
it is equal to unity either for z, = 1. or when the varia- 
bles x, and x, assume different values while the value of 
the variable z, is less than that of the variable z,. Other- 
wise, the function is equal to zero. Compile the tables 


T (f) and II, . (f) of the function t (23) and write down 
the tuples of the set Ny. 
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(2) The function / (x*) is defined’ as follows: it is 
equal to zero only on such tuples a = (a, @., G3, &,4) 
that satisfy the inequality a, + a, >a, + 2a,. Com- 
pile the table 7 (f) and write down the tuples of the set 
N, of this function. 


1.2.7. The function f(z") is called symmetric if 


PLease ha) Dis igs ots t;,) upon any substi- 
tion (I 2). 
(1) Show that if f(z") is a symmetric function, the 
equality ja" |i =||6"}]| leads to the equality f(a”) = 
n 


(2) Find the number of symmetric functions in P, (X"). 


1.2.8. Let f(x") be an arbitrary Boolean function 
(n> 1). We associate with it a symmetric function 
S(Yi. Yer » + +s Ym) Where m= 2™—1: S(a”) = 


~ 


f (B"), if |le”™ ||[=v (B”). Prove that 


S (24, a | Diy Lo, oe ey Lo, a | Lis a | L i; ° °9 
2”! times 2"-2 times 2"-7 times 
Trois Unis Ly) = f (24, Tay seey Lin eng Uns Ln) 
ee, eee 
2 times 


1.2.9. Which of the following expressions are formu- 
Jas generated by the set of sentential connectives 
CF. & Vi >) Gf 

(1) xy; (5) (x& +(y & (| 2))); 

(2) (x &) Jy; (6) (@ & y) “]2; 

(3) (ry) (7) ( |r 2)? 

(4) (y > (2); 

1.2.10. In how many ways can brackets be arranged 
in the expression A so that a formula generated by the set 
{ ], & \/, > } of sentential connectives is obtained each 
time if: 

(A)A= Jx>ye&r; 

(2) A=zxr&y& |] ]2zV 2; 

(3) A=x> jy >~2z2& 2? 

1.2.11. The complexity of a formula generated by the 
set of sentential connectives © is defined as the number of 


ll Il 
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connectives in it. By induction with respect to the com- 
plexity of a formula, show that in a formula 

(1) of nonzero complexity, there exists at least one pair 
of brackets; 

(2) the number of left brackets is equal to the number of 
right brackets; 

(3) two connectives cannot be put next to each other; 
and 

(4) two variable symbols cannot be put next to each 
other. 

1.2.12. The connectivity index in a formula is defined 
as the difference between the number of left brackets 
preceding the connective under consideration in the for- 
mula and the number of right brackets preceding this 
connective. Prove that any formula of nonzero com- 
plexity generated by the set { ], & V/V, >} 

(1) contains a single connective of index 1; 

(2) can be uniquely presented in one of the following 
forms: ( |%), (A&B), (AV B), (A +B), where A and 
% are formulas generated by { ], & \/, >}. 

1.2.13. Let us consider the formulas generated by the 
set of connectives { ], &, \/, ~} in a form without bra- 
ckets. Instead of ( ] zx), (x & y), (x Vy) and (« — y), we 
shall write |z, &ry, \V/ty, —>xYy. 

For example, the formula (( ] z) ~(y VV ( ] 2))) will 
assume the form ~ |zx\/y |z. Prove that if each of the 
connectives &, \/, — is evaluated as the number -+1, 
each variable symbol as the number —1, and the con- 
nective ]|as zero, theexpressionfor A in a form without 
brackets will be a formula if and only if the sum of esti- 
mates of all occurrences of the symbols in A is equal to 
-—41 and if this sum is non-negative in each proper initial 
segment of the expression A. 

1.2.14. Find out if the expression A is a formula gene- 
rated by the set @ if 

(1) A = fA(gx, y), f (x), B= FO, BO, PO}; 

(2) A = jx (g, OD = {g, OOM}, 

(3) A = gMOFOA, z)), B= FO, OO}; 

(4) A = gA(—, fO(z, y, @™)), B= FO, 8, GM}; 

(5) A = (QOFA(x, PZ), B= {f, EO}. 

1.2.15. Find the vector a, of the function @ represented 
by the formula & generated by the set D = {f\”" f?’, gf} if 
the functional symbols f;"’, f?, g® are put in correspond- 
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ence with Boolean functions defined -by vectors (10), 
(1011), and (4000) respectively: 

(1) = FPG (ee,  (y))), yD; 

(2) Y= ZF F(a, y)), g®) (2, f? (y))): 

(3) Y= jin fe) (x, g>f2( 2, y), fi? (y)))). 

1.2.16. Compile the tables of functions represented by 
the following formulas (generated by the set of connec- 
tives ©): 

(1) @>y) OB (YY 2) @ (2 > 2)); 


(2) (@ Vy) V (2) | (e@~ 9) 
(3) 2 —>(z~ (y @ 22)); 
4) (Ca ly) } 2) ly) $2. 

. A formula generated by a set © is called identi- 
ai pa (identically false) if the function represented 
by it is equal to 1 (resp. zero) on any tuple of values of 
variables. Find out which of the following formulas are 
identically truth and which are identically false: 

(1) (x& >y) > ((@ V2) > V 2); 
(2) ((c ® y) ~ 2) (@ > y2); 
(3) (@Vy} @ By) OB @ryY>eVY)); 


4) (( \Vy) 2 > ((x~ 2) ® y))  (x(y2)). 
1.2.18. Find out if the following formulas & and ‘8 are 


ge 
(1) A= (Vy) V2) > (2 VY) @V 2), B= vz; 
(2) 7. (x —>y) —>2, = xr4—>(y —>2); 


(3) Y= (x ®y) +(e Vy) (e +y) > (@ G y)), 
B= xz ly; a 

(4) % =@oyV((@—>z)y), B= ry) (y > 22). 

1.2.19. ‘Find all functions which depend only on 
variables of the set {v, y} and are superpositions generated 
by the set P: 

(1) P= {u, ® ug, 13; 

(2) P = {uyug ® (Uy V Ue) }; 

(3) P = {f (uy, Ue) = ‘Ai34), § (Uy, Ug, Ug) 

= (10010110) }?. 

1.2.20. Depth of a formula YW generated by the set O 
(notation: depm (%) is determined by induction: 

(1) if 9 is the symbol of a variable or a functional sym- 
bol of O arguments, then depo A = 0; 


2 Here and below, while presenting a function in the vector 
form we shall] use the notation / = B instead of a = B. 
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(IT) if OM = f-MA,, ..., A,), where f™ € QM, then 
depe (2) = max depo (W;) + 1. 
1i<i<n 


Find the formula 2% generated by the set {{}, having 
a minimal depth and representing the function 

1) f=2Vy (@)f=x Oy, (3) f = zy. 

1.2.21. Find out if a function f can be represented by a 
formula Yt of depth k generated by a set of connectives S 
if 


zOy @z, =2, S={-, &}. 


formula generated by a set of connectives S if 
(1) f=rOy, S = {&}; 
(2) f=, S={>}; 


1.2.23. Is it possible to represent a function f by a 
formula of depth & + 1 generated by a set S if it can be 
represented by a formula of depth & generated by the 
same set? 

1.2.24. A function f in PP, can be represented by a 
formula of depth & generated by a set S. Show that the 
function f can be represented by a certain formula of 
depth more than & generated by the same set S. 


In operations involving Boolean functions, it is of- 
ten expedient to use the following equivalences (we shall 
call them basic equivalences in the following): 

xOy=yOux (commutativity of a connective ©, 
where the symbol © is acommon notation for the con- 
nectives & \VV, ®, ~ , |, 43 

(x O y)O z= xO(yO2) (associativity of the connective 
OQ, where Ois the common notation for &, \/, ®,~); 

r&y =x \y andze\/y = 2 & y (De Morgan's laws); 

xV(a«#&y) =x and r&(t¢@ Vy) =z (absorption 
laws); _ 

zeV(«&y=azVy and r&(e Vy) = rey; 

r&(y\~2) =(t#&y) V(#&z) (distributivity ol 
conjunction relative to disjunction); 

zx (y & 2) = (x Vy) & (« V2) (distributivity of dis- 
junction relative to conjunction); 
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r&(y @z) =(r#&y) B (x & 2) (distributivity — of 
conjunction relative to exclusive sum); 
O=r&r=zrk&0 = 2 OF; 
ferVrHrVil=r4~7; 
e=r=e4Vr=rk&r=x&i1 = x \/ 0; 
r=2z@1, ze~y =(r By) O14; 
ee s(x &y)Vek&y), cry =((c&y) @ 2) 
1.2.25. Verify if the following relations are valid: 
(1) cVY~2) =@Vy¥)~ @V 2); 
(2) «+ (y~ 2) = (x >y)~ (@ +2); 
(3) c& (YYy~ 2) = (Ky) ~ (LK 2); 
(4) xc >(y V2) = @ >y) V @ 2); 
(5) z > (y & 2) (x —> y) & (x > 2); 
(6) zt @ (y +2) = («& © y) > (z @ 2); 
(7) xz —>(y +2) = (& > y) > (& — 2). 
1.2.26. Represent the function f by a formula gener- 
se by the set of connectives S if 


f=a4>y, S={], V3 


il ll 


He Wd 


(4)f=2 ly, S = {fy}. 
1.2.27. Using the basic equivalences, prove the equiv- 
alence of formulas Q& and & if 


(1) = (x#&2) V (w&y) V (x&2), 
Berky&2V c&z; 

(2) A=(c>y) > ((z&y) O (x ~y)), 

=(tV y&(eV ¥); 

(3) =x (r&y—> (x > y) > y) & 2), 

B= y—> (x2). 

1.2.28. Let 9 and SB be formulas generated by the 
st { 1, & Vi @, ~. >, 1,4} and % = (Y > B), > 
8,4, = YW —-> (B+ 7] (A > A)). Prove that YJ ~ B= 
1 if and only if | (4, ~ A.) = 

1.2.29. Prove that formula 9{ containing only the con- 
nective ~ is identically truth if and only if any varia- 
ble from formula Q& appears in it an even number of 
times. 

1.2.30. By SG | we denote the formula obtained 
from formula Y% as a result of a simultaneous replace- 
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ment of each occurrence of variable z by formula G. 
If formula 2% does not contain x, then by definition we 
put SEA) = YW. 

(1) Prove that Q is identically truth if and only if 
the formula S},.,, UY | is identically truth, y, and y, 
being variables not appearing in formula Y 

(2) Can the condition that y, and y, do not appear in 
formula 2 be neglected in (4)? 

1.2.31. (1) Suppose that the function f (z, y) from P, 
satisfies the relation 


ff (@. fy, 2), F, (@ y), f (@, 2))) = 4. 


Prove that the following equivalences are truth in this 
case: 

(a) f(z, z) = 1; 

(b) f(z, f Y, z)) = 14; 

(c) fF (f(y), f (@, 2)), f(x, fy, 2))) = 1; 

(dd) fif@y,f¢@fy, 2), f(z, 2))) = 1; 

(e) f F(z, f(y, 2)), FY f(z, 2))) = 1. 

(2) Do the equivalences (b), (c) and (d) follow from (e)? 


1.3. Special Forms of Formulas. 
Disjunctive and Conjunctive Normal Forms. 
Polynomials 


The formula zf' & 27? & ... & xr (formula 2%! V/ 
Go Vaan VW xr), where o, € {0, 1}, zi, as Lips 
ti, = Ti, in, € {1, 2, ..., mj for all k=1,r, is 
called a conjunction (resp. disjunction) generated by the set 
of variables X”" = {x,,2%q, ..., Xn}. A Conjunction 
(disjunction) is called elementary (abbreviated as e.c. and 
e.d. respectively) if Xi, # x, for j # k. For the sake 
of brevity, the symbol & in an e.c. will be omitted. Ex- 
pressions of the type x will be called characters. The 
number of characters in an e.c. (e.d.) is called the rank 
of the e.c. (e.d.). The constant 1 will be assumed to be 
the e.c. of the rank zero, and 0 will be called the e.d. 
of the rank zero. 


3—0636 
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t 


Formulas of the type 
D=K,VK,V...V Ks (1) 


§ fe es 
(concise notation \/ K;), where A; (i = 1, s) are conjunc- 


v=1 
tions, are called the disjunctive normal forms (abbrevi- 
ated as d.n.f.). 
Formulas of the type 
H=D,&D,&...&D, (2) 


(concise notation & D;), where D; (i = 1, s) are disjunc- 
=1 
tions, are called conjunctive normal forms (abbreviated 


as c.n.f.). The number s is called the length of the d.n.f. 
(c.n.f.). The sum of the ranks of conjunctions (disjunctions) 
is called the complexity of d.n.f. (c.n.f.). The disjunctive 
(conjunctive) normal form generated by the set X” — 
{x1, %y,-.-, Ln} Of variables is called perfect if it 
is formed by pairwise different elementary conjunctions 
(disjunctions) of the rank n. 

Let f(z ") be a Boolean function and let 1<i;<Ci,< 


dis 19, coe 


| 
igen. By) Joe.6.02.6 a) (or sometimes by 
41% 195 


6.0, ee es )) we shall denote the function obtained 


from f(x”) by substituting the constants 6,, 6., ..., O; 

respectively for the variables z;,, xi,, ..., Li, The 
7 445 12, sty q aa ; oO 

function fc, oa (x") is called the xf! x9? Pigs 


component of the Naan f ( 2") or a subfunction of f(x i 
The subfunction oe fo. - (x”) is called proper il k=én, 
k 0. The subfunctions of f (2) are different if et differ 
as functions of the variables z,, x, ..., Xp, 


Let 1<i,<ci,<l...<ci,<cn. In this case, the fol- 
lowing representation is valid: 


is a Op pity tay ear i 

f(z") = VV fy, Wig ee: ri fo, Gr. a ")s (3) 
(Oi; Oa, wary Op) 

where the disjunction includes all vectors (o,, 0, .... 6,) 

in B*, For k=n this representation has the form 

f(z") = VV xf'xe? 2. ta" f (Gy, Soy .--5 Gn) (4) 


Gia a) 
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Representation (4) can be written in the form 
f= Vo oaftch ... a". (5) 
o: flo)=1 
The right-hand side of this formula is the perfect d.n.f. 


of f(z"). Similarly, the following representations are 
valid: 


(= &  (e@ Va VV - 
(6,, 6 O;,) 


Vio oy. ©) 
f(e)=  & (af V af ee (7) 


6”: f(a™)=0 
An elementary conjunction is called monotonic if it 
does not contain negations of variables. The formula 


P(x") = K,®@K,®...@K,, (8) 


where A; (i = 1, s) are pairwise different elementary mo- 
notonic conjunctions generated by the set X”, is called 
Zhegalkin’s polynomial or mod 2 polynomial. The highest 
rank of elementary conjunctions appearing in a polyno- 
mial is called the degree of this polynomial. The number 
s is called the length of polynomial (8). For s = 0, we 


assume that P (2”) = 


1.3.1. Using equivalent transformations, reduce the 
following formulas to d.n.f.: 


(1) F = (x VV £225) (zy V 2s); 

_(2) F = ((4 V Lot 52%) ((2 VV 24) > £1252.) VV LeX3) V 
(x) V %); = _ 

(3) F = ((% > 2X3) (2X4 DB Lg) > 244) VV 2. 

1.3.2. Present the following functions as a_ perfect 
d.n.f.: 


(1) f @) = (a © 2) > 24253 
(2) f (x3) = (01101100); 
(3) f (2) = (10001410). 


gf 
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1.3.3. Using transformations of the:type A = Azx\/ 
Az, A\/A =A, reduce a given d.no.f. D (z*) to a 
perfect d.n.f. if 

(1) D @) = 4 V 2,25; 

(2) D (z*) —= LL V 21033 

(3) D (2°) = 2, V 1422 V L235. 

1.3.4. Using relations of the type z \/ yz = (z VV y) X 
(xz \/ 2), transform the d.n.f. in the previous problem to 
a c.n.f. 

4.3.5. Construct a perfect c.n.f. for each of the func- 
tions in problem 1.3.3. 


4.3.6. Count the number of functions f (z") for which 
a perfect c.n.f. is simultaneously a d.n.f. 


1.3.7. Find the length of the perfect d.n.f. of the func- 
tion f (z"): 

(1) f(a") =27,82,0...0m,n>1; 

(2): f @) = GV fy V vee V Ga) GV 22 V2 
Vin): n> 2: 

(3) f (x") = = (a, a VV 23) Gj Wa \/ =) ® x, @ 


Ls .OBrz,,n>S>4 
1.3.8. Let us suppose that thesets X" = {z,, 2, ..., 
Z,} and Y™ = {y,, Yo, .--, Ym} do not intersect. 


Assuming that the perfect d.n.f.s of functions f (x”) and 


g (y™) have k and I! terms respectively, find the length 
of the perfect d.n.f. of the following functions: 


(1) 42) &ey™; 2) Fe) Ve) 
(3) f(x") @ g (y™). 

1.3.9. Present the z,-,z,- and z,z,-components of the 
function f (x3) by using the minimal complexity d.n.f. for 

(1) f (2) = = (01101101); 

(2) f (78) = (z; > 2_) ® eis; 

(3) f (2°) =(% > X92) D rp. 

1.3.10. Find out which of the functions depending on 


variables z, and z, have largest number of pairwise differ- 
ent subfunctions. 
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1.3.11. Find the number of Boolean functions f (x") 
which are transformed into themselves upon a commuta- 
tion of z, and z,. 


1.3.12. Two functions f (z”) and g (z") are commuta- 
tively equivalent if there exists a permutation x of numbers 

, ... m such that f (a, ..., Ln) = 8 (ayy, - 4 
Zn(n)). Find the number of classes of commutatively 
equivalent functions in P, (X°). 


1.3.13*. The function f/f, (x") is defined by the fol- 
lowing recurrence relations: 


fs (x*) = ae (t3 \/ £4) V Ly (x25 VV £124) V Pies ty 
lias (x"*") = fn (ry, Zs a) Zn) Dae V 229, 
~ Pytn4y (n > 4). 
For each function in the sequence {f,,} find the number of 


different subfunctions of the type fj (z"), i= 1, n, 
o € {0,1}, such that no two functions are commuta- 
tively equivalent. 

1.3.14. Prove that the number of different functions 


fi (z") for which a given function g (r*) is a subfunction is 
not less than 


92” _ 9?" _4) (k<n). 
1.3.15. Let ip (x) = fi (x") for any i ({<{i<cn). Prove 
that f(x") is a constant. 
1.3.16. Find the number of functions f(z") such that 
foo’ (2") = fir (2) for all 1<i<j<n (nD). 


gh-k 


1.3.17. Let h(x") =f (8,(2"), «+5 Bis(2"), 81 (2"), 
Zing (2"), «20, Bn (x")), M2, and the following relation 
is satisfied for any i=1, 2, ..., n and o€ {0, 4}: 

Sih (2") | =f (S81 (z") |, +» S3Bi-n(@) Ls 9. 


° ~~ ; ~ 
S~i4s (x") |, ..., Se8n (2) |), 
in other words, the z$-component of the superposition 
of the functions f, g, ..., Bi-t, Bir Bits, --+> Bn is 
equal to the superposition of the z{-components of the 
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functions f, £1, ..-, @i-1> Si+i ++) &}- Moreover, let 
the x3/x,"-component of the function g;(z") coincide 


with the x; 4x,*-component of the same function g; (x), 
i=1, n, for all j, k (4<j<(k<n) and o;, o, from 
{0, 14}. Prove that h(x”) is a constant. 

1.3.18. Find the number of monotonic elementary con- 
junctions of the rank r generated by the set X”. 

1.3.19. Find the number of polynomials of power r 
generated by the set of variables X”. 

1.3.20. Find the number of different polynomials of 
length k generated by the set X", vanishing at the tuples 


O and 1. (Polynomials are considered to be different if 
they differ in the composition of e.c..) 

We adopt the following numeration of monotonic ele- 
mentary conjunctions generated by the set X”" = 
{z,, Z_,..., X,} of variables. We correspond each 


monotonic e.c. K with a vector o CK) = (G45 094: o -~ 3s 
o,) in 8B”, in which o; =1 if and only if z; ap- 


pears in AK. The number K of ane.c. is defined as v (o (K)) = 
Tr 


>) 0;2"-4. The constant 1 will have the number zero 


i=1 
in this numeration. Thus, each polynomial P (z") can 
be presented in the form 


P(x") = By-l ® BK, © BK, @... OP y_Kn_,, (9) 


where KA; is an e.c. with number i (i = 0, 2” — 1). 
The vector Bp = (Bo, Bi, ..-, Ban_,) is called the 
vector of coefficients of polynomial P (x”). 

The method of indeterminate coefficients for constructing 


Zhegalkin’s polynomial representing the function f(z") 
can be described as follows. We consider a polynomial 


in the form (9) and for each O € B” we compose an equa- 
tion f (a) = P (a). The solution of these equations gives 
the coefficients of the polynomial P (z"). 
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Example. f (x?) = 2, > 2, P (2*) = By ® Byx, © 
Bot, DO Barz. 
f (0,0) = 1 = Bo @ B,-0 @ B,-0 @ B;-0; 
{(0,1) = 1 = By © B,-1 @ B,-0 @ B; -0; 
f (1, 0) =0 = By, ® B,-0 @ B,-1 @ B,-0; 
f (1,1) =1 = Bo © B,-1 @ B,-t ® Bs -4. 
We obtain By = 6, = B, = 1, B, = 0. Hence z, ~2z, = 
1 @B x, @ 2xy,2,. 
1.3.21. Using the method of indeterminate coefficients, 
find Zhegalkin’s polynomials for the following functions: 


(1) f (x?) = (1004); 
(2) f (x3) = (01101000); 


(3) f (73) = (11111000). 
* 1.3.22. We introduce the operation 7 generated by 


vectors in B2”. Ifn =1 anda = (%o, &,), then T (x) = 
(% 9, 2, Ba,). Suppose that for each o€ B?" the 
vector 7 (o) is defined and the vector a in B2"*! has the 
form a = (Bo, Bis -- ++ Bars VorPis ++ +1 Yom_,). Let 

T (Bo, B,, vote Bon_,) = (9p, 5, see 5,n_4)s 

T (Vor Yas oes Pon_4) = (Ear Ets oe es Eqn_y)- 
In this case, 
T (ct) = (8, 81, «++, Sony, 8p @ &o: 6; @ &y, 

++, Oon_, B 8yn_,)- 

For example, if a= (1011), we obtain 7 (cx) = (41101). 
Show that the vector a, of the values of the function 
f (x") is related as follows to the vector Bp of the coeff- 


r~Z/ 


cients of the polynomial P (x") representing the function 
f @"): ay = T Br) Be = TG). ; 
1.3.23. For a function f(z’) such that a; = 


(1011001000101101) find the vector Bp of Zhegalkin’s 
polynomial coefficients. 
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One of the methods of constructing Zhegalkin's poly- 
nomial from formula F involves the construction of an 
equivalent formula generated by the set of connectives 
{&, —}, followed by the replacement of xz by x @1 
throughout, the opening of the brackets, the application 
of the distributive law (z ® y) z = xz ® yz and the col- 
lection of terms. 

Example. LoL, = L202, = 1, (4, © 1) 91 = 
Bs OD a; O 1: 

1.3.24. Construct the polynomials for the following 
functions: 

(1) f (z*) = (2, | Xq) } X33 

(2) f (z*) = (%1 > 2) (%q } £5); 

(3) f (3) = (ey > 22) V 25) | 2. 

1.3.25. Any Boolean function f can be written in the 
form of a polynomial by using conventional arithmetic 
operations of multiplication, addition and subtraction. 


For this purpose, it is sufficient first to express f in terms 
of a conjunction and a negation, and then replace sub- 


formulas of the type A by 1 — A and open the brackets. 
Using the arithmetic operations, find the expressions for 
the following functions: 

(1) f @) = 2 © ay 

(2) f (z*) = (L1 > 2) > 23; 

(3) f (2?) = (10000001). 

1.3.26. Find the function f (z”) whose polynomial has 
a length 2” times the length of its perfect d.n.f. 


1.3.27. Prove the validity of the following formula for 
expansion in k variables: 


ia) > i's... xn" (04, Oo; 
(61) O95 «605 0, )€ B® 


sg Ons: May. ewe ea) 
1.3.28. Prove that oe " 


(1) f(@") = 4 (Ah @) BHO fh); _ 
(2) f (2) = Vf @") ~ fr") ~ f, @")- 
1.3.29. Show that the function f (x”) represented by a 


polynomial of degree k > 0 becomes equal to 14 on at 
least 2”-* vectors in &”. 
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1.3.30. Determine the number of tuples in B” on 
which the polynomial P (x") becomesequal to unity: 


PO) 2y ase By Oaey, «0h. ey SRD, 
(2) P(x) =1@ 2,08 2,2,@8... O22. ...2,= 
1@ >) 4... L js 
i=1 


1.3.31. Show that for any 1 (I< 2”) there exists a 


polynomial P (z") of length not exceeding n, so that 
| N ~n | —= l. 
P(x"") 


1.3.32. Prove that any function f (z”) other than O at 


n=1 can be presented in the form f (x”) = » Ki, 
i=1 


where A; (i = 1,5) are elementary conjunctions con- 
taining not more than one negation of the variable, 
and s< 2”"", 

1.3.33. Show that if the symbol \/ in a perfect d.n.f. 
is replaced by @ everywhere, a formula equivalent to 
the initial one is obtained. Is this statement true for an 
arbitrary ‘d.n.f.? 


The derivative of a Boolean function f (x") with respect 
to the variables x;,, Li,, .. ., ti, (or the Boolean differ- 


ence) is defined as the function 


af (x” i 
f(z") y= f(t, osey Ding poy Lips e-8y Ln) 


O (2p Tay vee Ti 
Of (z,, ae oD Liss oe eg Lins | Zs 


~n 
(For k=1, the notation ite 


1.3.34. Prove the following properties of a derivative: 


d { df(z)\_ d / df(z\. 
aa eae 


is used. 


~~ “dz; dz; f 
Met tes 
a(f(2) @g(z™)) af (2) eee (Ce 
) OG ar By) OR ve Fy) OTe ooo FD 
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2) V 82) Fon 482) a 5 (Amy aha 
(4) SEER) Fa) EE og) 


df (x) dg (x”) | 


dx; dz; ’ 
~, Af (x”) g(a” ~ny ag (xr) a of gn 


df df (2) dg (x") (2) , 
@ da; dx; ; 


(6) ae” 0 if and only if z; does not appear explic- 


itly in the Zhegalkin polynomial of the function f(z"); 


(7) if f(z") = ag (Zp, Tq, - ++) En) Ol (Le, Lg, «++, Ln), 
ad nr 
then i —= 9 (Xo, Ly, .- +) En). 


1.3.35. If g(z,, a, Im) and h(2miz, .--, Lp) are 
Boolean functions and 1<i;<cm for all j=1, k, then 


Og@h _ Og ; 
(0 FG BH) OR) 
O(g&h) Og 
(2) Ws) Tp . On, )’ 
O(eVh) _F 9g 
(3) BGs 8. cass =) Fe, ; Oz;,) 


1.4. Minimization of Boolean Functions 


The admissible conjunction or implicant of the func- 
tion f (z") is an elementary conjunction A of the set of 
variables {z,, Zq, ..-., Zn}, such that K Vf (z") = 
f(z"). The implicant K of a function f is called prime 
if the rejection of any character from K leads to an ele- 
mentary conjunction that is not an implicant of the func- 


tion f. The disjunction of all prime implicants of the 
function f is called a contracted d.n.f. of the function f. 
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A disjunctive normal form is called 

minimal if it has the smallest number of characters 
among all equivalent d.n.f.s; 

Shortest if it has the smallest length among all equiva- 
lent d.n.f.s; 

terminal (irredundant) if the omission of any term or 
character leads to a non-equivalent d.n.f.; and 

a d.n.f. of the function f if it represents the function f. 

If an elementary conjunction A is an implicant of the 


function f(z”), the set NV, of such vectors a in B” for 
which AK (a) = 1 forms a face belonging to the set N,. 


This face is called the interval of the function f (x") cor- 
responding to the implicant K. The interval of the func- 
tion f which is not included in any other interval of the 
function f is called the mazimal interval. Maximal inter- 
vals correspond to the prime implicants of the function f. 


1.4.1. Isolate prime implicants of the function f(x") 
from a given set of elementary conjunctions & if 
(1) # = {x, Ly, 2,25, LoZ3}, fe Lee (00101111); 
(2) H = {x 2p, L_Xz, Xj, X}X_T3}, f (x3 ) = (041411110); 
(3) A = {1, Lq, L223, LyT_0 5}, 
f (z*) = (1010111001011110). 


Blake’s method of obtaining a contracted d.n.f. from 
an arbitrary d.n.f. involves the application of the fol- 
lowing rules: 2K, \/2zK, = 2K,\/rK,\/ K,A, (gen- 
eralized pasting) and AK, \/ K,A, = A, (absorption). 
It is assumed that these rules are applied from left to 
right. At the first stage, the operations of generalized 
pasting are continued as long as possible. At the next 
stage, the absorption operation is carried out. 


Example. Obtain the contracted d.n.f. for D (x3) = 


LyX, \/ L123 ve Lok 3. 
After the first stage, we obtain 


D, = 142, \V 2425 VV Lol3 \/ Log \/ Lg VV L443. 
After the second stage, we get 


Do = X42, V Xz. 
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1.4.2. Using Blake’s method, construet the contracted 
d.n.f. for a given d.n.f. BD: | 

(14) D= LyLy \f LyX gl, \/ LoXgXq; 

(2) D = 242_%3 J TyL_Fq\/ LgXq, _ 

(3) D = xx, \V M423 \/ LyT_%g%q VV TyLalgls- 

The contracted d.n.f. of the function f (x") specified 
in the form of a c.n.f. can be obtained as follows. First 


the parentheses are opened by using the distributivity 
law. After this, characters and terms are cancelled from 


the obtained d.n.f. by using the relations srr = Q, 
ve=a2a, x\VVxr=2, K,\/ KK, = Ky. 

Example. Find the contracted d.n.f. for 

f (@*) = (1 V 22) (xy VV Lg VV £5). 
After opening the parentheses, we get 
4, = aia, V iy2q \/ £43 VV ier; VV L_k_ \/ L2X3. 
Applying the above-mentioned rules, we obtain 
D = 147, V Xo. 

{.4.3. Construct the contracted d.n.f. by using the 
following given c.n.f.s: ee 

(1) (a V te V 25) (2, V x2 V Z5) (x, V Ls); 

(2) (x VV £4) (Zo VV %3 VV tq) (41 V 22 VV £3); 

(3) (4) V 22 V 23) (11 V £4) (2 V t3 V 4). 

1.4.4. Let N; be a set of tuples a € B" such that 
f (a) =1 and [cef) is the length of the contracted d.n.f. 
of the function f. Show that le(f)< > | Ny | (| Ny | + 4). 


1.4.5. Find the length of the contracted d.n.f. of the 
following functions: 

(ja, B2,OB...082,; | 

(2) (ty Vt, Vrs) (41 V2. Vas) D244 OGH2,0... 

ee 


(3) (x1 VV 2g V 25) (xy \V 2, \V £5) (x, Dz, @... 


7): 
(4) (zB... Dry) (ee, OB... OT,) Lo k<7n; 
(9) (tq) V... Von V--- Vor V ati V- + V 


I 
I 
a 
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1.4.6. Letf(x")besuchthat N; = {a:k<|la ||I<k-+ 


m}, and kcl<k+ m, a € Bi. 
(1) Find the number of terms in the contracted d.n.f. 
of the function f, which become equal to unity on the 


tuple a. 
(2) Show that the length of the contracted d.n.f. of 


the function f (2”) is equal to (3) Gg: 


1.4.7. Suppose that the functions f (z”) and g (y™) 
do not have common variables, K is a prime implicant 
of the function /f, and Za prime implicant of the function g. 
Show that A & Listhe prime implicant 
of the function f & g. 

Each elementary conjunction gener- 
ated by the set of variables {z,, x,,..., 
Z,} has a one-to-one correspondence 
with the face of the cube B” formed 


by the vertices a at which the e.c. be- 
comes equal to unity. This allows us 
to construct a contracted d.n.f. from 
the geometrical representation of a 
Boolean function. Vertices of the set N; of the function 
f are marked on the cube B”. The faces contained in N; 
and not contained in any other face formed by vertices 
from the set V; are written down. Each such face is as- 
signed a prime implicant. 


Example. Let the function f (x) be defined by the vec- 


tor a, = (11111000). Find its contracted d.n.f.. 
Solution. The set N; is formed by {(000), (001), 

(010), (0411), (100)}. The faces have the form g, = 

{(000), (001), (010), (O11)}, _ g2 = {(000), (100)}. 


The faces g, correspond to the e.c. #is and g, to 2,23. The 


contracted d.n.f. is given by z, \V 22, (see Fig. 2). 
1.4.8. Construct the contracted d.n.f. of the function 


f (2"): 
(1) f (x*) = (1114100001001 100); 
(2) f (z*) = (0000001114114101); 
(3) f (xt) = (0001101111011011). 
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1.4.9. Calculate the number of functions f (x") for 
which a given elementary conjunction of rank r is: 

(1) an implicant; 

(2) a prime implicant. 

1.4.10. Let i,(f) be the number of implicants of rank 


r for the function f (x"), and s, (f) be the number of 
prime implicants of rank r. Let P, be the set of Boolean 


functions of the variables z,, x, ..., 2p; and 
= 1 . 
ly (n) = rs ly (f); 
fEPn 
= ae | 
S, (1) =a > Ss; (7). 
2 fE Pn 


Show that | ; 
(1) i,(ny=(" jor? , 
(2) s,(ny=(P Jor "2 "y, 


For small values of n, the contracted d.n.f. of the func- 


tion f (x”) can be found with the help of the rectangular 
table (minimizing chart or a Karnaugh map). For exam- 


ple, suppose that the function / (x*) is defined with the 
help of Table 5. Combining the cells corresponding to 
Table 5 
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unit values of the function f into the maximal intervals 
as shown in Table 5 and comparing them with the e.c.. 
we obtain the contracted d.n.f.: 


Dieses V XX, V rox, V yTors V LL. 
1.4.11. Find the contracted d.n.f. for functions de- 
fined by the following tables: 


(2) 


A prime implicant is called a core implicant if its re- 
moval from a contracted d.n.f. leads to a d.n.f. that is 
not equivalent to the initial one. For each core implicant 
K there exists a tuple of variables which turns & to uni- 
ty and the remaining terms of the contracted d.n.f. to 
zero. Such a tuple is called a proper tuple of the core im- 
plicant. 

1.4.12. Isolate the core implicants from the contracted 
d.n.f.: 


(1) x23 \V Tog \V LyX \V LyX_Xq \f LoLgXq \/ L\X3Xq; 
(2) xx Tots V2, ok3 VV 0304 \V Hat Nl L\HoLg v Leq \f L243 


) Oe V er V 242_ \/ X23 \/ Lgl V LX VV &L4q. 

1.4.13. Show that the number of core implicants of an 
arbitrary function f(x” ) does not exceed 2”"'. 

1.4.14. Find the number of core implicants of the 
functions in Problem 1.4.5. 
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1.4.45. Find the number of Boolean functions f(x") 
for which the e.c. z, ... z, iS a core implicant. 

1.4.16. Let K, K, and K, be conjunctions from the 
contracted d.n.f., and r, r, and r, be the ranks of these 
conjunctions. Let AK \V K, \V K, = K, V Kg. Show that 
ry FG i 2. 

1.4.17. Construct all termina] d.n.f.s of the following 
functions: 

(1) f (v3) = (01111110); 

(2) f (x*) = (1110011000010101); 


(3) f (x*) = (0110101141041410). 


1.4.18. Find the number of terminal and minimal 
d.n.f.s for the functions appearing in Problem 1.4.5. 
1.4.19. Show that the number of terminal d.n.f.s 


for an arbitrary Boolean function f (x") does not exceed 

Tr 

ae 

1.4.20*. How many terminal d.n.f.s exist for a func- 
tion having 2” core implicants? 

1.4.21. Find out if the following d.n.f.s are terminal 
or shortest, or minimal: 


(1)D = 2X2 V Za} 
(2) D = x32, V/ LL od 4 V : Titty: 


(3) D = 24%_q \/ 2yXg \V Vel gXq \/ Tal. 
1.4.22. Let L (f) be the complexity of the minimal, and 
L (f) the length of the shortest d.n.f. of the function f. 


Show that L (f (2"\)\< nl (f (x")) for an arbitrary function 
f(z"). 

1.4.23. Show that lL (f (x) < =<. 2°", DG (x” )y< n2™"! 
for any function f(x” ). 


1.4.24. For how many functions f (2”) are the fol- 
lowing relations valid: 

(1) L(f(z"))=n2'; (2) L(f(a")) = n2"4—n? 

1.4.25. Give an aeanple of a number k (0 << k< n2") 
such that there is no f (z") having a minimal d.n.f. of 


complexity k. 
1.4.26. For the functions of Problem 1.4.5. find the 
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complexity of the minimal and length of the shortest 
d.n.f. 


1.4.27. Let us consider a family of belt functions, i.e. 


the functions f (z") for which there exist numbers k and m 
such that 


= {ark<|]all<k + m}. 
(1) Find the number of core implicants of the belt func- 
tion f (x") for different values of k and m. 


(2) How many belt functions f (x”) have the maximum 
number of core implicants? 


1.4.28. The function f (x) is called a chain (cyclic) 
function if the set NV, can be arranged in a sequence that 
is a 2-chain (2-cycle). 

(1) Find the number of terminal and minimal d.n.f.s 
of a chain function f (z") if | NV; | = l. 

(2) Find the same for a cyclic function f (z”) such that 
| Ny | = 2m (m > 2). 


1.5. Essential and Apparent Variables 


The variable z; of the function f (1, Diss. & ve Be) AS 
called essential if there exist tuples a and B such that 
i — (a1; o 8 8g i414, Qhisgs ae ne On): p= — (a1; o 8 og QA; 1? 


Oy Cp oo -50@,). and f (a) + f (B). Otherwise, the 
variable x; is called an apparent variable of the function 
f (z"). Two functions f (z") and g (z") are called equal 
if the sets of their essential variables coincide and on any 
two tuples, differing perhaps only in the values of appar- 
ent variables, the values of the functions are identical. 
Let 1<i,<i,<c...<ci,<c mn. We shall say that the 
LUMCEION: QP yy. b:%: ay. Wg Dh ahs ee ee Vio Dp e ae ods 
Li,p-1y Tiptis ss Ln) is obtained from f (x") by identifi- 
cation of variables x;,, Zi,, ..., Li, if ~ is obtained from 
{ by substitution of z in place of variables z;,, z;,, .. ., 
Li,- For xz we can take any variable not belonging 
to the set X"\ {z;,, Zi, .. ., r,,}- 

1.5.1. Show that the statement.“z; is an essential variable 


of the function / (x”)” is equivalent to each of the fol- 
4—0636 
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. 


lowing statements: 

(1) fh @) # _ 

(2) there are variables z;,,..., Li, (i; 4 i,j =1, k) 
and constants 01, ..., O, such that the function 
lee es i (x”) depends essentially on z;. 

1.5.2. Enumerate the essential variables of the fol- 
lowing functions: 

(1) f (@) = (ey > (@% V ta)) > 253 

(2) f @) = Vee) a 

(3) f (x") = (% VV v2 V/ L_l3 \/ XL t5) La; _ 
a (4) f (x°) = (2, V te V £3) (41 V £2 V 23) (41 V 22 V 
3) (x, VV XV 2p). 


.J.0. Show that z, isan apparent variable of the func- 
tion f (express f through a formula that does not con- 


tain x, explicitly): 
(1) f (2) = @% ® a) (a | 2); 

(2) f (2) = (((@s > 22) V %) (%, + 2) 25%) ® 253 

(3) f (2°) = (ty V a2) (#1 V 5) > (4) > 925) 2p. 

P 1.5.4. Indicate the apparent variables of the function 

(1) f (x3) = (41110000); 

(2) f (x3) = (00110011); 

(3) f (x3) = (00111100). 

1.5.5. Let the function f(x”) be defined by the vec- 
tor ay = (Cty, 1, ..., @n_,). Show that if z, is an appar- 
ent variable, @,—=@on-r,, for all i on the segment 
[s2r-Ft1, (25+ 1) 2"-*—1], s=0, 2'-1—1. 

1.5.6. Show that if there are apparent variables among 


the variables of the function f (x), n> 1, the function 
assumes the value 1 on an even number of tuples. Is the 


converse true? 
1.5.7. Let the function f (z") be such that | N; |= 
2™ (21 — 1). What is the maximum possible number of 


apparent variables of the function /? 
1.5.8. Using the results of Problems 1.5.5. and 1.5.6., 
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find the variables on which the function f depends essen- 
tially: 


(1) # @) = (1011100114001010); 
(2) f (x*) = (001111001 1000041); 
(3) f (xt) = (0111011101110111); 


(4) f (x*) = (0101111100001010). 

1.5.9. For each function in Problem 1.5.8. construct 
an equal function that depends essentially on all its 
variables. 

1.5.10. Find the values of n (n> 2) for which the fol- 
lowing functions depend essentially on all their variab- 
les: 


(1) f(x") = (a,\V tq) @ (t2\V tg) @ «-. @ (La-4V Zn) 
® (tn 24); 
(2) f (2") = (a, > 2p) (G2 > 24) © (tp —> 23) (tg > Zp) 


~ BD (Lp —> XZ) (Ly > Zn)} 


(3) f (x) =(... ((44 22) 423) } --- $n) 
| —> (x, | (tg | (ts |... | tn) «-))s 
(4) f(x") = (ay —> a) (tg —> 23)... (&pn-4 > Bn) (Zn > 2) 


—>(7,0%,0@... Or, @ lt); 


TG Vi ines *itn/24) 


ae aaa | oe . 
1Sti<te< oe <ipn/2]}Rn 


& ( VV LE oF eae Tien) | —>(r,@ xr ® 
1i,ig< 2+ +<G[n/2]S" 


seca Mey) 


1.5.11. Let the functions f (z”) and g (y™) depend es- 
sentially on all their variables and let the variables 
Zin +++) Lar Yur +++) Ym be pairwise different. Show 
that the function f (7, ..., 2n-1, 8 (Yi, -- +: Ym)) de- 
pends essentially on all its variables. 

1.5.12. Let P°(X") be a set of all Boolean functions 
depending, and that too essentially, on the variables 
Die Sage & ecu es 

(1) Enumerate all functions in P* (X’). 

(2) Find the number | P°(X°) |. 


4* 
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n 2 


(3) Show that | P*(X") |=) (—4)"( 5 ) 2" 
hk=0 
(4) Show that lim 9-2" | Ps (X") | 4. 


Tr oO 


1.5.13. Let a, B and _ be such tuples in B" that 
a<P<y. Let the function f (2") be such that f (a) = 


f (y) # f (B). Show that f (z”) depends essentially on at 
least two variables. 

1.5.14*. Show that xz; is an essential variable of the 
function f if and only if this variable appears explicitly 
in the contracted d.n.f. of the function f. 

1.5.15. Show that z; is an essential variable of the 
function f if and only if z; appears explicitly in the 
Zhegalkin polynomial of the function f. 


1.5.16. Let a) —0 for any non-empty 
0(z;, soe Bis x ;) 
Se {235 285 xi,} of variables defferent from z,. Does 


f{x"} have an apparent dependent on z;? 


1.5.17. Show that any symmetric function f (x") other 
than a constant depends essentially on all its variables. 


1.5.18. Suppose that the function f(x”) changes its 
value m times at the vertices of the chain a, 6... ae 
Br-a y connecting these vertices au, y of the cube 
B", for which op (a, 7) = k. Show that / (x) depends es- 
sentially on at least m variables. 

1.5.19. Let f (x") depend essentially on at least tw 


variables. Show that there are three vertices a, B, Y 
of the cube 8” satisfying the condition 


oe (2,6) =p(B,y)=1, ay, f(x) =f (y) #f (A). 

1.5.20. Let f (z”) depend essentially on all its varia- 
bles. Prove that for any i (1< i<n) there exists a j 
such that a certain substitution of constants in place of 
variables other than z; and z; leads to a function de- 
pending essentially on x; and z;. 
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1.5.21. Show that for any function f (x” ) that depends 
essentially on n variables there exists a variable zx; and 


a constant « such that the function i (x") = Ie | (r,, - ee 
Li-yy G&, Zi41, ---, Ly») depends essentially on n — 1 
variables. 

1.5.22. Let ¢ (x") depend essentially on all its varia- 


bles. Check the validity of the following statements: 
(1) there exists an i such that for any j there exist con- 


stants whose substitution into f (z") for variables other 
than x; and xz; leads to a function depending essential- 
ly on z; and z;; 

(2) for any two variables z; and zx; there exist constants 
whose substitution into f (x") for variables other than 
x; and x; leads to a function depending essentially 
on zr; and 7}. 

1.5.23. Enumerate the functions in P, (X?) that can be 
obtained by identifying the variables of the following 
functions: 


(1) f (x3) = (10010110); (2) f (x3) = (41111104); 
(3) f (x*) = Xy2_ VV L_kg \/ L321; 
(4) f (x?) = 2,2,2, ® ror, B 2,7, B rz, @ 1. 
1.5.24. Show that the identity operation on the func- 
tion f (z") can lead to aconstant if and only if f (0) = f (1). 


1.5.25. Find the number of functions f (z?) for which 
the identification of variables cannot lead to a function 
depending essentially on one variable. 

1.5.26. Can the identity operation on the symmetric 
function f (x) lead to a function that depends essentially 
on all its variables and that is not symmetric? 


1.5.27. _Let a, 8, rf be three vertices in B” such that 


a<p< Y, and let f(x" ") be such that f (a) =f (y) + 
f (B). Show that it is possible to identify certain varia- 
bles of the function f in such a way that the function 
depends essentially on at least two and at the most three 
variables. 

1.5.28*. Show that for the function f ("), n> 4, re- 
resented by Zhegalkin’s polynomial of power not less 
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than 2, there exist two variables whose tdentification de- 
creases the number of essential variables by one. 

1.5.29. Enumerate all the functions f (z’) that depend 
essentially on three variables and in which the identifica- 
tion of any two variables leads to a function depending 
essentially on exactly one variable. 


1.5.30. Let the function f (z (x ") be such that | Ny | > 
2"-1_ Show that the identification of any two variables 
of the function leads to a function that is not identically 
equal to zero. 

1.5.31.Show that the number of functions f (z,, z,,..., 
Zn+ 1) which lead to a certain function g (z,,z,, ... 

Z,) aS a result of identification, is asymptotically 


equal to ("e") 22" aS n > oo. 
1.5.32. Show that if f (2”) depends apparently on Zi, 


the identification of this variable to any other variable 
leads to a function that depends essentially on the same 


variables as the function / (x”). 
1.5.33. Let n 21 and let the functions f (z") and 


g(x") be such that |NViw, | = 1. Show that for any 


i = 1,n, at least one of the functions f or g depends es- 
sentially on 2;. 


1.5.34. Showthatif ]|N ..~ _..~ | is odd, the func- 
sidcemy@siieny 


tion @ obtained from f (x) by identifying the variables 
x; and x; depends essentially on n — 1 variables (n> 3). 

1.5.35*. Let the function f (x) depend essentially on 
n variables. Let v; (x) be the number of vertices B for which 
f (a)  f (B) and 0 (a, B) = 1. Let v (f) = max vy; (a). 


a€ BN 
Find u(f) for the following functions f: : 


(1) f(x") =a, BHO... PT; 
(2) f (xP Ural) = (a, VV... VV tn) & (Tray V ~~~ Ven) 
& 22. & (LR (tnyny—-1)41 V ee VV Lk {n/r})s {i<k<n; 
(3) : (xh+2") — Ons tay (any, voy Op) if gh+2" — (a, Qo, 


» bhaiy- ++) &e4ok), Where v(a,, ..., @,) is the num- 
her ‘of, the tuple (a,, ..., @,). , 


Chapter Two 


Closed Classes and Completeness 


2.1. Closure Operation. Closed Classes 


Let M be a certain set of Boolean functions. The 
closure [M| of the set M is defined asthe set of all func- 
tions from P, that are superpositions of functions in the 
set M. The operation of obtaining the set [VM] from M 
is called the closure operation. The set M iscalled a func- 
tionally closed class (in short, closed class) if [WM] = M. 

Let M be a closed class in P,. The subset A in M is 
called a functionally complete system (in short, complete 
system) in M if [A] = M. The set A of Boolean func- 
tions is called an irreducible system if the closure of any 
proper subset A’ in A is different from the closure of 
the entire set A, i.e. [A’] CIA] and [A’] ~ [A]. An 
irreducible complete system in the closed class M is called 
the basis of the class M. The set M’ contained in the 
closed class WM (among other things, in the entire set P,) 
is called a precomplete class in M if it is not a complete set 
in M, but the equality [M’ U {f}] = m™ is satisfied for 
any function f€ M\M’. 

Functions f, and f, will be called congruent if one of 
them can be obtained from the other by a change of 
variables (without identification). For example, the func- 
tions x-y and y-z arecongruent while the functions 
x-y and z:z are not. While considering questions concern- 
ing closed classes. it is convenient to indicate one repre- 
sentative each from the set of pairwise congruent func- 
tions. For example, the class {z, y, 2, ..., %y, Zag, ...} 
formed by all identity functions will be denoted by 

x}. 
i M is a certain set of functions, then M (X") (or 
M™”) will denote a subset of all functions in M depending 
only on the variables 2, 2, ..., Zp. 
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2.1.1. Justify the following closure, properties: 
(14) (Ly) = (1); 

(2) if M_oM,, ([M,] <I{M,]); 

(3) [(M, UM,) = [M,) U[™,); 


(4) (go) = 
2.1.2. Does relation (4) in 2.1.1 follow from relations 
(1)-(3)? 


2.1.3. Is the set A a closed class? Assume that together 
with each function f in A, the set A also contains all 
functions in P, that are congruent to f: _ 

(1) A = {0,1}; (2) A = {x}; (8) A= {1,72}; 

. Xx 


(4) A — Z1; Ly °Loy Ly *Lo "£3, o 8 89 a *Xy° 


Das 3 adhe 

(9) A= 40,3 Vas VV awa Vas. ne 14; 

(6)A={7, @rz,8...082,, nt}; 

(7) A = {(0,7,; Bz, @8... Bren, nSt}. 

2.1.4. Write down all functions from the closure of the 
set A which depend only on variables x,, z,, x3 and are 
pairwise non-congruent: 

(1) A = {x +1}; 


(2) A = {0, 2}; 

(3) A = {x Vy}; 

(4) A _ {x¥ ’ 

(5) A = fr @ y @ 2}: 
(6) A = {00000001 }. 


2.1.5. Prove that if a closed class in P, contains a 
function depending essentially on n> 2 variables, it con- 
tains an infinitely large number of pairwise non-congruent 
functions. 

2.1.6. Enumerate all closed classes in P, which con- 
tain only a finite number of pairwise non-congruent 
functions. 

2.4.75 In P35, 

(1) is the intersection of closed classes always a closed 
class? 

(2) is the difference between closed classes always a 
closed class? 

(3) can the completion of a closed class never bea 
closed class? 

2.1.8. Through reduction to a priori complete set 
in P,, show that the set A is complete in P, if: 

(1) A = {x] y}; 

(2) A = {r-y Bz, (e~ y) ® 2}; 
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a 


(4) A {x + y, (1100001100111100) }; 

(5) Z = {0, m (z, y, 2), 2¥ ® 2}; 

(6) A = {(1041), (414111001 1000000) }. 

2.1.9. Which of the relations >, c, >, ©, =, 2 
is satisfied for the sets? K, and K, (the relation ¢ means 
that none of the relations >, Cc, =, &, = is satisfied)? 

(1) s ae nN M,), K, =(M,| nN {™,]; 

a) K ={({M,U (M, 1 M,)l, K,=(M, UM,IN 

[M, U M3]; 

(4) Ky =(M, 1(M,UM;)), KK, =I1M, 1 M,) U 


iff 
(5) K, =(M,\(M,04M,)], K, =(™, Nie Nn M,l. 
2.1.10. Let M, and M, be closed classes in P,, such 
that M,\M, ~ @. Give examples of concrete classes M, 
and that also satisfy the following conditions: 
(1) M|NM,=@2. M.N\M,4+2, ([M, UM, = 


(2) M, 1M, A DO, M.NM,# DO, [MM 


U 
(3) MDM, IM,\M,)4~ M,\\M,; 
(44)M,NM,4~ O@, Mz. M,# @, Pee 
SS 
1 


(9) M, VM, -# SQ, MN M,+ @,\M, ® 
M, ® 


1 
2.1.11. Isolate the basis from the set A that is com- 


plete for the closed class M = [A]. 
(41) A = {0, 1, x, x}; 


(2) A= {1,2 Oy Oz @ 1}; 
(3) A = {x Vy, r-y-2, VV yz, (x Vy) 
(4*)A = {ex ®1,7 Dy Oz, mz, y, 2 
(5) A = {4VyV2, ry 2, (x—>y)—> 2, 

(x VV y) > 2}; 
(6) A = {(@>y)>(y>2), tVy VY ® 2)}; 
(7) A= {e-y,rVy,r>y, cr OyOz 


2.1.12. Show that any precomplete class in P, is 
a closed class. 


1 By m (az, y, 2) (or hy (x, y, 2)) we denote the function zy \/ 
az \/ yz called the median (or majority function). 
2 The sets are taken in Py. 
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2.1.13. Let M, and M, be different precomplete classes 
in the same closed elas M3, Show that if Mi + M', 
then M’ ~ M} (i.e. classes M, and M, “differ” even on 
a set of functions that depend on only one variable). 

2.1.14. Enumerate all precomplete classes in the closed 
class M. 


(4) M=[0, 2]; (4)M=[0,2V yl; 

(2) M =(0, 1]; (5) M = (0. xyz). 

(3) M = Izx-y]; 

2.1.15. Verify if the following sets form closed classes 
in P,: 


(1) the set of all symmetric functions; 

(2) the set of all functions f (x"), n> 0, satisfying the 
condition / (0") =f (1”) = OF: 

(3) the set of all functions f(z”), ns 1 for which 


_ 
— 


f ° 
2.1.16. Show that if M is a closed class in P,, then 
is v {z}l= M \) {x}. 
1.17. Prove at the set P, et all Boolean functions 


cannot be presented as a union U M, (s> 2) on pair- 


wise non-intersecting closed classes in P,. 

2.1.18. Prove that any closed class in P, containing 
a function other than a constant also contains the 
function z. 

2.1.19. Prove that if a closed class in P, has a finite 
basis, then each basis of this class is finite. 

2.1.20. Majorize the power of the set of all closed 
classes in P, containing finite complete sets. 

2.1.21. Prove that if a non-empty closed class in P, 
differs from the sets {0}, {4} and {0, 1}, it cannot be 
extended to a basis in P,. 

2.1.22. Let M be aclosed class in P, containing a fi- 
nite number of precomplete classes (in M). It is assumed 
that any closed class in M can be extended to a precom- 
plete class in M. Prove that the number of functions 
in any basis of class M does not exceed the number of 
precomplete classes (in M). 


3 We assume that Mc P,. 
4 If n = 0, then f isa constant equal to zero, considered as a 
function of zero arguments. 
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2.1.23. Prove that a closed class [z —» y] contains only 
such functions in P, which can be presented (barring the 
notation of the variables) in the form z; \/f (z,, 4, ...; 


tn), where f (x”) € Pp. 


2.1.24. Let the function f (x”) belong to the closed class 
[x yl, and depend essentially on at least two variables. 
Prove that | N; | > 2™1. 

2.1.25. Prove (without the help of Problem 2.1.18) 
that each precomplete class in P, contains an identity 
function. 


2.2. Duality and the Class 
of Self-Dual Functions 


The function g (z,. 2, ..., Xp) is called dual to the 
function f (t1, Ta: ar gal AL (eo on ee <5. a eT as 
Lo, ..+, Ly). By definition, the dual function for con- 


stant 0 is constant 1 and, conversely, constant 0 is a func- 
tion dual to constant 1. The function dual to f (z,, 


Xo, . ++, Ly) is denoted by f* (7, 2, . . ., Xp). 
“The following statement, aes the ality principle, 
is trie: 1 OD Gy aes acuy Be) Hy is aie 4 i as 
sp Tony (Pia ibae oie oa has MOM DF Gi Fp crew a tn) = 


f* 6 an Ce eee Zn ar eae ae oh Oe! er eee 

Let M be a set of Boolean functions. By Me we shall 
denote the set of all functions that are dual to the func- 
tions in theset VM. The set W/* will be called dual to the set 
M. li M* = M, the set M is called self-dual. 

The function f (z,, x, ..., 2,) is called self-dual if 
P” Gyyton oe age te) = Ty Foe ~ 29-4 a)o The'set- of all 
self-dual functions is denoted by S. 

It follows from the definition of self-dual functions 
that a function is self-dual if and only if it assumes oppo- 
site values on any two opposite tuples of values of vari- 
ables. 

The following statement, called the lemma of non-self- 


dual function, is valid: if the function f (x") is non- 
self-dual, the substitution of the functions xz and zx for 
its variables wil] lead to a constant, 
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2.2.1. Is the function g dual to the function f if 
(4)f=rOy, g=4«~y; 

(2)fs=a>y g=y>e, 

(3) f= sy Vaz\/ yz, g = zy D xz @ yz; 
4)f=r2@y@z, g=zrDy Bz; 

(5) f = 2yzVar(y~ 2), g(a, y, 2) = (01101101)? 
2.2.2. Let the function f (x”) be defined by the vector 


Oh; = (Ho, G1, .. +; Xgn-1). Prove that the function /* (z") 
is defined by the vector (@gn_,, ..., @j, &o). 

2.2.3. Using the duality principle, derive a formula 
for representing a function dual to f. Simplify the ob- 
tained expression (by presenting it in a disjunctive normal 
form or in the form of a Zhegalkin polynomia)}). 


(4) f= acy Vyz Vat \V/ at, 

(2) f=a-l Vy (zt V9) V zyz; 

(3) f = («> y) @ ((zLy) | (€~ y2)); 

4) f=@VyVYz@ tor 

2.2.4. Suppose that the function f (z") is represented 
by the formula % generated by the set {0,1, ], &, V}. 


Prove that the function f* (z") is represented by the 
formula %*, called the formula dual to A and obtained 
from it by replacing each symbol & by \V, V by &, 0 
by 1 and 1 by 0. 

2.2.9. Prove that if formulas Q and 8 generated by 
the set {0, 1, ], &, \V} are equivalent, formulas %* 
and %* are also equivalent. 


2.2.6. Prove that if the function f (2") depends essen- 
tially on the variable z; (1< i<n), the function f* (z”) 
also depends essentially on z;. 

2.2.7. Prove that 

(1) the set dual to M* is identical to M; 

(2) the set M is a closed class if and only if the set M* 
is a closed class; . 

(3) if the set M, is a complete system (or basis) in the 
closed class M, the dual set M* forms a complete system 
(resp. basis) in the closed class M*; 

(4) if M, > M,, then Mt = M%. 

2.2.8. Count the number of functions depending on 
variables z,, 22, ..., Z, in the set [M*I\[M]. 
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(4) Af = Me zs}; (2) M = {f¢ ® y}s; (3B) M= 
{ry, zVy 

2.2.9. is ie function f self-dual in the following case: 

a) Ee 

(2) f = (> y) > 22> (y > 2); 

(3) f= @ Vy VAtV aye: 

(4) f= ee 

(0) f=2, Br, B... DB Lom4,B GF, where o € {0, 1}? 

2.2.10. Prove that dita function f (2”) is self-dual if 
and only if its x,-component f/f} (x") is dual to its 2,- 
component f) (x”). 

2.211. wae that if f (2”) is a self-dual function, 
then | NV; | = = 

2.2.12. os ot there are no self-dual functions 
depending essentially on two variables. 

2.2.13. Determine the number of self-dual eceoue 
depending essentially on variables z,, x2, . . 

2.2.14. Enumerate all self-dual functions that depend 
essentially on variables z, y, z. Show that each of these 
functions can be presented in the form m (2%, y®, z¥) or 
x®y @®z®o, where a, f, y, o belong to the set {0, 1}. 

2.2.15. Determine the values n> 2 which make the 


function f (x") self-dual: 
Opa ee VV Ga eV 
»V Lp-z(Tn-1 V Fn) V Cn-12ni 
(2) f(x") =2, (22 BL3D... OLn) O LQ (L3 PB 
- BIp) @ ... B Lp-2 (La-y B Ln) O LpyTni 
(3) f(x") = (ay > 22) ® (4, > a) ® -.. @ (n-1—> Tn) 
® (2%, > 7); 


ny __ : : ; 
eee I<i1<ig< V See ~ Tin /2t" 

Here the disjunction is taken over all monotonic conjunc- 

tions of length Jn/2{ formed by variables x, r,,..., Zp. 
2.2.46. Let f(x") = 2, 02,0... @ ay, gt (t”) = 

Zn-iti (2), i=1, 2,..., n. Is the function f (g, (2), 
ey Bn (€")) self-dual? 
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2.2.17. Prove that if . _ 
A) Fis Sse we ep BH) Dy THON (2.63 ag 2) EC Als ZF; 
(2) f € S, then m (z,, f, x, @ as ss Gr, OB 2x,€ 8; 
(3) f € S,thenz,f ® x.24@ XL & ® xf ® La Br, € S. 
2.2.18. Let the functions f (z 2") and /* (2"), n> 1, 
satisfy the condition | V, | = |N;j« |. Prove that 

(4) if f Vf* =const, then f € S; 

(2) if f @ f-f* =const, then f €S. 

2.2.19. Substituting the functions x and z for the 
variables obtain a constant using the non-self-dual 
function f: 

(4) f = (00111001); 

(2) f = (t Vy V2) tV xyz; 

(3)f=(@ + y)> @ 2); 

(4) f = zy Vaz V/ yt Vat. 

2.2.20. Prove that if a non-self-dual function depends 
essentially on at least three variables, the identification 
of some of its variables can lead to a function that de- 
pends essentially on two variables. 

2.2.21. Prove that if identification of variables in the 
function f (x"), n> 3, cannot lead to a function de- 
pending essentially on two variables, ‘the function f is self- 
dual. 

2.2.22. Let f(z, y, 2) = m (2%, y®, 2’), where a, 6, 
y belong to the set {0, 1}. Prove that for any n> 4, we 
can apply the superposition operation to the function f 
to obtain a function depending essentially on n variables. 


2.2.23. Prove the following equivalences: 

(1)zBy@z=m(m(z, y, 2), m(z, y, 2), m (a, Ys 
Z)) = m (z, m (z, Y, Z), m (x, Y, z)) = m (m (a, Y, Z), 
m (x, y, 2), 2); 

(2) (x Vy V2) t VV ryz2 = m (m (y, 2, t), Ly t) aoe 
m (m (x, y, t), m (x, 2, t), my, 2, t)); 

(3) m (a, Y, z) = m (m (z, Y, Z), Y, Z). 

2.2.24. Let f(x") € P, and n> 3. Prove the fol- 

lowing relation: 


T (Ey. Bey Vay Ray eas Ly) 
== f (11, m (4, Ly, Ly), M (Ly, Ly, Lg)y Ly, ss +) Lp) 
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DD ) ((2 5 Voy eli Vas. MDs Boy Bs) yee a Ba) 

@ f (m (1, Loy Ls), m (1, Lo) 3), U3, Lay +. “y Ly). 

2.2.25. (1) Using the problems 2.2.12., 2.2.14., 2.2.23. 
(item 1) and 2.2.24., prove that [m (z, y, 2)] = [m (2, 
y, z)=S. 

(2) Prove that any basis of the class S of all self-dual 
functions contains not more than two functions. 

2.2.26. Can the superposition operation be used to 
obtain the function g using the function f if: 

(1) f = (10110010), = (1000); 

(2) f = (4111011100010000), g = (00010111); 

(3) f = (41001100), 9g = (00110011)? 


2.2.27. The function f (x), n>> 2, has the following 


properties: / (z") ¢ S, and the identification of any 
2[V n} variables in it leads to a function from class S. 
What is the largest number of essential variables in the 
function f (z”)? 

2.2.28. Enumerate all functions depending essentially 
onthe variables z,, r,, £3, 44, any x;!-component of which 
is a self-dual function. 

2.2.29. Is the set M self-dual in the following case: 


(4) M={xBy@Oz,m(« Py, r~ 2, y~ 2)}; 

(2) M= {r-y, cVy, x By Ome, y, 2)}; 

(3) M= {((r@>y)>y, @Vy¥) Or By, &VyIV2) 
t\/ xyz}; 

(4) M=S\ {zt ®y ®z, m(z, y, 2)}? 


2.3. Linearity and the Class of Linear Functions 


The function f (x”) is called linear if it can be pres- 
ented in the form 


f(z") = Go DB Qiz, OD Ost, O ..4 8 G,2 4; 

where a; € {0, 1}, O< i<cn. The set of all linear func- 
tions is denoted by L, while the set of all linear func- 
tions depending on the variables 2z,, zr, ..., Zp is 
denoted by ZL”. The set LZ is a closed and precomplete 
class in P,. The following statement (lemma on non- 
linearity of a function) is valid: 

If f¢ L, the substitution of the functions 0, 1, z, y, 
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z, y for the variables can lead either to zy or to zy. 
If fé¢ ZL, f is called nonlinear. 
2.3.1. Expanding the function f into a Zhegalkin poly- 
nomial, find if it is linear: 


(1) f (a) = (exe V 2422) ® 255 

(2) f (z’) a T42 (x, ® 24); 

(3) f (z*) = T1L4 VV £0 V Eels V £6233 

(4) f (@) = (1 > 22) @2 >) ~ 5. 

2.3.2. Prove that if the function f (z”) assumes oppo- 


site values on any two adjacent vertices a and f in B", 
it is a linear function. Is the converse true? 


2.3.3. Prove that if f (x”) is a linear function other 
than a constant, | N; | = 2"-'. Is the converse true? 

2.3.4. Find out if the function f is linear: 

(1) f (xt) = (1010 1010 0110 1000); 

(2) f (xt) = (1001 0110 1001 0110); 

(3) f (z*) = (1001 0110 0110 1001); 

(4) f (z*) = (0110 1001 1010 0101). 

2.3.9. Show that the number of linear functions f (zx") 
depending essentially on exactly k variables of the set 
{%, Ly, ..-, Lp} is equal to 2 

2.3.6. Find the number of self-dual functions be- 
longing to the set L”. 

2.3.7. Show that the function x-—>y cannot be ob- 
tained from the functionsz ® y ® z,zx ®1,x ® y with 


the help of the superposition operation. 
2.3.8. Can the function f lead to zy if the functions 


0, 1, x, ¥ fr, y are substituted for its variables? 

(1) 7 (x3) = (1110 1000); 

(2) f (x*) = (0141 1111); 

(3) f (x) = (1001 1001); 

a (x") = (x, > £2) (4, > 21) B(x, > £3) (43 > 22). . 

® (tn-1 >2,) (Lp > 2y-4). 

3.9. Find out if the function z-—»y can be represent- 

ed by a formula generated by the set ®, where 
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(4) @=LYU Aad VV zz \/ zy}; 
(2) 0 =LXN 
(3) D = (L Wey Vive V2 ))\ 


(4) D= (LU {zy NS. 


2.3.10*. Prove that if the function f (z"), depending 
essentially on all its variables, is linear if and only if 
the substitution of any subset of constants for any subset of 
variables leads to a function that depends essentially 
on all the remaining variables. 

2.3.11*. Prove that a polynomial of degree k > 3 can 
lead to a polynomial of degree k — 1 as a result of iden- 
tification of variables. 

2.3.12*, Show that by identifying the variables in the 


function f (x"), n> 4, we can obtain a nonlinear function 
depending on not more than three variables. Enumerate 


all nonlinear functions f (z*) from which a nonlinear 
function cannot be obtained as a result of identification 
of variables. 

2.3.13. Show that the identification of variables in 
a non-linear function can lead to a function that is con- 
gruent either to zy ®l(z, y), or to zy ® yz @ zx @ 
L(x, y, z), Where l(z,y) and I/ (2, y, z) are linear 
functions. 

2.3.14. Show that if f (@") 4 Z, there exists a two- 
dimensional face in B” on exactly three of whose vertices 


the function f (x) assumes the same value. 
2.3.15. Let the function f (x” ")s n> 3, be such that for 
all i, j A<i<j<n) fi (zp) = fi I(x"). Show that 


f (a) EL. 
. 2.3.16. Which of the following sets form a basis in L: 
(1) {1, 2 ® y}; 


ey. 2 ere) 

(3) {c~ y, x @ y, 0}; 

ri {0,2 By Oz @ 1}; 

5) {1 Or By Oz, cGy Gz} 

2.3.17. Single out all bases in the following sets 
complete in L: 

(1) {0, 1,281, z~y, x Dy @ 2}; 

(2) fr~ y, (C~ Y)~ 2, rcByO2zx#rBy Oz @ t}; 
(3) {0, («c~y)~ 2, Oi, x @ y}. 


5—0636 
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2.3.18. Prove that any set complete in JZ contains 
at least two Junctions. 

2.3.19. Prove that any basis in Z contains not more 
than three functions. 

2.3.20. Prove that only a linite number of closed clas- 
ses can be formed by linear functions alone. List all 
such classes. 

2.3.21. Show that any closed elass formed by a finite 
number of pairwise non-congruent functions is con- 
tained in ZL. 


2.3.22. The function f (x"), n> 1, satisfies the condi- 
tions: 
(4) | Ny | = 2", (2) f ® f* is a constant. 


Show that f(z”) € L US for n< 3. Give an example 
when the function / satisfying the conditions (1) and (2) 
does not belong to the set Z US. 

2.3.23. Prove that QDS =|lr @®y @®z @ ti). 

2.3.24. Show that L* = ZL. 

2.3.25. Enumerate all pairwise non-congruent func- 
tions f{ satisfying the following conditions: 

(t) #¢ L, 

(2) any proper subfunction of f is linear. 

2.3.26. Determine the number of self-dual linear func- 


tions f (x") that depend essentially on all their variables. 

2.3.27. In how many ways can brackets be arranged 
in the expression 1, > Lg > v3 > 14> 7, So that to give 
a linear function? 

2.3.28. Let f(r",E LNs. Ff (0O, O, ..., O= 
/(0, 0, ..., O, 1) and f (a,, a, .... @,) =O. Find the 
value of the function f (@,, Ga, . . ., @n-1, En): 

2.3.29. For what values of n can the linear function 


f (x") satisfy the condition f (0, 0... ..0) #f(4, 4... 44) 
and be symmetric? 


2.3.30. Let f(z”) be such that 
he Sa. and. Fi a Ge 
Show that f(z ¢L US. 

2.3.31*. Enumerate all pairwise non-congruent non- 
linear functions f such that any identification of variables 


leads to a function in JL. 
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2.3.32". Enumerate all pairwise non-congruent func- 
tions f¢ ZL U S for which any identification of variables 
leads to a function in L NS. 

2.3.33. Let @ = {0, z, fi, fo, fg}, where f,, fe, fz are 
pairwise different functions depending essentially on 


variables z,, 12, ..., 2, (n > 1). Prove that the system Q 
is complete in Py, 


2.4. Classes of Functions Preserving 
the Constants 


The function f (x") is said to preserve the constant 0 
(or constant 1) if f(0, 0, . . ., 0)=O(resp. if f (4,1, ..., 4) 
= 1). The set of all Boolean functions preserv- 
ing the constant 0 is denoted by 7, while the set of 
functions preserving the constant 1 is denoted by 7;,. 
The set of all Boolean functions that depend on variables 
XZ}, Xq, ..-+, Ly and preserve the constant 0 (constant 1) 
is denoted by T? (resp. by 77). Each of the sets T, and 
T, is a closed and precomplete class in P,. 

2.4.1. To which of the sets 7, U 7T,, T, \ T, do the 
following functions belong: 

(1) (@ Vy) > (@ I y2)) + (Y ~ 2) > 2); 

(2) (xy 2) | ((@—>y) | (@ @ zy); 

(3) (7+ y)& y | 2) V@>y)? - 

2.4.2. For what values of n does the function f (z") 
belong to the set 7, \ T,: 


(1) f(x")=2,02,8 ... 02,01; 
(2) f(x") =(... ((ty—> ap) > Lg) >... > 2p); 
(3) f(x") =(... ((ay—> 2p) > 5) > ... >t) 
@ ((... ((L_ —> Ly) > Ly) > «6. > Tn) > 2) @ ... 
@ (... (Lp —> Ly) > Ly) > «2. > Tp_y); 
(4) f2@)=10 BP zzz? 


1<i,<ig<issn 
2.4.3. For what values of n does the recurrently defined 


function f(z") belong to the set (Ty>\T,) U (Ti\T)): 
5" 
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(1) f, (x2) =a, ® 2p, : 
fn (2") = (n> faa (2°) (Bn V fava (2"4), > 2; 
(2) fx (Zy)=2y, fo (24, Lo) = 2, OB 2p, 
fn (2") = q-ttn © fag (2"), ned; 
(3) fy (a) =a, fo (Xq, Zo) = 2, VV 22, 
fn (2°) = fn (2"") ® Lahn (2"2), n>? 


2.4.4. In how many ways can the brackets be arranged 
in the expression zr, > 2, —> 2, —> 2, — 2, in order to ob- 
tain a formula representing a function in 7,? 

2.4.5. Count the number of functions depending on z,, 
Zo, . ++, Zp in each of the following sets: 


OT ATi: ©) LEX) NT); (9) S(T. U Ty); 


Tyo UT); (6) LN(T, UT); (10) SN (ToNT)); 

3) T,NL; 7) 7,8; (41) S\N (79 U 11); 

(4) 7, UL; (8) TONS; (12) (S XN T,.) ATi: 
(14) LN (T) U Tr, ney 


(fo) (ZU S\\ (1) U T)). 
2.4.6. Find the function f (x, x, ..., x) if: 


(1) f (a, Lo, #69 Zn) E qr, \ D9; 

(2) f (@%41, Ze, «2, TRPEELN (7, NS); 

(3) f (1, Tay 2 oss Zn) E S \ Ty. 

2.4.7. Is it possible to obtain the function f as a result 
of the superposition operation generated by the set @if: 

1)f=zr@Oy, D= {r>y}; 

(2)f=z2>y, @O= {zry, 2 Vy}; 

3)f=rVy OP =7T,USS\ (UTN))); 

(4) f = zy, P=(TN\L)UweoyP 

2.4.8. Prove that 

(1) 7, =(zy, cx Byl =([z Vy, x @ y); 

(2) T, =le¢Vy, c~ yl = [zy, z~ yl; 

(3) T, NT, =z, «By @ zl. 

2.4.9*. Prove that any basis in 7, contains not more 
than three functions. Give examples of bases of the class 
7, consisting of one, two or three functions. 
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Z2.4.10*. Prove that any basis in 7, (| 7, contains not 
more than two functions. Give examples of a basis con- 
sisting of one function. 

2.4.11. Does the class 7,f) 7, contain a function de- 
pending on three variables and forming a basis in it? 

2.4.12. Prove that 

(14) LAT, =I(« @ yl); 

(2) DQ T, =I(r~ yl); 

(3*) SVT, = [zy V y2V 22, t By G2] = 

= [zy VV yz V 2zl. 

2.4.13. The function f (z*), which is not defined every- 


where, is equal to zero on the tuples (000), (001) and equal 
to unity on the tuples (011), (100), (110). Extend the 


definition of the function f (z*) on the remaining tuples 
so that the obtained function forms a basis in 74. 

2.4.14*. Prove that if the function f depends essential- 
iy on at least two variables and f¢ 7, U17,, en 

LAS &lfi. 

2.4.15. Are the following sets bases in T7;,: 

1) {ry V yz \V/ ar, c © y ® 2}; 

(2) {zy, rx By Oz, rV/y}; 

(3) {zy ® 2}; 

() {xc Dy Oz, zy, eV y V2} 


2.4.16. Give an example of a symmetric function 


f (x) forming a complete system in 74. 
2.4.17. Prove that 


LAT, AM =LASAT=LASNT, 
aan L a S f) ‘i () je 
2.4.18*. Prove that the classes 7, (1) L, 7, NS, To 1 
T, are precomplete in 7°. 
2.4.19. Prove that the system of functions {1}U (To\ 


5 U) £ US)) is complete in Py. 
2.4.20. Prove that 


() T#=T7;; 
(2) (Tg UT,)* = Ty U 24; 

3) (T7 UT, US UL)*=7T, UT, US UZ; 
(4) (75 N T;) U S)* a N 7) U S; 
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2.4.24, Let f (z4) ESNLNT», f (4, 1, 0, 4) = 1, and 
let f(x i) _depend essentially on at least two variables. 
Find f (x4 ). 

2.4.22*. Prove that the classes L 7,,L07,,£ 58, 


[0, x] are the only precomplete classes in L. 

2.4.23. Prove that f€(T, N7,) US if and only if 
not a single constant can be obtained from f by carrying 
out the superposition operation. 


2.5. Monotonicity and the Class 
of Monotonic Functions 


The Boolean function f(a") is called monotonic if for 
any two tuples a and £ in B", such that a< B, the ine- 
quality f (a) < f (B) is satisfied. Otherwise, the function 


f (x) is called non-monotonic. The set of all monotonic 
Boolean functions is denoted by M, while the set of all 
monotonic functions depending on variables z,, Xs, . . ., 2p 
is denoted by M”. The set M is a closed and precom- 
plete class in P,. The following statement (lemma on 
a non-monotonic function) is valid: if f¢@ M, substituti- 
ons of the functions 0. 1, z for its variables can lead to 
the function z. 


The vertex a of the cube B” is called the lower unity 
(upper zero) of the monotonic function f (x") if f (a) = 1 
(resp. / (@) = = Q). For any vertex 6, it follows from B <a 
that f (B) = 0 (resp. f (B) = 1 follows from the condi- 
tion a< B). 


2.5.1. Which of the following functions are monotonic: 


(1) c>(r>y); (5) f (x3) = (00110414); 
(2) x—> (y 2); (6) f (2°) = (01400144); 
(3) zy (x ® y); (7) f (c*) = (0001010101010141): 


(4) xy ® yz ® zr Oz; (8) f (x*) = (00000000104114141)? 
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2.9.2. For what values of m is the function t (2”) 
monotonic: 


(1) f@)= WP) aay 


i<i<j<n 


(2) f(a") = ay%_ ... TyyTy > (2B 4, ® «-. O ™)s 
(3) f(x") = a2 2. Lp ® 2, ews il age eat 
i=1 


2.59.3. Prove that for the monotonic functions f (x) 
the following expansion formulas are valid: 


f(x") = aft (@") V fe 2"); f(@") = (1 Vf (@")) & fi (2")- 
2.5.4. Prove that for any monotonic function f other 
than a constant, there exist disjunctive normal forms and 


conjunctive normal forms that do not contain negations 
of variables and that represent f. 


2.5.5. For how many monotonic functions f (x) are the 
relations f (0, 1, 1) =f(1, 0, 1) =1, f (0, 0, 1) =0 
valid? How many of these functions belong to the set 
M \ S? Do they include functions with apparent vari- 
ables? 


2.5.6. Let f (zt) ES OM, f (0, 0, 1, 1) =f (0, 1, 
1,0) =f (1, 0, 1, 0) and let f (r*) depend essentially on 


all its variables. Compile the table for the f (z*). 
2.5.7. Prove that if fis not a constant and f \/f* a 
constant, thenf¢é M US. 


2.9.8. (1) Is it true that if / (x) is monotonic, the 
condition 

a, BEB", v (6) >v(a), IPI >We bf @) =4, 
leads to the equality t (B) = 4? 

(2)* Suppose that for all k (Q0< k < n) the conditions 
f(a") =1, vla")< 21 — 2k y (B") = v (a™) + 2h 
lead to the relation f (B”) = 1. Prove that f (z") € M. 


2.5.9. Enumerate all functions f(x") € M satisfying 
the following conditions: 
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(4) f (A, 0, 0, 0) = iF f QO, ee 1) = 0; 
(2) f (4, 0, 0, 0) = 1, f@*) EL; 
0, 


(3) #0, 1, 0, 0) AF (1, 0, 4, 1), f (c*) is symmetric; 
(4) f (4, 0, 0, 1) =0, FES. 


2.0.10. Show that if f (z”) is non-monotonic, there exist 
two vectors a, B in B” that differ exactly in one coor- 


~~ ad 


dinate, and for which a <6 but f (a) >f (f). 

2.9.41. Show that the function f, which depends essen- 
tially on at least two variables, is monotonic if and 
only if any (proper) subfunction of the function f is 
monotonic. 

2.9.12. Give an example of a non-monotonic function 


f (x”) whose each subfunction of the type fi(z”), i=1,n, 
o € {0, 1}, is monotonic. How many of such functions 
depend (not always) essentially on the variables of 
the set {z,, 2, ..., Zn}? 

2.9.13. Show that the function f (x”) is monotonic if 
and only if for any & (k = 1, — 1), for any non-empty 
subset {i,, ..., ig} c {4, ..., m} and for any tuples 
Oo = (0,, ..., Oy) and T= (t,, ..., Tr) with oT, 
the following relation is satisfied: 

lis ceed o~ tise skal ass Rie beat ow. 
fo, eee (z") V fe... — (z") = fr, ... ty (x"). 

2.9.14. Prove that no simple implicant of a monotonic 
function contains a negation of variables. 

2.9.15. The monotonic elementary conjunction A gen- 


erated by the set of variables z,, 7,, ..., Zn is said to 
correspond to the vector (a,, Qo, ..., @n,) in B” when 
a; = 1 for any i = 1, nif and only if z; is included in K. 


Prove that if the vector @ is the lower unity of the mono- 


tonic function / (x), the Zhegalkin polynomial contains 
as one of the terms the conjunction A corresponding to 


the vector a. 
2.5.16*. Let f(z”) be a monotonic symmetric func- 


tion, such that N; = {a: |lq@ |]D>>k, « € B"}. For what 
values of m and k does its Zhegalkin polynomial contain 
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at least one elementary conjunction of rank k + 2 as one 
of its terms? 

2.9.17. Show that there are no monotonic self-dual 
functions with exactly two lower unities. 

2.9.18. Can monotonic self-dual functions have three 
lower unities and depend essentially on: 

(1) three variables, (2) more than three variables? 

2.9.19*. Show that the maximum number af lower 


unities of the monotonic function f (r”) is equal to( ea 


2.9.20. Show that if the values of a monotonic function 
are arbitrarily replaced by zeros at some of its lower 
unities, the resulting function will also be monotonic. 


2.5.21. Show that | M"}]> Pe 


2.5.22. Find the number of functions in each of the 


following _ sets: | 

(1) M°N(TiNTS)s (4) MeN Lens’; 

(2) M°\(TU UT); (8) B"N(M" US"). 

(3) MM" L"; 

2.9.23". Show that 

(1) | S"QM"™|<|M"*| for n>1; 

(2) | M™|<|Mr™'/ for n>1; 

(3) | M™ |< | MM”? [22?"°2) for n>2. 

2.5.24. Let m (n) be the number of monotonic functions 
depending on the variables z,, z,, ..., ®,. Show that 
m (1) = 3, m (2) = 6, m (38) = 20, m (4) = 168. 

2.5.25. Count the number m,(n) of monotonic func- 


tions f (x") depending essentially on n variables for 


n= 1, A. 
2.5.26*. Prove that |M@" |< |S" | for n>4. 
2.5.27. What is the number of monotonic self-dual 


functions f (z’) that depend essentially on all their 


variables? 
2.5.28*. Using the fact (see problem 1.1.18) that a cube 


B" can be divided into( - 


Bi non-intersecting ascending 
chains, prove that 


(1) | <(n +4) 01/2), 
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zg 


2) |M™| <(n— 460720) 4 9. 


2.5.29*. With the help of the problem 1.1.18, show 


n 
that | M"™ |< ghtn/2y) 
2.5.30. Prove that the number of monotonic functions 
f (x") each of whose lower unities has a weight not ex- 


ceeding k (O< k< n/2) is not more than 1 + Aa ) 

2.5.31. Let (A, <) be a partially ordered set. The 
function f, defined on the set A and assuming its values 
from the set {0, 1}, is called monotonic if for any @ and 
B in A, such that a< B, the relation f (a)< f (B) is 
satished. Let m (A, <) be the number of different mono- 
tonic functions defined on A. Find ao m (A, <), 

Aj=n 


max m (A, <) and find — the partially ordered 
jAl==n 


sets with nm elements on which these minimum and maxi- 
mum values are attained. 


2.5.32*. Give an example of a sequence of monotonic 
functions f,, (z2"), n = 1, 2, ..., such that the number of 
lower unities of the function f/, (z®") exceeds the num- 
ber of upper zeros by a factor of 2”/n. 

2.9.33. Prove that if the number of lower unities of 
the monotonic function f (x") is not less than 2, the 
function depends essentially on at least two variables. 

2.9.34". Let ¢ (f) be the number of lower unities of the 
monotonic function f and let p (f) be the number of its 
essential variables. Prove that  p (f)> log.t (f) — 
log, log, t (f). 

2.0.30. Let f € M", and Jet m, (f) be the number of 


vectors ain Bf, such that i (a) = 1, q, (f) =m, (n/ (;): 
Show that qn-1 (f)<a (f), k= 4, n. 


2.5.36*. The function (x), defined on 8” and assum- 
ing arbitrary real values, is called a generalized mono- 


tonic function if it follows from ax B that @ (a) <@ (B). 
Prove that a generalized monotonic function can be 
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presented as a linear combination of monotonic Boolean 
functions of the type 


p(zy=e+ Day f(z”), 


ft (EMNT, 


where ¢ is real and a,>0. 


2.5.37*. Let p(x") be a generalized monotonic func- 


tion and q, (9) = ( ; \~ > @ (a). Show that g,-,(9)< 
ae Bt 
qk (9), k= 1, n. 


2.5.38*. Show that if f(z”) ¢ M (n> 4), an identi- 
fication of variables in # can lead to a non-monotonic 
function depending on not more than three variables. 

2.5.39. Isit possible to obtain z from xyz \/ t (zy > 2): 

(1) by identification of variables; | 

(2) by identification of variables and substitution of 
the constant O for certain variables; 

(3) by identification of variables and substitution of 
constants? 


2.5.40*. Show that if f (z")@M US (n > 3). the 
identification of variables in it can lead to a non-mono- 
tonic non-self-dual function that depends essentially on 
two variables. 

2.5.41. Show that if fé M, f* € M. 

2.5.42. Show that any monotonic function is contained 
in not more than two classes in 7, 7, and L. 

2.5.43. Show that none of the classes 7,, 7,, S or L 
contains M. 

2.5.44. Can the function zy \/ yz \/ zz lead to the 
function zy with the help of the superposition operation? 

2.5.45. Is it possible to obtain O from the functions 
xy, x\/y and 1? 

2.9.46. Show that the set {0, 1. zy, « \Vy} forms 
a basis in M. 

2.5.47. Isolate all subsets from the set {0, 1. cy, 
xz\V/y, zy V2, sy V yz \/2r} which are bases in M. 

2.5.48*. Show that any basis in M contains not more 
than four and not less than three functions. 
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2.9.49. Show that any basis in M consisting of three 
functions contains a function that depends essentially on 
three or more variables. 

2.9.00. Give examples of bases in the following classes: 

(4) 7, NM; (2) Tr, M; (3) 2AM. 

2.9.01. Let f (z")€ M (n> 3). Prove the validity 
of the representation 


f (z") =m (f (zr, Hy, U3, La, oo oy ae 
TAG Peg Pee Dag cet ale. of (las Woy Dae gy oie 


where m (xz, y, 2) = zy VV yz \ 22. 

2.9.02. Show that 

(1) zy \V yz \/ zx forms a basis in M 1S, 

(2) any function from M {) S, which depends essential- 
ly on more than one variable, forms a basis in M f) S. 

2.5.03". Let D be a set consisting of all monotonic 
elementary disjunctions, and let & be a set of all mono- 
tonic elementary conjunctions. Show that only the sets 
DU WO, 13, # UO, 13, MNT, M 1 T, are pre- 
complete in M. 

~ n n—1 2% _ohk_4 
2.0.04", Let f(y2)= & & (Yj; Y;, or). Show 
hk=0 i=0 


that |N,| = |M"I. 7 


2.9.00. Let f (z") and g (x") be monotonic functions 
and h=f&g. Prove that 


[Mn II Ns 11g 12. 


2.6. Completeness and Closed Classes 


The following completeness criterion is valid in P,: 
Theorem (Post). A system A is complete in P, if and 
only if it is not contained entirely in one of the classes T 4, 


T,, L, S, and M. 


The function f (x) is called Sheffer’s function if it 
forms a basis in P,. 


Let the function f(z") depend essentially on all its 
variables. By 9 (f (z")) we denote the set of all such 


functions which are obtained from the function f (2) 
through identification of variables, the function f does not 
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belong to the set M(f). If n<( 2, then by definition 
M (f (c")) # OS. The set R (f (x")) is called the hereditary 


system of the function f (x"). The function f is called irreduc- 
ible if (MN (f)]) ~ If]. The basis B of the closed class K 
is called prime if the substitution of its hereditary system 
for an arbitrary function f from % leads to an incomplete 
system in A. The function f not belonging to the closed 
class AK is called a prime function with respect to K if 
its hereditary system YJt (f) is contained in K. 


2.6.1. Show that P, does not contain precomplete clas- 
ses other than the classes 7T,, 7,, L, S, 

2.6.2. Using the completeness criterion, find out if 
the system A is complete in the following cases: 

(1) A= {r>y, r>y-2}; 

(2) A = {x-y, xr~ yz}; 

(3) A = {0, 1, c&(y~ 2) Va ly ® 2)}; 

(4) A = {(01101001), 18001404), (00011100) }; 

(5) A = {(0010), (4010110111110011) }; 

(6) A = (S\M) U (EN(fo U 7); 

(7) A = (8S 11M) U(ENM) U (FNS); 

(8) A = (MN(T) NT))) U(L\ 5S). 

2.6.3. Prove that if the nee f depends essentially 
on at least two variables and belongs to the class S (|) M, 
the system {0, f} is complete in Py. 

2.6.4. Is the system A = {f, (2"), fe (x")} complete if: 

(1) f,ESN\M, f, E LUS, homf, =1; 

(2)f, 6 To UL, fe GS, frmf, = 1; 

3)f&€ TONT), fe €MNT,, h>h=? 

2.6.0. Is the system A = {f, (x"), fy (x"), fs (z")} com- 
plete if 7, ¢ LU (To 1 11), fo EMNEZ, fp >f, = 1 and 
Avi, =t 

2.6.6. From the complete system A in P,, isolate all 
possible bases in the following cases: 


(1) A= {((c Vy) (eV y), cy Oz, («By ~z, 
7 m (x, y, 2)}; 
(2) A = {1, 2, sy¥(y~ 2), rDy Om(z, y, 2}; _ 
(3) A = {0,7 @y, (rx >y) 1 Y~ 2), («| (zy) > 2}; 
(44)A= {xV(QeByVz («~y)~ 2, zy D ww, 
m (x, y, 2)}. 


| 


lI 
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2.6.7. Give three examples of bases ins P, each con- 
taining one, two, three and four functions. 

2.6.8. Enumerate all different bases in P, containing 
only such functions that depend essentially on two vari- 
ables x and y (bases are considered to be different if 
one of these cannot be reduced to the other through a rede- 
signation of variables). 

2.6.9. Find out if the set 9[ can be extended to a basis 
in P, in the following cases: 

(1) 4 = {x By, mz, y, 2)}; (3) WM = M\(ToUNd); 


(2) UW = {4 ~ y, «VV yz}; (4)% = LYM. 

2.6.10*. Does P, contain a basis consisting of four func- 
tions f,, fo, fs and fa, such that f, € To. fa & Ti, fs & LZ 
and f,¢ S? 

2.6.11. Using the operations in the theory of sets, 
express the closure of the set Q@ through known closed 
classes T), T,, L, S, M and P, if: 


(14) Y= PNT, UT, UL US UM); 
(2) % = MN(T, UL); (6) A =SNToN 7)); 
(3) Y4=MN(T, 017); (A = LN(fo UT)); 


(4) I = MN; (83) Y= TNT 
(5) Y= TT) N(LNS5); (9) A = (To T.)\M. 
2.6.12. Which of the relations >, c, 2, S&S, =, Bu 


is valid for classes K, and K, (the relation ¢ means that 


none of the other five relations is satisfied): 


(1) Ki, =(z2V(¢e @y) V2), KA, =le¢ Vy, x @ yl); 
(2) Kj =le~y, eV yz], K, = la ® yal; 

(3) AK, = lzy, z @ yl, K, = [x>y, e~ yl; 
(4) K, = (1,2 V yl, K, = (x4 ®y, zt V yz; 
(5) Aj =z ®y,rz~ yz], K,=Imly,2z,2),2@ 


yO2@1, zy @ 2]; 
(6) K, =I(z#—> yy}, K, =(z ® y, m (a, y,2))? 


2.6.13. (1) Prove that P, (X*) contains exactly two 
Sheffer’s functions. 

(2) Find the number of Sheffer’s functions in P, (X°). 

2.6.14. (1) Prove that if f ¢ 7, UT, US, then f is 
a Sheffer function. 

(2)* Find the number of Sheffer’s functions in P(X"). 

2.6.15. Prove that by identification of variables, we 
can obtain from Sheffer’s functions depending essentially 
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on at least three variables a Sheffer function depending 
essentially on two variables. 

2.6.16. For what values of n (n> 2) is the function f/ 
a Sheffer function if: 


a 
() f=16, ee 


Sicjgn 
(2) f--1 Daye, @ Levy @ . 6. O Lyn O TpXy; 
(3) f == (2, @2) © (x, > 23) @ 
: ® (Lp-y—> Fn) ® Ce 4); 
(4) f= (2; |r2) © (tel 23) ©... @ (Ln-lLn) ® (Xn ty); 


(9) f= 1 © (2, > 2p) (1%. —> Lg)... (Lq-y —* Bn) (La 1); 


(6) f= | 
taicis< ee SUngpsan 


2.6.17. The function f does not belong to the set 7, U M 
and has exactly one value equal to zero. Prove that it 
either is a Sheffer function, or depends essentially on 
one variable. 

2.6.18. Give an example of a Shefier function that de- 
pends essentially on the smallest possible number of var- 
iables and assumes the valne unity on exactly half the 
tuples of values of variables. 


iTig ++ Lipp say? 


od 


2.6.19. Give an example of a function f (x") such 
that for any k (1<4A< n — 2) and for any subset /,, 
ig, «sey tp in {1, 2, ..., nm} the function 


ae (ae (+ (a1) --)) 


is a Sheffer function. 
2.6.20. Let the function f be monotonic with exactly two 


lower unities. Prove that f is a Shetfer function. 
2.6.21. Prove that any self-dual function not belonging 
to the set 7, U 7, U ZL U AV forms a basis in the class S. 
2.6.22. (1) Prove that any function in class L belongs 
to at least one of the classes 7,, 7,, S and M., 
(2) Give examples of linear functions contained exactly 
in one of the classes 7,, 7, and S. 
2.6.23*. Give example of a function in class 7, that 
does not form a basis in 7, and does not belong to the 


set 7, VZUS UM. 
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2.6.24. Give example of a nonlinear function f(x") 
that depends essentially on the smallest possible number 
of variables and satisfies the following condition: for any 


number i (1< i< n), each of the functions f? (x") and 


fi (z") assumes the value unity at exactly 2"-* tuples 
of values of variables. 

2.6.25*. Prove that identification of variables in 
a nonlinear function depending essentially on n>4 
variables leads to a nonlinear function depending essen- 
tially on nm — 1 variables. 

2.6.26*. Prove that identification of variables in 
a function f not belonging to the set L U) S and depending 
essentially on n> 4 variables leads to a non-self-dual 
nonlinear function depending essentially on n — 1 vari- 
ables. Is this statement valid for n = 3? 

2.6.27*. Prove that identification of variables in 


a Sheffer function f (z") depending essentially on n> 3 
variables leads to a Sheffer function depending essen- 
tially on nm — 1 variables. 
2.6.28. Find out if the following implications are true: 
(1) fE6(TOUT)NSS>fELUM, 
(2)f/&47, UT, UM=>f is a Sheffer function; 
(3)f€T, USUM>fE (Ln N)NSN MM); 
(4)f/4LUS UM =f is a Sheffer function. 
2.6.29. Let the subset % from P, (X”") contain more 


vi) 
than 2” ~‘ functions. Prove that % is a complete system 
in P, for n> 2. 

2. 6. 30. Prove that each function from a prime basis in 
Ps is a prime function with respect to precomplete class 
in Py. 

Ze 6. 31. Find all pairwise non-congruent functions that 
are prime functions with respect to the class K: 

(14) K=T,; (3) K = [0, 4, zl; 

(2)* K=LQS; (4) K = (0, 4, z, al. 

2.6.32. Prove that prime functions with respect to the 
class A that are pairwise non-congruent, are exhausted 
by functions of the set Y. 


(4) K=T,NT, X= {0, 4, x}; 
(2) | ae Me OL NS, YI a {0, 1, z, LY, z\/Y; 
m (x, Y, 2), m (x, y, 2)}. 
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2.6.33. Prove that P, contains: 

(1) only two prime bases {x | y } and {x | y} con- 
sisting of one function; 

(2)* only three prime bases {0, 1, 7 By ®z, zy}, 
{O,1,7 By ®z,xVy}and {0,1,72 Dy ®z, m(z, y, 
z)} consisting of four functions. 


Chapter Three 
k-Valued Logics 


3.1. Representation of Functions 
of k-Walued Logics Through Formulas 


3.1.1. Elementary Functions of k-Valued Logics 
and Relations Between Them 


Throughout this chapter, we shall assume that fA is 
a natural number larger than 2. By £, we shall denote the 


set {0, 1, ..., k —1}. The function / (2”) S09. (tye Ws, 
., ,) is called a function of the k-valued logic if on any 
tuple a = (@,, &, ..+, Gn) Of values of the variables 


~ 


LY, Lo,.- +, Lp, Where a; € Ey, the value f (a) also belongs 
to the set #,. The set of all functions of the k-valued logic 
is denoted by P,. The concept of fictitious and essential 
variables, equal functions, formulas generated by a set 
of functions (and connectives), superposition and closure 
operations, closed class, basis, etc. are defined in k-valued 
logics in the same way as in a Boolean algebra. Hence we 
shall give only the definitions of such concepts that differ 
essentially from the corresponding concepts in P,. 

The following functions in a A-valued logic are assumed 
to be elementary functions: 

constants 0, 1, ..., & — 1; these functions will be treat- 
ed as functions depending on an arbitrary finite number 
of variables (including zero variables); 


Post's negation: x +1 (mod k), denoted as 2; 

Lukasiewicz's negation: (k — 1) — x, denoted as~ x 
or Nz; 

characteristic function (of the first kind) of a number i: 


. 1 if xr=i, 
Jit), t=O). A, ncey hs js(2)= {4 ae, 
characteristic function of the second kind of a number i: 
—1 if r=i, 
if «i; 
the smaller of x or y: min (z, y) (alternatively, zy orrv& y); 
the larger of x or y: max (za, y) (alternatively, x\/y); 


I 
J,(t),  i=0, 1, 00.) k—4; J(e)={, 
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mod k sum: x + y (mod k) (read as “mod k x plus y”)'; 
mod k product: x+y (mod k) (read as “mod k product of x 
and y’'); 
truncated difference: 
{ 0 if O<r<cy<k--t, 
ae a ee ee ey 
im plication: 
k—1 if Oxse<cmy<k—-t, 
STE kt aty if O<y<rck-t 
joint denial: max (z, y)+1 (mod k), denoted by v, (z, y); 
mod k difference: 


L--y if Ox<yxrck—-ti, 
TTI Nk—(y—2) if OS<r<y< k—1. 
The functions (operations) min, max, + and - are com- 


mutative and associative. Moreover, the following rela- 
tions are valid: 


—(@ + y)-z = (a2) + (yz) 


called distributivity of multiplication with respect to 
addition; 


max (min (z, y), 2) = min (max (z, z), max (y, 2)) 
called the distributivity of the operation max with respect 
to the operation min; 

min (max (z, y), 2) = max (min (z, 2), min (y, 2)) 


called the distributivity of the operation min with respect 
to the operation max; 


max (x, zt) =z, min(z, z)=2 
called idempotency of the operations min and max; and 
min (~z,~ y) = ~max (z, y), max (~z,~ y) 
=-~min (z, y) 
called the analogs of De Morgan's rules (laws) in Py. 


1 Unless otherwise stated, the symbols + and - in this chapter 
will denote mod k sum and product. 


6* 
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The following equalities are introduced by definition: 


Max. (25° Lay 2s: 69 Vays Ba) MAX (Max (7;4 Vo. «- o-25 
Tn-)) Tn), NB; 
min (4, 2g, . ~~) Ln-1, Tn) = min (min (x, Tq, ..., 


Zn), 2 n)5 n> 3; 


0 if 2z#—0, 
7 ~\lk-a if z= 0. 
In view of the associative nature of mod & product, the 


product z-z-zr-. . .-x (l cofactors, |! > 1) is often written 


‘in the power form z'. 


3.1.1. Prove the validity of the following equalities: 
(1) — (z) =~z; 
(2) zDD y =~ (r+ y); 
(3) z+ (x + y) = min (z, y); 
(4) @> y)> y = max (z, y); 
(9) @> y) + z= min (z, y); 
6) z~—y =2z—min(z, y); 
(7) zy = max (z, y) — y; 
(8) (~z) + (y + z) = ~max (2, y); 
(9) (~z) = (~y) =y — 3; 
(10) ~(@ + y) = (~2) + (~Y); 
(41) ~(v-y) = (wz) -y; _ 
(12) max ((c + 2) + 1, Je_, (z)) = 2; 
(13) min (~J;-; (2), ( — 2)> 2) = ay 
(14) 2+ y = (e+ y) + x-jx- a (y) + ysin- 1 (2); 
(15) vp (z, y) + tein (y) + Yycin-1 (2) = max (x, _y); 
(16) max (x, y) + fo (Y ~ &) +in-1 ()-y = max (z, y); 
(17) min (z, y) + Jo (y ~ ©) —Jn-+ (Z)-y = min (2, y); 
(18) J (max (Jo (z), Jy (2), . - -) Sn-2 (2))) = Jaa (@); 
(19) J,(max (z, 1, J, (x), Jo (z), ---, Fn-2 (2))) = 
Jo (x); 
(20) x-jo (ix (@)) + fo (@) i @) = Tt) —h (x); 
foe o (a ~+ (i —1)) = J; (2), i= 
(22) (~((~ z) + 1) + (6. - (A-1) > 
(~ 2)) + (~2)) +... + (~2)) =3; 
k-—1 times 
(23) (2. . ((& — 1) ~ jo @)) — fo (@ = 1) +... = 
jo (z& + (& — 3))) + (Ck — 1 fo (~ 2)) = 2. 
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3.1.2. Prove that the function f in P, is generated by 
the set of functions A (A c P,) asa result of superposition 
operation. 

k (1) f=J,(z), A = {Jo (x), J, (x), max (x, y)}, 


’ 


(2) f =~z, A={Jq (x), J; (x), min (x, y), max (z,y)}, 


— 


e 
’ 


(3) f =a, A = {4, x?, J, (xz), max (z, y)}, 

= 3: 
(4) f =jo(z), A= {z—1, 2}, k=3, 5; 
(5)f=j,(@), A= {eyte—y +t 1}, k =3, 5; 
(6) f =~, A= {A, x+y}, k =3, 5; 
(7) f=2, A = {3, jo (z), > yh, k = 4; 
(8) f =~2z, A = {x + 2, Jq (2), J, (2), 


max (z, y), ee k = 4; 
j, (zt), A = {2 +1, J, (z)}, k= 6; 
(10) f = js (x), A = tx + 2, 2°, Js (z)}, k = 6; 


(41) f=j,(z), A= {z, —2, Jy, (2)}; 
(12) f = J,-, (x), A = {~az, x = y}; 

(13) f = J,_, (t), A = {kK —1, 74+ 2, 2 = y}; 
(14) f = jo (2), = {1, ~z, x — 2y}; 

(15) f =a, A = {1, ~2z, zt — y}. 


3.1.3. Prove that if a belongs to EF, and is coprime to k, 
each function J; (rz), 0< i< k — 2 can be presented as 
a superposition generated by the set {7 + a, J,_, (z)}. 

3.1.4. Show that the function @ from P, can be repre- 
sented by a formula generated by the set {0,1,...,k—1, 
x 2y} if 

(1) p = jay (@), k= 2m (mZB 2); 

(2) po =j, (xz), k=2m+1 oe 1). 

3.1.5. Let h, (x) =~, his, (x) = LD h, (x), 
i> 1. Prove that. ~hy,_, (4) = Jz-, (2). 

3.1.6. For what values of k (k> 3) are the functions 2’, 
x? and x* pairwise different? 

3.1.7. Let k = 3,4,...,9, 10. How many different 
functions in P,, depending only on the variable z, can 
be presented in the form z' (1 > 1 and the power is taken 
over mod k) for each k? 

3.1.8. Prove that each function f (x) in Ps can be pre- 
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sented as a superposition generated by thé set {1, J,_, (z), 
x t+ y}. 

ate The functions f, (z) and f, (z) in P, satisfy the 
following rene f; (cz) # const, f, (F3) # E, and 
fy (B3) = 

Prove ree the function g (x) = f,; (z) + f, (z), where 
mod 3 sum is taken, does not assume at least one value 
in Ey, i.e. g (E54) # Es. 

3.1.10. Let the function f (x) in P, be presented in the 
form a,z* + a,x-+a, (mod 3 sum and product are taken, 
and dy, a,, 42, belong to E,). What values can be assumed 
by the coefficients a,, a, and a, if the function f (x) is 
known not to assume at least one value in £E,, i.e. 


f (Es) # Es. 


3.1.2. Decomposition of Functions of k-Valued Logics 
into First and Second Forms 


Any function f (z,, 2... .., 2,) in Px, © n> 1, can be 
presented in the first form, which is an analog of the per- 
fect disjunctive normal form for Boolean functions: 


tse Bor a ae) max {min (f (G,, Og, ..-, Gn); 
oO 


Jg,(t1), Ja,(€o), .- -s Jog (Zn))}- 


Here the maximum is taken over all tuples o=—(0,, 
Oo,. +--+; On) Of values of the variables z,, rg, ..., Zp. 


Another representation of the functions of k-valued 
logic, called the second form, is also possible: 


f(z") =D) f (6)- fo, (21)>- ++ fo, (En): 


where the sum is taken over all tuples o= (O,,..., O,) of 
values of variables z,, 2, ...,2Z, (mod k sum and product 
are taken). 


Example. Present the function f (z, y) = max (j, (z) X 
jo (y), = Gis (y) + 27, (y))) in Ps in the first and second 
forms. 

Solution. First of all, we compile the table of values 
of the function f: 


3.4. REPRESENTATION 87 


With the help of this table, we obtain the first and 
second forms of the function f. 

f (x, y) = max {min us Jo (x), Fo (y)), min (0, Jo (x), 
Jy (y)), min (0, Jo (z), J, (y)), min (0, J; (2), Jo (y)), 
min (4, J, (x), J, a). min (2, J, (z), J» (y)), min (0, 
J, (x), Jo (y)), min (2, J, (x), J, (y)), min (1, J, (2), 
J, (y))} 

Using simple manipulations, we get 

f (x, y) = max {min (1, J, (2), J (y)), min (1, J, (2), 
J; (y)), min o a J, (y)), min (J, (z), J, (y)), 
min(1, J, (2), 

f(x, y) = 1-Jo Ps ‘Fo (y) + O-Ffo (2) +i; (y) + O sso (z) X 
jo (y) + O-F; (@) Fo (Y) + At (®) ch (YY) 2 hy (2) Ta (YY) + 
Ojo (Z)+fo Y) +2 -Fe (x) si (YY) + Asie (2)-]2 Y) = Fo a 
Joy) th @ i Y) + 2h, (edn (Y) + 2 che (2) ei YY) + 
je (x) -Je (y). . 

3.1.11. For a given k, present the function f in the 
first and second forms (simplify the obtained expressions). 


(3) f= 

(4) f =2-J; (@),! k = 63 

(5) f=J,(@ +2), kh =9; 
(6) f=(~ 2)? +2, k =4; 
(7) f = 3+f, (2) — fg (2), k= 4; 
(8) f=xr-+2y, k = 3; 
(9) f = max (7, y), hk = 3; 
(10) f=r-—y*,k = 3; 

(41) f = 2? -y, k = 3; 

(12) fsry, k=4 


3.1.12. Prove the validity of the following relation, 
which is the analog of the perfect conjunctive normal form 
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of the functions in P,;: ‘ 


i (x") -_ min {max (f(0;, 52, -.-, On), ~ Jo,(Z), 
0 
sed J52(2), ° » ~Son(Zn))3 
(here, n>, and the minimum is taken over all tuples 


c= (0,, So, .- +, Op) Of values of the variables z,, 2., 
9 In e 


3.2. Closed Classes 
and Completeness in &-Valued Logics 


3.2.4. Some Closed Classes of k-Valued Logics. 
Representation of Functions 
in P, Through Mod k Polynomials 


Let € be a subset of the set E,. The function f (z”) in 
P, (n> 1) is said to preserve the set @ if it assumes a va- 
lue f (2”), also belonging to €, on any tuple Qa" = 
(%,, Qo, ..-, ,) Such that a; €€ (§ =1, 2, ..., n). 
For n = O, it is assumed by definition that the function 
f =a(a€E,) preserves the set € only if a€ é. The 
set of all functions in P, preserving the set € is aclosed 
class, denoted by 7 (€) and called the class preserving 
the set €. If @ is a proper subset of the set Fy, (i.e. 


@SE6SE,), T (8) ih (see Problem 3.2.3). 
Let D = {8,, &2, , 6,} denote the partition of 
a set E,, i.e. Ex =U 68 # @ for i = 1, 2, 


sand 6; (\@é; = @ for i xj. Elements a and b are said 
to be equivalent with respect to the partition D (notation 
a~ b (mod D)) if a and b belong to a certain (the same!) 


subset 6; of the partition D. Two tuples a” and B” are 
called equivalent with respect to the partition D (nota- 


tion a" ~ B” (mod D)) if a,~ B; (mod D) for i = 1, 
2, ..., nm. The function f(z") in P, (n> 1) is said to 
preserve the partition D if for any tuples a” and 8” the 
equivalence a” ~ B” (mod D) leads to the equivalence 
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f (a") ~ (B") (mod D). It is assumed by definition that 
any constant function (i.e., a function depending on zero 
variables of the type f = a, a € E,) preserves any parti- 
tion D. The set of all functions in P, preserving the parti- 
tion D = {€,, €,, ..., €,} is a closed class, denoted by 
U (D) or U (€,, €5, ..., €&.) and called the class pre- 
serving the partition D. If s-1 and s=-k, the class 
U (D) is different from P, (see Problem 3.2.4). 


The function f (z") in P, (nO) is called linear if it 
can be presented in the form a,+ a,-%,+...+ 
Qn°X,, Where a; € E,, j =O, 1, ..., nm, and the sum 
and products are taken over mod k. The Set of all linear 
functions in P,, forms a closed class of linear functions, 
denoted by L, (or L). The class L, differs from P, for 
allk> 3. A modk polynomial of variables 2z,, 22,...,2n 
is an expression of the type a) + a,-X,; +...+ 
Qm*Xm, Where the coefficients a; belong to the set E,, 
and X; is either a variable in {z,, 2g, ... ., Z,} or a pro- 
duct of variables in this set (ji = 1, ..., m). A certain 
function from P, can be presented by a mod k polynomial 
if there exists such a polynomial equal to this formula. 
The set of all functions in P, that can be presented by 
mod k polynomials (or, in short, the set of all mod k 
polynomials) forms a closed class in P,. 

Theorem. Each function in P, can be represented by 
a mod k polynomial if and only if k is a prime number 
(in other words, the set of mod k polynomials in Py, is 
complete in P, if and only if k is a prime number). 

If k is a composite number, then /, contains functions 
that can be represented by polynomials, as well as func- 
tions that cannot (for example, the constant functions 0, 
1, ..., k —141 and “polynomial” functions xr, z?, x-y, 
x+y can be represented by polynomials, while the 
functions j, (x), max (z, y). min (xz, y), x ~ y cannot). 

Example 1. Represent the function f (x) = 2? — x in 
P, by a mod 9 polynomial. 

Solution. Let us first represent the function f (x) in the 
second form: 


f(z) = 2 f (0) ja (x) =F (0) ig (2) F(A) hs (2) +f (2) “Fe (2) 


+ f (3)-J5 (2) + f(A) sig (©) = Ojo (2) +0-f1 (2) +2 fe (2) 
+ 1-Jg (xz) + O-fy (2) = +f (2) + Js @) 
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Then we shall use the fact that j) (z»}= 1 — 2*! if hk 
is a prime number (A> 3) and that j;(z)=j (x — i), 


i=1,...,4— 1. (Here, as usual, we take mod 
difference and mod k& power). We have 
jp (tz) = 1 — (x — 2) = — zt — 273 + 2? + 22, 
js @) =1—@—3)'=1—(@ + 2) = — at + 
223 + x? — 2x. 


Consequently, «2? ~— x = 2x4 — 27° — 27? 4 2r. (This 
expression can be written in a more compact form 
2x+ (x — 1)*-(z + 1).) 

The polynomial representing the function f (x) can 
also be determined by using the method of indeterminate 
coefficients. Let f (x) =a, + a,-r + ager? + a3-22 + 
a,-x' (higher powers need not be considered since z**' = 
x’ (mod 5)). We compile the following set of equations: 


| a =f (0) = 

Ay + a+ a,-+ a34-a, =f (1) = 

Ay -+ 2a, + 4a, -+ 3a3+ a, =f (2)=2 
y+ da, + 4a, + 2a; + a, = f (3) = 14, 
a, + 4a,+a,+4a,+ a, =f (4) =0. 


Solving this set of equations, for example, by the meth- 
= of elimination, we obtain a, = 0, a, = 2, a, = 3, 

= 3, a, = 2. 

OE ammele 2. Prove that the function f (x7, y) = 2? — y 
in P, cannot be represented by a mod 4 polynomial. 

Solution. We assume that the converse is true, i.e. 
that f (xz, y) can be represented by a mod 4 polynomial, 
and write this hypothetical polynomial in the general 
form (with indeterminate coefficients): f (x, y) = (Ao. + 
AygF + Aygt” + AyqX*) + (Gory + Ay zy + agyX?y + Ay,79y) + 
(Qo2y” + ayoty® + z207y? + Agyr°y?) + (Qosy® + aygry? + 
ggt"y® + aygx°y”). 

(Powers higher than 3 need not be considered since for 
l>>1 the relations 27? = 2? (mod 4) and 22/3 — 
x® (mod 4) are valid.) We have: 


a O) = gy + G49 + Ao9 + 5 = 1, " 
f (4 12) =Agy ty + Aro +439 2 (Ag: +44, +44,+ 3;) = 0. 
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Since the equation 1 + 2a = 0 (mod 4) has no solu- 
tions (this can be proved directly by successively putting 
a=(Q, 1,2 and 3), the set (*) has no solution either. 
Consequently, we cannot choose appropriate coefficients 
a;; which would ensure the representation of the func- 
tion f in the form of a mod 4 polynomial. Therefore, the 
function f cannot be represented by a mod 4 polynomial. 


Remark. In the problem considered above, it would 
suffice to write two relations between the coefficients. 
However, a more complete set of equations should be 
often considered. In the following subsection, we shall 
demonstrate other methods to prove that the functions 
in P, cannot be represented by mod & polynomials. 

3.2.1. (1) Which of the classes, T ({0, 2}) or U ({0, 1}. 
{2}), do the following functions in P; belong to: 

(a)~ xz; (b) fy (2); (€) J, (x); (4) t— ys (0) Pr Ys 

(f) min (2, y). 

(2) Which of the classes, 7 ({1, 3}), U ({0, 1}. {2}, 
{3}) and/ or U ({0, 3}, {1. 2}) do the following functions 
in P, belong to: 
ee x; (b) ~ 2; (C) jo (x); (d) t + 2y; (e) max (x, y); 
3.2. 2. For a function f in P, and for a given k, choose 
the classes of the types T (€) or/and U (D) to which this 
function belongs. Here € must be a proper subset of the 
set E, (ie. €A OG and €f~EF,), and D must be 
a partition {@,,.... €,} of the set E,, such that the 
following inequalities are satisfied: 1<s<k. 


(2)k =3, f = : 
(3) k= 3, f= (t+ y) +4; 
(4)k = 3, f=zry—ytt; 
(5) k = 4, f =j,(@— 2°); 
(6) k =4, f = J, (2x + x’); 
(7) k=4, f=xry—yrt 3; 
(8) k = 5, f = min (2’, y); 
(9)k=5, f= (22+ y) —-1; 
(10)k = 6, f = ey 4+ 2; 
(11) k is an arbitrary integer not less than 3,f= 
jy (22 + 2°); 


(12) k is an arbitrary integer not less than 3, f = 
Ja (z-y — 4). 
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3.2.3. (1) Let € © E,. Prove that T {é) # P,, if and 
only if € is a proper subset of the set E, (i.e. BF OD 
and 6 ~ E,). 

(2) Determine the number of different closed classes in 
P, which preserve the sets? 

(3) Let € & E,. Calculate the number of functions 
in P, contained in the class T (€) and depending on 
the variables z,, 4, ..., Ln (n> OQ). 

3.2.4. (1) Let D = {@,, ..., 6,} be a partition of 
the set F,. Prove that U (D) ~P, if and only if 1< 
s<k. 

(2) Fork = 3,4 and 5, calculate the number of differ- 
ent closed classes in P; which preserve the partitions. 

(3) Let D = {€,, ..., €&,} be a partition of the 
set E,. Calculate the number of functions in P, con- 
tained in the class U (D) and depending on the variables 
fie Go th os Ce nS VY): 

3.2.0. Let € be non-empty subset in £, other than 
the entire E, and let D = {€, E,\€}. Calculate the 
ee of functions in P, which depend on the variables 
ne . 1+, Ln (nO) and are contained in the set: 
ny? @NU (D); ()U()NT EE): (3) TE) U 
3.2.6. By S, we denote the set of all different-valued 
functions in P, which depend on a single variable (i. e. g (x) 
belongs to S, if and only if g (E,) = E,). Let Pi be the 
set of all functions of the k-valued logic P,, which depend 
on a Single variable, and CS, = P#PY\S,. 

(1) Prove that the sets S, and CS, are closed classes. 

(2) Calculate the number of functions depending on 
the variable x and belonging to the class S$, U ({0, 
k— 2}, {4, ..., k—3}, {kK —1}). (For k = 3, we 
assume that 1, .k—3}= @.) 

3.2.7. Expand. a ‘function f in P, into amodk poly- 
nomial: 


(2) f = min (z’, 2°), ps. 

(3) f = max (2-4 + 1, 2x), k = 5; 
(44)f=3-r-—(¢#— 2-7), kh =7; 
(5) f = max ((4 + 1), 2’), k = 7; 
(6) f = min (z?, y), k = 3; 
(7) f = max (2-4 ~— y, xr-y), k = 3; 
(8) f=2-y, k=3; 
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(9) f = J,-, (x), & is an arbitrary prime number; 

(10) f = j, (« — z*), k is an arbitrary prime number. 

3.2.8. (1) Prove that the function 2j; (z) in P, can be 
represented by a mod 4 polynomial for any i = 0, 1, 2 
and 3. 

(2) Prove that if a function in P, depending on a single 
variable assumes the values either from the set {0, 2} or 
in the set {1, 3}, it can be represented by a mod 4 poly- 
nomial. 

(3) Using the function f (z, y) = 2+j (x) jo (y) (in P,4), 
prove that statement (2) cannot be generalized to func- 
tions depending on more than one variable. 

3.2.9. Prove that if a function f (x) in P, cannot be 
represented by a mod 4 polynomial, then for any integer 
m > 2 the function (f (z))” cannot be represented by 
a mod 4 polynomial either. 

3.2.10. Calculate the number of functions in P, which 
depend only on a variable zx and can be represented by 
mod 4 polynomials. 

3.2.11. (1) Let a function f (7) in P, be represented by 
a mod 6 polynomial. Prove that it can be represented 
by a mod 6 polynomial of the form a, + a,x + a2. 

(2) Prove that the number of functions in P,, which 
depend on a variable z and can be presented by mod 6 
polynomials, is equal to 108. 

(3) Enumerate all the functions f (zx) in Pg which can 
be represented in the form a + b-j, (x) (a and b belong 
to E,), cannot be represented by mod 6 _ polynomials, 
and satisfy the condition that the function (f (z))*? can 
be represented by a mod 6 polynomial. 

3.2.12. Find out whether a function f in P, can be re- 
presented by a mod k polynomial: 

(1) f=3-r1—2-22, k=4; 

(2) f=3-j,(z), k=6; 

(3) f=2-(J, (2) +4,(2)), k=6; 

(4) f=(e@-y)—y, k=4; 

(5) f=(max (zx, y)—min(z, y))?, k=4. 
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3.2.2. Completeness Test for Sets of Functions 
of k -Valued Logic 


In k-valued logics, the completeness testing of an ar- 
bitrary set of functions is fraught with serious technical 
difficulties because the application of the completeness 
criterion based on an analysis of the set of all precom- 
plete classes in P, involves the verification of a large 
number of conditions even for A = 3 and 4 (since there are 
exactly 18 precomplete classes in P, and 82 in P,). The 
completeness of concrete sets in P, is normally proved 
by reducing them to sets known to be complece before- 
hand (like the Rosser-Turquette set {0,1,..., k — 14, 
Jo (z), Jy (x), .. -, Fx-1(Z), min (x, y), max (2, y)j or 
Post's set {z, max (z, y)}). Besides, there exists a number 
of completeness criteria in which we consider sets of 
functions containing some functions of a single variable 
and only one function which essentially depends on at 
least two variables. Let us formulate the most important 
criteria of this kind. It should be recalled that 

S, is a set of all different-valued functions in P;, which 
depend on a single variable, 


P; is a set of all functions of one variable in P, and 


~~ 


CS; = Pz? \ S,. The function f (2) € P, is referred 
to as essential if it essentially depends on at least two 
variables and assumes all k values in the set E,. 


Theorem 1 (Stupecki’s criterion). A set Py? U {f (z)} 


is complete in P, (for k > 3) if and only if f (x) is an essen- 
tial function. 


Theorem 2 (S. V. Yablonsky’s criterion). A set CS, U 


{f (x) } is complete in P, (for k> 3) if and only if f (x) is 
an essential function. 


Theorem 3 (A. Salomaa's criterion). A set S, U {f (x)} 


is complete in P, (for k> 9) if and only if f (x) is an essen- 
tial function. 

The statements containing various completeness criteria 
for sets of functions in the sets Pi’, S, and CS, can be 
used along with these theorems. Let us consider an 
example of application of such criteria. Let a function 
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h;;(z) where OX i <i j<k — 1, be defined as follows: 


i if «=j, 
h,; (x) == { i o4. 
a otherwise. 


Theorem 4 (S. Piccard). Each of the sets {x, ho, (2). 
T+ Jo (L)} and {ho (2), Mog (Z), © - +s Rom-sy (2), 2 + 
jo (x)} is complete in Pi. 


3.2.13. By choosing an appropriate class of the type 
T (€) or U (D), prove that the set A is incomplete in 


» if: 
(1) A={~a, min(z, y), -y"}; 
(2) A={1, 2, r+ jy(x), max(z, y)}; 
(3) A =={2, jg(z), w+ jo(z) tJ, (2) + Ju4(x), min(z, y)}; 
(4) A={(J, (x), Z+jo (x), E+iy(X)+J, (2), max (z, y)}; 
(0) A={k—1, Jy(z), r+ y, rey-2}; | 
(6) A={2-273, 2-a+y, x?-y, r-Jy(y). x2 +(~ y)}; 
(7) A={z-y, max(z, y)—2+1}; 
(8): A={—2?, max(z, y)+32}; 
(9) A={1, —a-y, x? - y}, 
(10) A={2, max(z, y), z— y}; a 
(11) A={k—2, ~ j,-,(z), max(z, y), r+ y}; 
(12) A={jo(z), e+ jy (rt) + J, (2), ey, o> YS; 
(13) A={1, Jy (x), 7+ jy_y (42), min (x, y), max (z, y)}; 
(14) A={1, 2,...,k—1, 7 Lj, (7), jo (a) .-1, max (2, y)}; 
(15) A=={1, ~2z, r~y, min(z, y)}; 
(16) Azcef{~a, Jy (x), J, (x), ..., Ans (2), min (z, y) + 


(Jo (x) + jo (y)) (2 + y)}s 
(17) A={1—17, jy (2), }, (2), ceey jr (2), x-Y, L— Y, 
min (2, y)}. 

3.2.14. It is known (see Sec. 3.1) that the set 


A= {0, 1, ..., A—4, jo (2), 41 (@), «+ Fn (2), o+y, By} 


is complete in Px. 
(1) Prove that it is possible to isolate from A a subset 
which is complete in P, and consists of two functions. 
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(2) Prove that any subset of the set A, which consists 
of a single function, is incomplete in P,. 
3.2.15. The Rosser-Turquette set 


Ag = 10 Ne i. 5 oy OS ep De a OD) wk ae ORD) 
min (z, y), max (7, y)}, 


is known to be complete in P, (see Sec. 3.1). 

(1) Verify that by omitting in A, any constant other 
than 0 and & — 1, we obtain a subset contained in a cer- 
tain class of the type 7 (€). where @ # € # FE; (and 
hence incomplete in P,). 

(2) Isolate from the set A, a subset which is complete 
in P, and consists of 2k — 2 functions. 

3.2.16. For given A, test the completeness of the fol- 
lowing subsets of the Rosser-Turquette set: 

(1) k = 3, {1, Jo (x), Je (x), min (x, y), max (z, y)}; 
(2) k = 3, {A, 2, J, (z), min (x, y), max (z, y)}; 
(x 
( 


), 
(3) k =4, A, 2, J, ), J, (x), min (x, y), max (z, y)}; 
(4) k = i {1, 2, J, x), IG ), min (x, y), max (2, y)}. 
3.2.17. Prove that each of the following sets is com- 
plete in S;,: 
(1) oe Rog (©). «+5 Moca-ay (2) }5 
. ) tho (2 )y ye), . - + MiG (2), ~~ Rea, e-v ()}s 


(3) {z, he (x) }. 
3.2.18. Prove that the set {ho (v7), Ros (x), - - -s Roce -1)(Z); 
x +- Jo (z)} is complete in Py". 
3.2.19. Using the method of reduction to sets which 
are known beforehand to be complete, prove the com- 
pleteness in P, of the following sets: 


(1) {J (x), Jy (z)y . 66, In (a), 2, 2 + y}; 
(2) {k—1, e+y, x+y}; 
(3) {~ dz, xt 2, x y}; 
(4) {—2z, 1—2?, r+ y}; 
2 {x-i-y, (~ 2) + 2y}; 
6) {z, min (z, y)}; 
{min (z, y) — 1}; 
8) (Jns(z), oty, x+y}; 
) {1, 2 +-y, x? = y}; 
) {J (a (2), r+y, z- y*}; 
) 


( 
( 
(1 
(11) {k—2, xz-yt1, (~ 2x) — y}; 
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(142) {A—1, w2—y, 1? + y}; 
(13) {1, 2-x4-y, x= y}; 

(14) {1, z27—y, min(z, y)}; 
(15) {1, c-+y +2, ey}; 


(16) {x-jo(y), min (x, y)}. 
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2.20. Using the Stupecki criterion. prove the com- 


ee in 2, of the following sets: 
(1) {k —1, t—y + 2, x? + y}; 
(2) iE (x), ct y’, wry > 1h; 
3 {x Y, (~ 2) — y}; 
(4) ) th (x), zI—y, x* — y}; 
(9) {2, jo(z), ty}; 


(6) {2—1, (x-+ jy (2))- (A =y) + (1 = 2)-(y—4, (WD): 


(7) (1 = 2)-yt-2-(1 + y)}s 


(8) {x- ae (tJ; (x))- Jo (Y) + Y- dg (2)}; 


(9) {ip (z—y) + a+ Jy (y) + (@— Jy (2) 1 (W)}¥ 
(10) {2+ jy (y) + Jo (t)-(Y + Jo (YY) — 1 (¥)) 


+ 41 (2)-Y — iy (YD) 
(11) {y+ fg (x) + is (2) (YH Jo (Y)) + As (Y) + (in (Aa (2))}. 
3.2. a1. Test the completeness in P, of the following 


sets: 
(1) {k—1, x+ 2, max(z, y)}; 
(2) {4, 2, x= y}; 
(3) {k—2, r+y, min (x, y)}; 
(4) (0, 1, e—(~y)}; 
(5) {2, 2-a+y, 2?— y}; 
(6) (1, 2, max(z, y)}; 
(7) {2~—2, z-y, max (x, y)}; 
(8) {k—2, 2-a4+y, x— y}; 
(9) {~ ax, —ax-y, min(z, y)}; 
(10) {2, e+y, x— y}; 
(11) {~ 2x, 2+jo(z), J1(z), c+ yh}: 
(12) {1, ~ 2, Jy (zx) +4, (x), max (x, y)}; 


(13) {0, 1, ~ 2, 2—jg(z)—2-j, (2), min (z, 


(14) (4, k—1, r= l=]. min (z, y)}; 
(15) {k—2, ~2, ey). 
7-0636 
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3.2.22. Prove that the following setS are complete in 
P, if and only if k is a prime namber: 

1) (4, ae eed 

(2) {e—y +41, 2 —y, o-y*}; 


(3) {x — 1, LY, i “yh; 
(4) {k—1, cy fa —y +2}; 
(5) {k — 2, e+ 2-y, x-y*}; 


(9) {2 + y+ 4, ry — 2°}; 

(10) {a — 2y, rey + 24 — 1}; 

(41) {4 + 2, — rg + 2, +H. +... + rp}. 

3.2.23. Prove that the following fnenons in P, cannot 
be represented by mod k& polynomials in the case of 
a composite k: 

(14) j, (7), OS i<ck—t1; 

(2) max (2, y); 

(3) min (z, y); 

(4) r= y; 

(9) > y; 

(6) (uv + y) = 2; 

(7) any Sheffer’s function (i.e. a function forming 
a complete system in P,). 

3.2.24. Having chosen for a function f (7, y) the poly- 
nomials Q, (cr), Q, (x) and Q, (2) such that at least one 
of the functions Q, (f (Q, ¢r). Gs (y))) or Q, UF (Q, (2), 
Q, (x))) is known not to be expandable into a mod & poly- 
nomial, prove that for hk = 4 and 6 the following func- 
tions cannot be represented by mod k polynomials: 

(1) f= (2 + x°)- “Y; 

(2) f=((~z)+y) + (z= 1); 

(3) f=min(~az, y)— (1 — 2); 

(4) f=max(z, y) + (x= 2). 

3.2.29. Isolate the basis of the set A which is com- 
plete in P,: 

(1) A={k—1, jy (x), J, (2), oe) Jr-s (2), Ly, 

x y}; 

(2) A={x—2, J,(x), max(z, y), c~y?, 2?-y}; 

(3) pe a min (2, y), rey, c+ y}; 

(4) A={k—1, r+2, max(z, y), r~ yj; 

(9) A={2, jo (2), r+ y*, x? -- y, L+Y +2}. 
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3.2.26. Let B be an arbitrary basis isolated from a Ros- 
ser-Turquette set. Prove that in this basis 

(a) there exists at least one of the functions J; (2), 
Oc ix<k— 2, 

(b) there does not exist the constant 0, 

(c) if Jy (x) EB, then K—1¢B. 

3.2.27. Prove that if a closed class in P, has a finite 
complete set, the set of all different bases of this class is 
not more than countable. (Two bases are assumed to be 
different if one of them cannot be obtained from the 
other by redesignating the variables without identi- 
fying them.) 

3.2.28. (1) Let A be a non-empty set of functions of one 
variable from P,, which differs from the entire set Pj 
and satisfies the following conditions: there exists a pre- 
complete class B in P,, such that B () Pi? = A. Prove 
that such a class B is unique. 

(2) Prove that the number of precomplete classes 
in P,, each of which does not contain the complete set 
P, is smaller than 2**. 

3.2.29. (1) Prove that the closed class AK, = [z?-y?] in 
P, contains neither constants nor identical function. 

(2) Prove that the closed class K, = |j, (z)+j, (y)) in 
P, does not contain functions which essentially depend 
on a single variable. 

3.2.30. Two functions in P, are referred to as congruent 
if they can be obtained from each other by redesignating 
their variables without identifying them. Prove that the 
closed class K, = [j, (x)-j, (y)| in P, consists of a finite 
number of pairwise non-congruent functions which essen- 
tially depend on all their arguments. 

3.2.31. Let us consider the closed class K, = If, (2), 


he (x, Lo); hs (z,, Lo; £3), me ta (x, Lo, eat Zn), “os < 
where fp (£") = ja (21) Je (Le)°- ‘Je (Tn), n=1, 2, 
3, ... . It obviously contains an infinite number of 


pairwise-non-congruent functions. Prove that A, does not 
contain precomplete classes. 

3.2.32. Calculate the number of essential functions 
in P,, which depend on the variables z,, z,, .. 
Ln (nS 2). 

3.2.33. It is known that for k> 3, there exist in P, 
closed classes having no bases and closed classes with 
countable infinite bases. Let us consider the class A, = 


ie J 


q* 
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[fo, » +) fmy - +l, Where . 
Ti liis 0s Sa) 
gM C0) Si a ee ne aN 


ae R= 14, Pye a mM), 
QO otherwise 


m > 2. The set {f.,...,fm,-.-.}i8 a basis in A,. Using 
the class A,, prove that there existsin P, (k > 3) a contin- 
ual family {B,} of closed classes which form a chain 
upon inclusion, i.e. only one of the inclusions By C By, 
or By CB, is valid for any two classes By and By, 


in the family {B,}. 


Chapter Four 


Graphs and Networks 


4.1. Basic Concepts in the Graph Theory’ 


Let V be a finite non-empty set and X be a tuple of 
pairs of elements in V. The tuple X may contain both 
pairs with identical elements and identical pairs. The 
set V and the tuple X define a graph with loops and multi- 
ple edges (to make it short, a pseudograph) G = (V, X). 
The elements of the set V are called vertices, while the 
elements of the tuple X the edges of the pseudograph. 
The edges of the type (uv, v) (v € V) are called loops. A pse- 
udograph without loops is referred to as a graph with 
multiple edges (or a multigraph). If none of the pairs is 
contained in the tuple X more than once, the multigraph 
G = (V, X) is called a graph.” If the pairs in the tuple X 
are ordered. the graph is referred to as oriented. The 
edges of an oriented graph are often called arcs. If the 
pairs in the tuple X are disordered, the graph is called 
non-oriented and is referred to simply as a graph. If x = 
(u, v) is an edge of a graph, the vertices u and v are known 
as the ends of the edge x. If v is an end of the edge z, v 
and x are known to he incident. The vertices u and v of 
the graph G are called adjacent if there exists an edge of 
the graph G connecting them. Two edges are called 
adjacent if they have a vertex in common. The degree of 
a vertex v is defined as the number d (v) of the edges of 
the graph which are incident with the vertex v. The 
degree of a vertex v in a pseudograph is equal to the total 
number of the edges incident with this vertex plus the 


1 The definitions given in this section coincide with, or are 
similar to, those presented in ref. [23] and in the chapter “Graphs 
and Networks” in ref. [6]. 

2 Henceforth, all definitions are given for graphs. As a rule, 
these definitions can be extended naturally to multigraphs and 
pseudographs. When the differences in definitions are significant, 
definitions for pseudographs are formulated separately. 
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number of the loops incident with it. A vertex of a graph 
of degree 0 is referred to as an isolated vertex, and a ver- 
tex of degree 1 is known as a pendant vertex. 

The sequence | 


VjLV_%QV3. . .Ly-Vn (NS 2), (4) 


in which vertices and edges alternate and such, that for 
each i = 1, n — 1 the edge x; has the form (v;, v;+4,), 
is called the walk connecting the vertices v, and v,. 
The number of edges in a walk is termed as the length 
of walk. A sequence consisting of a single vertex is called 
a walk of length 0. A walk in which all edges are pairwise 
different is known as a chain. A walk in which all vertices 
are pairwise different is called a simple chain. The walk (1) 
is called closed if v, = v,. A closed walk all whose edges 
are pairwise different is called a cycle. A cycle in which 
all vertices, except the first and the last, are pairwise 
different is called a simple cycle. A graph is termed 
connected if for any of its two vertices there exists a chain 
connecting these vertices. The distance between vertices of 
a connected graph is defined as the length of the shortest 
chain connecting these vertices. The diameter of a connect- 
ed graph is the distance between two vertices having 
the largest separation. The diameter of a graph G is 
denoted by D (G). A subgraph of a graph G is a graph all 
whose vertices and edges are contained among the ver- 
tices and edges of the graph G. A subgraph is proper if it 
differs from the graph itself. A connected component of 
a graph G is its connected subgraph which is not a proper 
subgraph of any other connected subgraph of the graph G. 
A subgraph containing all the vertices of a graph is called 
a spanning subgraph. A subgraph of the graph G = (V, X) 
generated by the subset U & V is a graph H = (U, Y) 
the set of whose edges consists of those and only those 
edges of the graph G whose both ends lie in U. The graphs 
(pseudographs) G = (V, X) and H = (U, Y) are isomor- 
phic if there exist two one-to-one correspondences g: V <> 
U and: X « Y such that for any edge x = (u, v) in X 
we have » (z) = ( (u), @ (v)). For graphs, we can for- 
mulate the following definition. Graphs G = (V, X) and 
H = (U, Y) are isomorphic if there exists a one-to-one 
mapping @: V + U such that (u, v) € X if and only if 
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(p (u), m (v)) € Y. Such a mapping @ is termed an isomor- 
phic mapping (or isomorphism). An automorphism is an 
isomorphic mapping of a graph onto itself. The operation 
of omitting a vertex from a graph G consists in the removal 
of a certain vertex together with the edges incident with 
it. The operation of omitting an edge from a graph G = 
(V, X) consists in the removal of the corresponding pair 
from X. Unless stipulated otherwise, all the vertices are 


preserved in this case. The complement G of a graph G 
is a graph in which two vertices are adjacent if and only 
if they are non-adjacent in G. The operation of subpartition 
of the edge (u, v) in the graph G = (V, X) consists in the 
removal of the edge (u, v) from X, addition of a new 
vertex w to V, and addition of two edges (u, w) and (w, v) 
to X \ {(u, v)}. A graph G is called a subpartition of 
a graph H if G can be obtained from H by a consecutive 
application of the edge subpartition operation. Graphs G 
and H are homeomorphic if they have subpartitions which 
are isomorphic. Let G = (V, X) and H = (U, Y) be two 
graphs. We shall denote by G ® H a graph known as 
the symmetric difference of the graphs G and H with a set 
of vertices W = V U U and the set of edges Z = X OY 
consisting of those and only those edges which are in- 
cluded exactly in one of the sets X or Y. We shall denote 
by G X A the Cartesian product of the graphsG = (V, X) 
and H = (U, Y) i.e. a graph whose vertices are the 
pairs of the form (v, u) (v € V, u € UV) and such that its 
vertices (v,, u,) and (vj, u,) are adjacent if and only if 
at least one of the pairs v,, v, (in the graph G) or uy, u, 
(in the graph #) is adjacent. The union of the graphs G = 
(V, X) and H=(U, Y) is the graph EF = (V UU, 
X UY). 

A tree is a connected graph containing no cycles. A graph 
without cycles is known as a forest. A graph is com- 
plete if each two of its different vertices are connected 
by an edge. A complete graph with n vertices is denoted 
by K,. An empty (null, completely disconnected) graph 
is a graph without edges. A single-vertex graph without 
edges is referred to as trivial. A graph is bipartite if the 
set of its vertices can be divided into two subsets (two 
fractions) V, and V, so that each edge of the graph con- 
nects the vertices of different fractions. A bipartite 
graph with fractions V, and V, and the set of edges X 
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will be denoted by (V,, V,, X). If each vertex of V, is 
connected by an edge with each vertex of V,, the graph is 
referred to as a complete bipartite graph. A complete 
bipartite graph (V,, V,, X) such that | V, | = 7,, | V. |= 
n. is denoted by Kn,,»,. A graph is assumed to be k- 
connected if the omission of any of its k — 1 vertices 
results in a connected graph differing from trivial. The 
vertex of a graph whose removal increases the number 
of connected components is known as a separating vertex, 
or a cut vertex. A graph is called a regular graph of degree d 
if all its vertices are of degree d. A regular graph of 
degree 1 is known as a matching. A regular graph of 
degree 3 is called a cubic graph. The k-factor of a graph 
is its spanning regular subgraph of degree k. The 1-factor 
is known as a perfect matching. The maximum maiching 
of a graph G is the matching containing the maximum 
number of edges. The Hamiltonian cycle of a graph is 
a simple cycle containing all the vertices of the graph. 
The Hamiltonian chain is a simple chain containing all 
the vertices of a graph. A unit n-dimensional cube is 
a graph B” whose vertices are Boolean vectors of length n, 
and the edges are one-dimensional faces (see Sec. 1.1). 


4.1.1. Prove that for an arbitrary graph G = (V, X), 
the equality 2|X | = x d (v) is valid. 


4.1.2. Let i, (G) be i auiiber of vertices of degree k 
in a graph G. Determine the number of pairwise non- 
isomorphic graphs for which 

(1) ts (G)=i,(G4)=i,G@ =2, i,(G =O fork4< 


'2)i,@ =i1,@=i,0=3, 4,6 =0tr ks 
, 3, 4. 
4.1.3. Prove that in any graph without multiple edges 
and loops which has not less than two vertices, there 
exist two vertices with identical degrees. 
4.1.4. Prove that for any tuple of non-negative inte- 


gers (ky, k,, ...), such that » ik; = 2m, there exists 


a pseudograph with m edges, which has exactly k; ver- 
tices of degree i for each i = 0, 1, 

4.1.5. Let d, (G) be the minimal of degrees of the 
vertices of an n-vertex graph G. 
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(1) Prove that if d,(G) > nt , the graph is con- 
nected. 
(2) Can [ >> ~ be substituted for (n—1)/2 in the 


previous statement? 

4.1.6. Prove that any closed walk of an odd length 
contains a simple cycle. Is a similar statement valid for 
walks of an even length? 

4.1.7. Prove that a connected graph with n vertices 
contains at least n — 1 edges. 

4.1.8. Prove that a connected graph with n vertices 
and c connected components has a number of edges not 


exceeding + (n — c)(n —e + 1). 


4.1.9. Prove that any non-trivial connected graph 
cantains a vertex which is not a separating vertex. 

4.1.10. Prove that any two simple chains of maximum 
Jength in a connected graph have at least one vertex in 
common. Do they always have a common edge? 

4.1.11. Prove that if an arbitrary edge contained in 
a simple cycle is removed from a connected graph, the 
latter will remain connected. 

4.1.12. Show that if a graph with n vertices contains 
no cycles of an odd length and if the number of edges 
exceeds (nm — 1)*/4, the graph is connected. 

4.1.13. Determine the number p, (n) for which any 
graph with nm vertices and p, (n) cycles of length k is 
connected. 

4.1.14. Let graphs G and H be isomorphic. Prove that 

(1) for every d> 0, the number of vertices of degree 
d in the graphs G and H is the same; 

(2) for every /, the number of simple cycles of length 
! in graphs G and H is the same. 

4.1.15. Prove that conditions (1) and (2) in Problem 
4.1.44 are insufficient for the graph G and H to be iso- 
morphic. 

4.1.16. Indicate the pairs of isomorphic and non-iso- 
morphic graphs among those shown in Figs 3-6. Justify 
your answer. 

4.1.17. Let graphs G and A be 2-connected, have six 
vertices and eight edges each. The graph G has exactly 
two vertices of degree 2, while the graph H has four ver- 
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A <> 


Fig. 3 
(a) (0) 
Fig. 4 
(b) 
Fig. 5 


(a) (0) 


Fig. 6 
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tices of degree 3. Can we state that the graphs G and H 
are (1) isomorphic, (2) non-isomorphic? 

4.1.18. Graphs G and H are 2-connected, have six 
vertices and ten edges each. One vertex in each graph is 
of degree d (1<d<5), while the remaining vertices are 
of degree d, (d, < d). Prove that graphs G and 47 are iso- 
morphic. 

4.1.19. Prove that in a graph having no non-trivial 
automorphisms 

(1) the distance between any two vertices of degree 1 is 
larger than two; 

(2) there exists a vertex of degree 3 or higher. 

4.1.20. What is the number of automorphisms of a 
graph which is a cycle of length p? 

4.1.21. Construct a graph without cycles which does 
not contain non-trivial automorphisms and has the 
minimum possible number of edges. 

4.1.22. What is the smallest number n (n > 1) of 
vertices in a graph having no non-trivial automorphisms? 

4.1.23. Let the degrees of all six vertices in a 2-con- 
nected graph having nine edges be the same, and the 
number of simple cycles of length 3 be two. Reconstruct 
the graph and determine the number of its automorphisms. 

4.1.24. Let O (v) be the set of all vertices adjacent to 
vand O’ (v) = O (v) U {v}. Let A, be the set of all graphs 
G with n vertices, which possess the following properties: 
for any two non-adjacent vertices u and v, either O (v) 
O(u) or O(u) © Ov), and for any adjacent vertices 
u and v, either 0’ (v) = O' (wu) or O' (uv) SO’ (v). Let 
GE€ER,. Prove the following statements: 

(1) all the vertices of the same degree in a graph G 
are either pairwise adjacent or pairwise non-adjacent; 

(2) there is at least one vertex of degree n — 1; 

(3) if for a certain d the vertices of degree d are pair- 
wise adjacent, the vertices of a degree higher than d are 
also pairwise adjacent; 

(4) a graph G is uniquely determined (within isomor- 
phism) by specifying the degrees of its vertices; 

(5) the removal of a vertex in G leads to a graph in 

er 

4.1.25. Let n>=2, and let the family F(G) = 
{H,, H,, ..., H,} of graphs be specified so that a 
certain graph H; is obtained from an n-vertex graph G 
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by the removal of a vertex with a number i (i = 1, n). 
It should be noted that the vertices in graphs A; are not 
labelled. Prove that using the family F (G), it is pos- 
sible 

(1) to determine the number of edges of the graph G; 

(2) to determine the degree of the vertex in each H; 
whose removal from G leads to the graph H;; 

(3) to find out whether an arbitrary graph L having 
not more than n — 1 vertices is a subgraph of the graph 
G; 

(4) to find out whether the graph G is connected; and 

(5) to reconstruct the graph G if it is disconnected. 

4.1.26. Let D (G) be the diameter of a graph G and G 


be a complement to the graph G. Prove that D (G)< 
3 if the graph G is disconnected or if D (G)> 3. 

4.1.27. A graph G is termed self-complementary if the 
graphs G and G are isomorphic. 

(1) Find a self-complementary non-trivial graph with 
the smallest number of vertices. 

(2) Prove that a self-complementary graph is connected. 

(3) Prove that if G is a self-complementary graph, then 
2< D (G)< 3. 

4.1.28. Find the number of pairwise non-isomorphic 
graphs with 20 vertices and 188 edges. 

4.1.29. Prove that if graphs G and A are homeomorphic, 
then 

(1) for every d = 2, the number of vertices of degree d 
in both graphs is the same; 

(2) there exists a one-to-one mapping of the set of 
simple cycles of the graph G onto the set of simple cycles 
of the graph A, for which the number of vertices of de- 
gree d in the corresponding cycles is the same for al] 
iz. 

4.1.30. Find out whether the graphs shown in Fig. 7 
contain subgraphs homeomorphic to the graph G if: 

(1) G= K, (see Fig. 8a); 

(2) G = K, (see Fig. 8b); 

(3) G = K,., (see Fig. 8c). 

4.1.31. The superdivision operation consists in the 
replacement of two adjacent edges (u, v) and (v, w), 
whose common vertex v is of degree 2, by a single edge 
(u, w). Applying the superdivision operation step by 
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step, we can obtain from an arbitrary graph G containing 
vertices of degree 2 a pseudograph which does not con- 
tain vertices of degree 2. This pseudograph will be refer- 
red to as a complete superdivision of the graph G. 


(a) (0) (¢) 


Fig. 7 


m ey pe 


(>) (¢) 


Fig. 8 


(1) Prove that a complete superdivision of graph G 
does not depend on the order in which the superdivision 
operation has been applied to pairs of adjacent edges of the 
graph G. 

(2) Prove that the graphs G and H are homeomorphic 
if and only if their complete superdivisions are isomor- 
phic (as pseudographs). 

4.1.32. Prove that the Petersen graph (Fig. 7a) has 
no Hamiltonian cycle, but the graph obtained from it 
by the removal of a vertex has a Hamiltonian cycle. 

4.1.33. Prove that each of the graphs K,, K,.,, and 
B" has a Hamiltonian cycle. 

4.1.34. Let nm be odd and B} be a subset of vertices of 
a cube B”, consisting of vertices of weight k. Let G be 
a subgraph of the cube B”, generated by the set By_1U 

2 


B*,,. Does a perfect matching exist in the graph G? 
ae 
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4.1.35. A graph G contains a Hamiltonian cycle, while 
a graph H contains a Hamiltonian chain. Is it true that 
a Hamiltonian cycle exists in the graph G X H? 

4.1.36. Prove that if the condition d (u) + d (v) 2 n 
is satisfied for any two vertices u and v of a connected 
n-vertex graph, the latter has a Hamiltonian cycle. 

4.1.37. Prove that any graph with n vertices, con- 


—= 


9 )+2 edges, has a Hamiltonian 


taining at least ( 


cycle. 

4.1.38. Prove that a graph containing two non-adja- 
cent vertices of degree 3 and other vertices of a degree 
not higher than 2 does not have a Hamiltonian cycle. 

4.1.39. (1) Prove that D(G X A)<D (G) + D (f/f). 

(2) Is it true that D (G x H)< max {D (G), D (HA)}? 

4.1.40*. Prove that each regular connected graph of 
degree 2d can be represented in the form of a union of 
disjoint 2-factors. 

4.1.41*. Prove that a graph A,, can be represented 
in the form of a union of a 1-factor and n — 1 Hamilto- 
nian cycles. 

4.1.42. Prove that a K,,4, graph can be represented 
in the form of a union of nm Hamiltonian cycles. 

4.1.43. Prove that a graph A,, with labelled vertices 


(n— 1)! 


contains different Hamiltonian cycles. 


4.1.44. Prove that the number of different perfect 
matchings of the graph X,,, with the labelled vertices is 
(2n)! 


27n! ° 


4.2. Planarity, Connectivity, 
and Numerical Characteristics of Graphs 


A graph is called planar if it can be drawn on a plane 
so that the arcs of the curves representing the edges in- 
tersect only at points corresponding to the vertices of 
the graph. Moreover, irrespective of the point of inter- 
section, only the arcs corresponding to the edges inci- 
dent exactly with the vertex corresponding to a given 
point converge at this point. Such a _ representation 
which maps a planar graph is called a plane (or topolo- 
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gical planar) graph. The internal face of a plane connected 
graph is defined as a finite region of a plane, bounded by 
a closed walk and containing neither vertices nor edges of 
the graph. The walk bounding a face is called a boundary 
of the face. The walk of a plane consisting of the points 
which do not belong either to the graph or to any of 
its internal faces is called the external face. For 2-connec- 


(a) (d) 


Fig. 9 


ted plane graphs (multigraphs) having n vertices, m 
edges and r faces, the Kuler formula n —m-+-r=2 
is valid. The following planarity criterion is also ful- 
filled. 

Theorem (Pontryagin-Kuratowski). A graph is planar 
if and only if it does not contain subgraphs homeomor phic 
to the graphs K; and K, , (Fig. 8b, c). 

The thickness of a graph G is the smallest number ¢ (G) 
of its planar subgraphs whose union is equal to G. Each 
non-trivial connected plane pseudograph G can be put 
in correspondence with a dual pseudograph G* as follows. 
Within each face of the pseudograph G, we choose a ver- 
tex belonging to the graph G*. If x is an edge of the 
graph G, lying on the boundary between faces g, and gy. 
and v, and v, are vertices of the pseudograph G* taken 
on these faces, the vertices v, and v, are connected by 
an edge in G*. A plane pseudograph (graph) isomorphic 
to its dual aes is referred to as self-dual. The 


cycles Z,, Zs, ..., Z, of a graph G are linearly depen- 
dent if for some Vie sew tna be Vy eg es 
<(i;<k) the relation Z;, ® Z;. B®... OZ; = 0. 


is satisfied, where 0) is a graph without edges. and Z ® Y 
isthesymmetric difference between the graphs Z and } 
Otherwise, the cycles Z,. Z,, ..., Z, are referred to as 
linearly independent. The maximum number € (G) of the 
cycles in the aggregate of linearly independent cycles of 
the graph G is termed the cyclomatic number of the graph G. 
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The colouring of the vertices (edges) ofta graph is called 
correct if adjacent vertices (edges) have different colours. 
The smallest number y (G) of colours for which there 
exists a correct colouring of the vertices of the graph G 
is known as the chromatic number of the graph G. The 
smallest number x’ (G) of colours for which there exists 
a correct colouring of the edges of the graph G is called 
the edge chromatic number of the graph G. The subset U 
of the vertices (edges) is called the covering of the set of 
vertices (or edges) of a graph G if each vertex (edge) of the 
graph either coincides with a certain element of the set 
U, or is adjacent to a certain element of U (accordingly, 
is incident with a certain element of U). A covering is 
terminal if it ceases to be a covering as a result of the 
omission of any element. The minimum power of a 
subset U of the vertices of a graph G, such that each edge 
of the graph is incident with at least one vertex in U, 
is denoted by a, (G) and is called the vertex covering 
number. The minimum power of the subset Y of the ed- 
ges of a graphG, such that each vertex of the graph is in- 
cident with at least one edge of Y is denoted by a, (G) 
and is called the edge covering number of the graph G. 
The set of vertices (edges) of a graph G is called indepen- 
dent if none of its two elements are adjacent. By fy (G) 
(resp. B, (G)) we denote the maximum power of an in- 
dependent set of vertices (resp. edges) of a graph G. The 
number B, (G) (number 6, (G)) is called the vertex (resp. 
edge) independence number of the graph G. By Goo (G) 
we denote the minimum power of a set of vertices U such 
that each vertex of the graph G which is not contained in 
U is adjacent to at least one vertex in U. 


4.2.1. Are the graphs shown in Figs 6a and b and 7a, 6 
and ¢ planar? | 

4.2.2. For which n> 2 are the graphs shown in Figs Ya 
and b planar? 

4.2.3. Let G, = (V,. V,, X) be a bipartite graph, 


Vi = {@), ay, ..., a’, }, 
Vig SAO py Digg cx acseiy OG hs 


KS Ae Dy. 6a Bas De ae eo Us Bi oak, wea A 


aw, 
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where 
r;=(a;, 5;), i= 1, n; 
y;= (aj, Dist), i=1, n—1, Yn = (an, b,); 
2; = (a;, bi+0)s i n— 2, 


on-) = (An, b,), n> (ay, bs). 


Determine n > 2 for which the graph G,, is planar. 

4.2.4. (1) What is the minimal number of edges that 
have to be removed from the cube A‘ for the obtained 
graph to be planar? 

(2) What is the minimal number of vertices that have 
to pe removed from 8‘ for the obtained graph to be pla- 
nar: 

4.2.5*. Let G be a 2-connected plane graph having at 
least two internal faces. Prove that there exists a simple 
chain belonging to the boundary of the external face and 
such that its removal leads to a 2-connected plane graph 
with fewer faces. 

Remark. The removal of a chain involves the remvval 
of all its edges and internal vertices, while end vertices 
of the chain remain in the graph. 

4.2.6. Using the result obtained by solving Problem 
4.2.5, prove by induction that the number of internal 
faces in a plane 2-connected graph with n vertices and m 
edges is m—n- 1. 

4.2.7. Prove by induction over the number of edges 
that the cyclomatic number & (G) of a pseudograph with 
n vertices, m edges and c connected components is equal 
to m—n-+e. 

4.2.8. Determine the cyclomatic number &(G) for 
the graphs shown in Figs 5a, 6a and 7a and isolate a sys- 
tem consisting of &(G) linearly independent cycles. 

4.2.9. Prove that any planar graph contains a vertex 
of degree not higher than 0. 

4.2.10. Prove that any planar graph having at least 
four vertices contains at least four vertices of degree not 
higher than 9. 

4.2.11. Prove that if each simple cycle in a connected 
planar graph with n vertices and m edges contains at 
least k edges, then m<= ene 


8—0636 
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4.2.42. A plane connected graph whose every face 
(including the external face) is bounded by a cycle of 
length three is called a triangulation. 

Prove that any triangulation with n> 3 vertices has 
3n — 6 edges and 2n — 4 faces. 

4.2.13. Let ¢ (G) be the thickness of a graph G. Prove 
that 


(1) ¢(K,) > [>]; 
(2) t(Kam) > byoeeaa | 


(3) ¢(B") > |>-{. 

4.2.14*. Using Euler’s formula, prove that graphs 
K3,, and KA, are not planar. 

4,2.15*. Prove that a 2-connected graph with a cyc- 
lomatic number & — 1 can be obtained from a 2-connected 
graph with a cyclomatic number §& (€ > 1) by removing 
a chain, 

4.2.16. Construct a graph dual to the graph shown in 
Fig. 5a. 

4.2.17. Prove that a pseudograph dual to a connected 
plane graph is connected and plane. 

4.2.18. Prove that the cyclomatic number of a dual 
graph coincides with the cyclomatic number of the 
original graph. 

4.2.19. Prove that if G has a separating vertex, G* 
has a separating vertex as well. 

4.2.20. Prove that a pseudograph G* dual to a 3-con- 
nected plane graph G has no loops or multiple edges. 

4.2.21. Determine the number of pairwise non-isomor- 
phic self-dual plane 2-connected graphs with six vertices. 

4.2.22. Prove that there exist no 6-connected planar 
graphs. 

4.2.23. Prove that a graph dual to an n-vertex (n > 3) 
triangulation is a 2-connected plane cubic graph. 

4.2.24. (1) Prove that a plane cubic graph each of 
whose faces has at least five vertices contains not less than 
twelve vertices. 

(2) Prove that if r; is the number of faces of a plane 
cubic graph, which are bounded by i edges, then 


3 (6 — ir, = 12. 
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4.2.25. Determine the chromatic numbers of the 
graphs shown in Figs 4-8. 

4.2.26. Determine the edge chromatic numbers of the 
graphs shown in Figs 3-7. 

4.2.27. Determine the chromatic and edge chromatic 
number of 

(1) the graph K,; 

(2) the graph K,, y; 

(3) the graph B”. 

4.2.28. What is the number of the correct vertex col- 
ourings of the cube B” for the minimum number of 
colours? 

4.2.29. Prove that the edge chromatic number of the 
Petersen graph shown in Fig. 7a is equal to four, but for 
any of its subgraphs G with eight vertices y’ (G)< 3. 
Is the inequality y (G)< 3 valid for an arbitrary proper 
subgraph of the Petersen graph obtained as a result of 
the removal of a vertex? 

4.2.30. Prove that four colours are sufficient for the 
correct edge colouring of any cubic multigraph. 

4.2.31. Prove that all edges of a plane cubic graph 
can be coloured in two colours a and 6 so that each vertex 
is incident with an edge of colour a and to two edges of 
colour b. 

4.2.32. Prove that it is enough to have six colours 
for a correct colouring of the vertices of any plane graph. 

4.2.33. Prove by induction over the number of vertices 
that the inequality y (G)< 5 is valid for a plane graph G. 

4.2.34. Construct a plane graph G with the minimum 
possible number of vertices and such that y (G) = 4. 

4.2.35. The vertices of a graph G are numbered in 
the order of increasing degrees. Prove that ifk is the high- 
est number for which k<d (v,) + 1, then y (G)< k. 

4.2.36. The operation of contraction consists in the 
removal of two adjacent vertices from a graph and ad- 
dition of a new vertex adjacent to those of the remaining 
vertices which were adjacent to at least one of the remo- 
ved vertices. Prove that the graph obtained as a result of 
contraction to a planar graph is planar. 

4.2.37. Let J be the length of the longest simple chain 
in a graph G. Prove that x (G)<. 1 + 1. 

4.2.38. Let d be the highest of the degrees of vertices 
of a graph G. Prove that 


ge 
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(1) x(@<d-+ 1; : 

(2) x G@)<xd-+ 1. 

4.2.39. Let p be the maximum number for which there 
exists a subgraph of a graph G isomorphic to the graph 
Ky. Prove that X (G) > p. 

4.2.40. Prove that for a graph G with n vertices, the 
following inequalities are valid: 

(1) By (G)-x (G)< 7; 

2) 4 (G)-4 G)> n. 

41. What is s the smallest number n for which there 
ae an n-vertex non-planar graph with a non-planar 
complement? 

4.2.42. Determine the thickness of the graph Kg. 

4.2.43. Prove that 


a (G) + By G) =a, (G@) + fi, G =n 


for an arbitrary connected graph G with n (n > 1) verti- 
ces. 

4.2.44. (1) Give an example contradicting the follow- 
ing statement: any vertex covering contains the minimum 
vertex covering. 

(2) Prove that any vertex covering contains a terminal 
vertex covering. 

4.2.45. Determine the number of terminal and mini- 
mum edge coverings for 

(1) a chain of length m; 

(2) a cycle of length n; 

(3) Petersen's graph (Fig. 7a). 

4.2.46. Prove that for any graph G the inequalities 
a, (G)> B, (G) and a, (G)> B, (G) are valid. 

4.2.47. Prove that for any graph G the inequality 
Aoo (G) << a (G) is valid. 
4.2.48. Prove or refute the following inequality: 
Bo @< Goo (G). 
. Let U & V be a subset of vertices of a graph 

= ay o and let v(U) be a number of vertices v € VW U 

oan are not adjacent to any vertex in U. Let 


“O@=ayy Dv). 
( k USV, |Uj=h 


(1) Prove that ao. (G)< k + vp (G). 
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(2) Let d, be the lowest of the degrees of vertices of 
a graph G. Prove that 


v, (G) <|V| Tl (1—-—.). 


(3) Prove that the eiiaies inequality is valid for 
a regular graph G of degree d with n vertices: 


— <a (G) << 144 (14 Ind). 


4.2.90. Prove that if d, is the lowest of the degrees of 
the vertices of a graph G, then a, (G) > dp. 

4.2.91*. If G is a bipartite graph and m is the number 
of itsedges, thenm< a, (G)-B, (G). Prove that the equal- 
ity is attained only for complete bipartite graphs. 


4.3. Directed Graphs 


A directed pseudograph D =D (V, X) is defined by 
specifying anon-empty (finite) set V and tuple X of ordered 
pairs of elements in V. The elements of the set V are called 
vertices, and the elements of the tuple X are called arcs 
(or directed edges) of the directed pseudograph D (V, X). 
The tuple X may also contain pairs of the form (uv, v) 
referred to as loops, and identical pairs known as mul- 
tiple (or parallel) arcs. Pairs (u, v) and (v, uw) are assumed 
to be identical if and only if u = v. A directed multigraph 
is the term applied to a directed pseudograph containing 
no loops. If a directed pseudograph has neither loops nor 
multiple arcs, it is called a directed graph (or simply 
digraph). An oriented graph is a digraph having no sym- 
metric pairs of directed edges, i.e. the tuple X cannot 
contain simultaneously an arc (uw, v) and an oppositely 
directed arc (Vv, wu). 

Let xz = (u, v) be an arc of a directed pseudograph. 
Then the vertex u is called the initial verter (origin), 
and the vertex v is the terminal vertex (end) of the arc x. 
In this case, the arc z is also said to emerge from the ver- 
tex u and terminate at the vertex v. If a vertex v is the 
origin or the end of an arc z, v and z are said to be incident. 
The out-degree of a vertex v (of a pseudograph D) is the 
number of arcs of the pseudograph D emerging from the 
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vertex v. The out-degree of the vertex v i$ denoted by od(v) 
or d* (v). Similarly, the in-degree of a vertex v (denoted 
by id (v) or d- (v)) is the number of arcs of the pseudo- 
graph terminating at the vertex v. 

By replacing each ordered pair (u, v) in the tuple X of 
a directed pseudograph D (V, X) by a disordered pair 
{u, v} consisting of the same elements u and v, we obtain 
a pseudograph G = (V, X°) associated with D (V, X). 

Directed pseudographs D, (V,, X,) and D, (V,, X,) 
are assumed to be isomorphic if there exist two one-to-one 
correspondence g: V, ~ V, and : X,<> X, such that 
for any arc x = (u, v) € X, the relation » (z) = (gq (u), 
~ (v)) is valid. The isomorphic mapping of a directed pseu- 
dograph onto itself is referred to as the automorphism of 
the pseudograph. A\) automorphisms of a directed pseudo- 
graph form a group relative to the operation of multipli- 
cation (successive application) of automorphisms. This 
group is referred to as a group (of automorphisms) of the 
directed pseudograph. | 

The operation of omission of a vertex and an arc, as well 
as the concepts of subgraph, spanning subgraph and gene- 
rated subgraph for directed pseudographs are defined as 
in the case of non-directed pseudographs. 

In contrast to the definitions of the corresponding 
“non-directed” concepts, the definitions of directed walk, 
closed walk, chain, cycle, simple chain and simple cycle con- 
tain the requirement that the sequence (of vertices and 
ALCS). Vig 2255. Ven Las 2a Daioes, Uawis Dae Vatte so) 
satisfy the condition that each arc x; (1< i< n — 1) has 
the form (v;, U;4,), i.e. the vertex v; is the origin of the 
arc x; and the vertex v;4, is its end. It is assumed that 
a directed (u-v)-walk is directed from its initial ver- 
tex u to the terminal vertex v. The length of a walk is equal 
to the number of arcs contained in it. The distance 0 (u, v) 
from the vertex u to the vertex v is defined as the shortest 
Jength of the (u-v)-walk. A directed walk is often re- 
ferred to as just a path, while a directed simple cycle is 
known as a circuit. 

A directed simple spanning chain is called a Hamil- 
tonian path (Hamiltonian chain). A Hamiltonian circuit 
is the spanning circuit of a directed pseudograph. If a 
directed pseudograph contains a Hamiltonian circuit, it 
is called a Hamiltonian pseudograph. 
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A vertex v of a directed pseudograph is said to be ac- 
cessible froma vertex wu if there exists a (u-v)-path in the 
pseudograph, i.e. the path emerging from the vertex u 
and terminating at the vertex v. 


A directed pseudograph is strongly connected (or strong) 
if any vertex in it is accessible from its any other vertex. 
A directed pseudugraph is called unilaterally connected 
(or unilateral) if for any two of its vertices at least one 
is accessible from the other. A directed pseudograph 
D (V, X) is assumed to be weakly connected (or weak) if 
a pseudograph (V, X°) associated with it is connected. 
If a directed pseudograph is not connected even weakly, 
it is referred to as disconnected. A trivial digraph consist- 
ing of only one vertex is assumed (by definition) to be 
strongly connected. 

A strong component of a digraph D is the term applied 
to any of its directed subgraphs which is a strong di- 
rected graph contained in no other strongly connected 
directed subgraph of the digraph D. Similarly, a unilat- 
eral component is the maximum unilateral subgraph of 
the digraph D, while a weak component is the maxi- 
mum weak subgraph. The concepts of strong, unilateral 
and weak components are naturally generalized to the 
case of a directed pseudograph. 


Let y = {S,, S,. ..., S,} be a set of all strong com- 
ponents of a digraph D. The condensation D* of the di- 
graph D is a digraph in which the set of vertices is y and 
the arc (S;, S;) is contained in the digraph D* if and only 
if the digraph D contains at least one arc emerging from 
a vertex of the component S; and terminating at a vertex 
of the component S;. 

If D =D (V, X) isa digraph, the digraph D’ inverse 
to it is specified by the same set of vertices V and a set 
of ares X' such that an arc (u, v) belongs to X° if and only 
if the arc (uv, u) belongs to X. 

A vertex u of a digraph D is called a source if any other 
vertex of the digraph D is accessible from it. The sink 
of a digraph D is any of its vertices v which is a source 
in the digraph D’ inverse to digraph D. 

Let D be a digraph for which a digraph associated with 
it is a tree. Then the digraph G is called au arborescence 
(or a growing tree) if it has a source. A directed pseudo- 
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graph is assumed to be complete if any two different verti- 
ces in it are joined by at least one arc. 

A complete oriented graph is known as a tournament. 

Let D be ann-vertex digraph and let V = {v,, vg,.. ., 
v,} be the set of its vertices. The adjacency matrix 
of a digraph D is an (n X n) matrix A (D) = || a;; || in 
which a,;; = 1 if the arc (v;, v;) belongs to D and a;; = 0 
in the opposite case. Moreover, we assume that the set 
of all arcs of the digraph D is also ordered: X = 
(21, Zo, ..+; Lm). The incidence matrix (or matrix 
of incidence) of a digraph D is an (n X m) matrix B (D) = 
= || bi; {| in which 


1 if the vertex v; is the end of the arc z;, 
b;;= 4 —1 if the vertex uv; is the origin of the are z,, 
O if the vertex v; is not incident with the arc z;. 


4.3.1. Disprove the following statement: if out- and 
in-degrees of any vertex of a digraph are positive and even, 
there exists for each vertex of the digraph a circuit 
containing it. 

4.3.2. Let a digraph D (V, X) be at least weakly con- 
nected, V = {v,, Ve, .. +, Un}, nmo2 and dt (v,) — 
d-(y,)=1, dt (%)—d-v)=—1, av) = 
d~ (v;) for 7 = 3, ..., nm. Prove that the digraph D 
also contains in this case a directed (v, — v,)-chain 
including all the arcs of the digraph. 

4.3.3. Prove that a digraph is strongly connected if 
and only if it contains a directed spanning closed walk. 

4.3.4. Prove that a weak digraph is strongly connected 
if and only if it has a directed closed walk containing 
each arc of the digraph at least once. 

4.3.5. Let us suppose that a digraph D can be presented 
in the form of a union of its certain directed closed walks 
D,, D., ..., Dy (ka 1) which satisfy the following 
condition: every two walks D; and D,,, (1< j<k — 1) 
have at jeast one vertex in common. Prove that the 
digraph D is strongly connected in this case. 

4.3.6. Prove that any tournament contains a Ha- 
miltonian path. 

4.3.7. Prove that a tournament T is a strong digraph 
if and only if 7 has a spanning circuit (i.e. is a Hamilto- 
hian tournament). 
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4.3.8. Let {v,, v,. ..., U,} be a set of vertices of a 
tournament. Prove that >) (dt (v))?=  (n—1— 
i=! i=1 
dt (v,)) 


4.3.9. Let the out-degree of the vertex v of a tourna- 
ment 7 be not lower than the out-degree of each other 
vertex of the tournament. Prove that the distance from 
the vertex v to any other vertex of the tournament does 
not exceed 2. 

4.3.10*. We denote by S a set of arcs of a tournament7. 
The arcs of the set S are called concordant if the vertices 
of the tournament 7 can be renumbered so that the fact 
that the arc (v;, v;) belongs to the set S implies that i<j. 
Let f (n) be the largest integer such that each n-vertex 
tournament (n > 3) contains the set S consisting of f (n) 


concordant arcs. Prove that fin >[5]-[-]. 


4.3.11*. Prove that the number of directed cycles 
of length 3 in an n-vertex tournament does not exceed 


2 
ee, Ap ie odd: 
24 
t (n) = 
n(n?—4) if m is eve 
5 i is n. 


4.3.12. Prove that the group of automorphisms of 
any tournament has an odd order (i.e. consists of an 
odd number of elements). 

4.3.13. Prove that the condensation D* of an arbitrary 
digraph has no circuits. 

4.3.14. Prove that a digraph D is unilateral if and 
only if its condensation D* has a unique oriented spanning 
chain. 

4.3.15. A digraph D (V, X) is called transitive if the 
fact that arcs (u. v) and (v, w) belong to the set X implies 
that the set X contains the arc (u, w). Prove that the con- 
densation of any tournament is a transitive tourna- 
ment. 

4.3.16. A circuitless digraph is a digraph containing 
no circuits. Prove that a circuitless digraph contains a 
vertex with zero out-degree. 

4.3.17. Prove that a digraph is isomorphic to its 
condensation if and only if it is circuitless. 

4.3.18, Let a digraph D be weakly connected but not 
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unilateral. Prove that there is no vertex in D such that 
its omission leads to a strong digraph. 

4.3.19. Prove that a weak digraph is an arborescence 
if and only if only one of its vertices has zero in-degree, 
the in-degree of any of the remaining vertices being equal 
to unity. 

4.3.20. Let S, be a symmetric group of permutations 
operating on the set {1, 2, ..., nm}, n> 2. Let us con- 
sider an arbitrary aggregate 7 of transpositions in the 
group S,. We put in correspondence to the set 7 a digraph 
D(V, X-) in which V = {1, 2, ..., n} and the arc 
(i, j) belongs to X, if and only if i<j and the trans- 
position (ij) is contained in the set 7. Prove that the set 
T forms a basis in S, (or, in other words, the set 7 is an 
irreducible system of generators of the group S,) if and 
only if the digraph D (V, X,) is an arborescence. 

4.3.21. Prove that a complete strongly connected di- 
graph is a Hamiltonian digraph. 

4.3.22. Prove that a complete digraph contains a 
source. 

4.3.23. Verify that any transitive tournament has a 
single Hamiltonian path. 

4.3.24. Prove that the number of all different Hamil- 
tonian paths in each tournament is odd. 

4.3.25. Let a complete strongly connected digraph 
have n vertices (n > 3). Provethat for any k 8<ck< pn), 
there exists for any vertex of the digraph a circuit of 
length k containing this vertex. 

4.3.26. Let D (V, X) be a complete strongly connected 
digraph for which | V |> 4. Prove that the digraph D 
contains two different vertices v, and v, satisfying the 
following condition: digraphs D, and D, obtained from 
the digraph D as a result of removal of the vertices v, and 
v, (respectively) are strongly connected. 

4.3.27. We shall denote by A% the q-th degree of the 
adjacency matrix A (D) = || a,,; || of a digraph D. Prove 
that the (i, j)-th element a‘%) of the matrix A? is equal 
to the number of all (v;-v,)-walks of length q (in the 
digraph D). 

4.3.28. Let B be the incidence matrix of a digraph 
D (V, X). Prove that the subset X, of arcs of the digraph 
D(X, = X) generates a simple cycle (not necessarily 
oriented) if and only if the set of columns corresponding 
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to these arcs (in matrix B) is linearly dependent, and 
each of its proper subsets does not possess this property. 

4.3.29. Prove that the determinant of any square sub- 
matrix of the incidence matrix B(D) of a digraph D is 
equal to 0, or +1, or —1. 

4.3.30. Let B be the incidence matrix of a weakly con- 
nected n-vertex digraph D, and the matrix B be obtained 
from B by deletion of any (one) row. Prove that there 
exists a one-to-one correspondence between different: 
directed trees of the digraph D (which are treated as di- 
rected subgraphs of the digraph D) and non-degenerate 


(n — 1)-order submatrices of the matrix B. 


4.3.31. Let a matrix B be a submatrix of the incidence 
matrix B of a weakly connected digraph D, described in 


the previous problem. By B’ we shall denote a matrix 


transposed relative to the matrix B. Prove that the 
number of different directed trees in the digraph D is 


equal to the value of the determinant of the matrix B-B’. 


4.4, Trees and Bipolar Networks 


A pseudograph G = (V, X) in which /& vertices known 
as poles are isolated is termed a k-pole network. The pseu- 
dograph G will be called a graph of the corresponding 
k-pole network. A network I’ with a set of poles P and a 
graph G = (V, X) will be denoted by (P; V, X). Two 
k-pole networks are isomorphic if their graphs are isomor- 
phic and there is one-to-one correspondence between 
their poles. A one-pole network whose graph is a tree 
is called a rooted tree. The only pole of such a network 
is called a root. A plane rooted tree is the map of a graph 
on a plane. This concept can be defined by induction 
as follows. The network shown in Fig. 10a is a plane 
rooted tree. If A and B (see Fig. 106) are plane rooted 
trees, the figures C, D and E (Figs 10c and d) are also 
plane rooted trees. We shall assume that an arbitrary plane 
rooted tree is mapped onto a plane with a cut which 
is a ray emerging from the root (see Fig. 10e). Here we can 
assume that the edges incident with the root are numbered 


1 Here we assume that two trees are different if they are non- 
isomorphic directed trees with labelled (numbered) vertices. 
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clockwise by 1, ..., m, where m is the degree of the 
root. If we remove the edge with number i from such 
a plane rooted tree. we shall obtain a graph with two 
connected components. The component which does not 
contain a root will be called the i-th branch of the original 
rooted tree. The vertex incident with the i-th edge (in 
the original tree) will be treated as the root of the i-th 


VAY LY 


c=a=byY c=a=by 


| a WV c=a= VAY as So 
(a) (b) (c) (a) (e) 
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branch. For an arbitrary rooted tree A, we denote by 
d, (A) the degree of its root. Plane rooted trees A and B 
are called identical if either d, (A) =d,(P) = 0 or 
d, (A) -=d,(B) =m->0 and for any i=1, m the 
i-th branches of the trees A and B are identical. Two 
trees which are not identical are referred to as different. 
Thus, trees D and £& are different (see Fig. 10d) if the 
trees A and B (see Fig. 105) are different. Each plane 
rooted tree 7 with m edges can be put in one-to-one 
correspondence with a binary vector of length 2m, known 
as a code of the tree. A tree with a single edge corresponds 


to the vector 04. If vectors @ and B are put in correspon- 
dence with trees A and B (Fig. 106) respectively, then 


the vector Oa1 is put in correspondence with the tree 


C (Fig. 10c), and vectors af and Ba are put in corre- 
spondence with the trees D and F (Fig. 10d). 
Henceforth, unless stipulated otherwise, the term 
network shall mean a two-pole network. The network 
P ({a, 6}; V, X) will be briefly denoted by T (a, 6). The 
subgraph of such a network is the subgraph of the graph 
(V, X). A vertex of a non-trivial subgraph G of the net- 
work I is called boundary vertex if it is either a pole 
or incident with a certain edge of the network, which does 
not belong to the subgraph G. We shall call a non-trivial 
subgraph of a network a shoot if it has a unique boundary 
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vertex. A subnetwork of a two-pole network is its sub- 
graph having exactly two boundary vertices. These ver- 
tices are the poles of the subnetwork. A network is connected 
if its graph is connected. A connected network (or sub- 
network) having a single edge is called trivial. A con- 
nected network is called strongly connected if each edge 
lies in a simple chain connecting the poles of the net- 
work. A strongly connected network is known to be 
decomposable if it has at least one non-trivial subnetwork. 
Otherwise, it is assumed to be non-decomposable. Let 
l(a, b) be a decomposable network, G (c, d) its non-tri- 
vial subnetwork, and I, (a, b) be a network obtained 
irom I (a, 6) by substituting an edge (c, d) for the sub- 
network G (c, d). Then the network [ (a, 6), in turn, can 
be obtained by substituting the network G (c, d) for the 
edge (c, d) of the network I’, (a, 6). Thus, the decompos- 
able network IT (a, 6) can be defined by specifying the 
network I’, (a, 6), edge (c, d) of the network I’, (a, b), 
and the network G (c, d). Such a definition is referred to 
as the decomposition of the network I (a, b). A network 
I, (a, 6) is called external and the network G (c, d) in- 
ternal network of the decomposition. A network I (a, 5) 
is called the superposition of the networks T, (a, 6) and 
G (c, d). A network consisting of m parallel edges joining 
the poles a and b is denoted by I? (a, 6) or simply 2. 
A network whose graph is a simple chain of length m and 
which joins the poles a and b is denoted by I}, (a, b) or 
simply T'5,. A network that can be obtained from networks 
re and I} by applying a finite number of substitutions 
of a network for an edge is referred to as a series-parallel 
network, or a m-network. A non-trivial non-decomposable 
network [ (a, 6) differing from I? (a, 6) and 2 (a, 6) is 
called an H-network. 

A decomposable network is called p-decomposable 
(s-decomposable) if a certain external network of the 
decomposition has the form [? (resp. VS), ma 2. If 
a certain external network of the decomposition of a net- 
work [ is an H-network, then I’ is referred to as H-decom- 
posable. Any decomposable network is either p-, or s-, 
or H-decomposable. A canonical p-decomposition of a 
network is a p-decomposition for which the internal net- 
works of the decomposition are other than networks of 
the type I? and other than p-decomposable networks. 
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The canonical s-decomposition is defined in a similar way. 
The canonical H-decomposition is a decomposition whose 
external network is an H-network. Each x-network I 
with m >> 1 edges can be put in correspondence with a 
plane rooted tree 7 ([) with m pendant vertices, such 
that (a) each vertex of the tree 7 ([) other than a pendant 
vertex is labelled by a symbol p or s; (b) the labels p 
and s alternate on each chain emerging from the root to 
a pendant vertex; and (c) vertices other than the root have 
a degree other than two. Pendant vertices of the tree 
T ({) are not labelled. The tree 7 (I) is defined by induc- 
tion. If [ has the form I}, (or T5,), then T (I) is a tree 


Fig. 11 


whose root is labelled by the symbol p (resp. s), while the 
remaining m vertices are pendant. adjacent to the root 
and are not labelled. If a network [ is decomposable and 
other than the networks of the type described above, and 
the external network of the decomposition has the form 
rf (or T%), while the internal networks are just G,,G,,.. ., 
G,, the tree 7 ([)is constructed as follows. Let 
T (G,), T (G,), ..., T (Gy) be the trees corresponding 
to the internal networks of the decomposition. Then for 
the root of 7 (I) we take a vertex of degree k, labelled 
by the symbol p (resp. s). The vertices adjacent to the 
root are labelled by the symbol s (resp. p). The vertices 
V1}, Vy, ..., Ug adjacent to the root are identified with 
the roots of the trees 7 (G,), T (G,), ..., T (Gy). For 
example, the m-network shown in Fig. 14a corresponds 
to the tree shown in Fig. 11b. A tree 7 (IT) is called a 
diagram of the canonical decomposition of a n-network I’. 
It should be noted that if the external network of the 
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decomposition of a network TI has the form I} (a, b), 
and the internal networks G, (a, u,), Go (Wy, Us), + -, 
G, (Ux-,, 6) are substituted for the edges (a, u,), 
(U,, Us), ..., (Ux-,, 6), respectively, the vertices 
Vj, Vg, ..., Up in the tree 7 (I), which are identified 
with the roots of plane rooted trees T (G,), T (G.), ...; 
T (G,), follow one another from left to right in 


Fig. 12 


the increasing order of numbers. Thus, the tree 7 (I’) 
shown in Fig. 126 is a diagram of the canonical decom- 
position of the network I’ (Fig. 12a) but is not a dia- 
gram of the network I (see Fig. 41a). 

A vertex of a network other than a pole is referred to 
as internal. A vertex v depends on a vertex u if any simple 
chain joining the poles and passing through v_ passes 
through u as well. Vertices v and wu are equivalent if 
v depends on u and u depends on v. A vertex v is weaker 
than a vertex u, while the vertex wu is stronger than the 
vertex v if v depends on u but is not equivalent to it. 
A vertex v is called minimal if it is not weaker than any 
other internal vertex of a network. Henceforth, we shall 
call a simple chain joining the poles of a network a 
chain of the network. The cases when the term “chain” 
is used in different sense will always be stipulated. A 
chain of a network will be assumed to be the shortest if 
it has the minimum possible length. The length of a 
network is equal to the length of its shortest chain. A 
cut is a set of the edges of a network whose deletion de- 
stroys all the chains. A cut is called terminal if none of 
its subsets is a cut. A cut is referred to as minimal if it 
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has the minimum possible number of edges. The number 
of edges in the minimal cut is called the width of a net- 
work. 


4.4.1. Let G be a graph with n> 2 vertices. Prove 
the equivalence of the following statements: 

(1) G is a connected graph with n — 1 edges; 

(2) G is a connected graph which, however, becomes 
disconnected as a result of deletion of any of its edges; 

(3) any pair of different vertices of the graph G is joined 
by a unique chain; 

(4) G is a graph without cycles. but the addition of an 
edge joining any two vertices leads to the emergence of a 
cycle. 

4.4.2. Prove that any tree with n> 2 vertices has 
at least two pendant vertices. 

4.4.3. Prove that if the number of pendant vertices 
in a non-trivial graph G is equal to the number of edges, 
G is either disconnected or is a tree. 

4.4.4. Let F (G) = {H,, H,, ..., Hy} be a family 
of graphs in which the graph H; is obtained from an 
n-vertex graph G by deleting a vertex with the number 


i (i =1, n). The vertices in the graphs H; are not label- 
led. Prove that 

(1) it can be found out from the family F (G) whether 
the graph G is a tree; 

(2) if G is a tree, it can be uniquely reconstructed from 
F (G) (accurate to an isomorphism). 

4.4.5. The intersection of two graphs G and H is a graph 
G {) H all whose vertices and edges belong to both G and 
H. Prove that a non-empty intersection of two subtrees 
of a tree is a tree. 

Let 0g (v, u) be the distance between vertices v and 
u ina graph G = (V, X). The vertex u, for which 


MaX 0g (Up, V) = Min MAX Ng (U, V) 

veV ueU vEV 
is called the centre of the graph, and the number R (G) = 
MaX Pg (Uy, V) is called the radius of the graph. 
vEV 


4.4.6. (1) Determine the number of the centres in 
the graph 

(a) G (see Fig. 6a); 

(b) G (see Fig. 60); 
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(c) G = Kny, ne 

(2) Prove that any tree contains not more than two 
centres. 

4.4.7. Prove that a tree has one centre if its diameter 
is an even number and two centres when the diameter is 
odd. 

4.4.8. (1) Let D (G) be the diameter and R (G) the 
radius of a graph G. Prove that R (G)< D (G)< 2R (G). 


(2) Prove that if G is a tree, then R (G) = 2 


(3) Give example of a graph G for which R (G) = D (G). 

4.4.9*. Prove that a tree can be uniquely reconstructed 
(correct to an isomorphism) if pairwise distances between 
its pendant vertices are specified. 

4.4.10. Prove that any two simple chains of maximum 
length in a tree with an odd diameter have at least one 
edge in common. 

4.4.11. An infinite tree is the term applied to a graph 
with a countable set of vertices satisfying the following 
condition: for any two vertices u and vu of the graph, there 
exists a unique simple (u-v)-chain with a finite length. 
Prove that if the degree of each vertex of an infinite tree 
is finite, there exists for any vertex a simple chain of 
infinite length, which contains this vertex. 

4.4.12. Let P = {v,, vg, ...} be an infinite simple 
chain. Let G = K, X P. What is the power of the set of 
all spanning trees of the graph G? 

Let G = (V, X) be a multigraph with a set of vertices 
V = {01,02 ..., Up}, and M (G) = || a;; || be a quadratic 
matrix of order n, where 


d(v;) for i=j; 
aij=2—1 for isjand (v;, v;)€ X; 
O for ij and (v,, vy) ¢X. 


It is well known (23] that the number of pairwise different 
spanning trees of the graph is equal to the minor of any 
element of the principal diagonal of the matrix M (G). 

4.4.13. Determine the number of the spanning trees 
of the graphs shown in Fig. 4a, b and 8a, b, if the vertices 
of the graphs are labelled. 


4.4.14. What is the chromatic number of a tree with 
n >> 2 vertices? 


9—0636 
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4.4.15. Is it true that if the diameter of a graph G is 
ki: (kk >> 2), there exists a spanning tree whose diameter 
is equal to k? 

4.4.16. Prove that for n> 3, the number of pairwise 
non-isomorphic rooted trees with n vertices is at least 
double the number of pairwise non-isomorphic trees 
with nm vertices having no roots. 

4.4.17. Let a rooted tree with n (n> 2) pendant ver- 
tices have no vertices of power 2 other than a root. Prove 


(a) os 


Fig. 13 


that the total number of vertices of the tree does not 
exceed 2n — 1. | 

4.4.18. Construct the codes of plane rooted trees shown 
in Fig. 13a and b. 


4.4.19. Using a given code a, construct a plane rooted 
tree if: 


(1) a = (001010011041); 
(2) a = (0100011001101011); 
(3) @ = (0001010110041011). 


4.4.20. (1) Determine the number of pairwise non- 
isomorphic rooted trees with four edges. 

(2) Determine the number of pairwise different plane 
rooted trees with four edges. 


4.4.21. Divide the set of vectors {a,, @, G3, Gq, 
a,} into equivalence classes so that the vectors of one 
class are the codes of pairwise isomorphic trees: a, = 
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ptr O, = (0100101101), a, = (01010010114), 
= (0100101011), a = (0010110401). 


7. 4.22. Prove that the code @ = (a,, @, ..., Qon 
of a plane rooted tree with n papess possesses the follow- 
ing properties: 

2n 


(1) QD ay=n 


h 
(2) for any k (4<k< 2n), the inequality >) a;< 
i=1 
k/2 is valid. 


4.4.23. Prove that any binary vector a@ of length 2n, 
which satisfies conditions (1) and (2) of the previous 
problem, is a code of a plane rooted tree with n 
edges. 

4.4.24. (1) Prove that the following recurrence rela- 


tion is valid for the number » (n) of vectors cL € B*” that 
satisfy conditions (1) and (2) of Problem 4.4.22: 


vin) = 2 pli—1) p(m—2), where (0) = w(t) = 1. 


(2*) Derive an analytic expression for % (n). 

4.4.25. Let G be a connected plane graph. Starting 
from a certain vertex v belonging to an external face, we 
shall go around (circumvent) this boundary so that it 
always remains on the right. At a certain moment of 
time, we shall return to the initial vertex v. The circum- 
vention will be continued if there remain uncircumvent- 
ed edges incident with the vertex v and belonging to 
the boundary of the external face. Otherwise, the circum- 
vention is terminated. 

(1) Prove that G is a tree if and only if each edge is 
circumvented twice in the above process. 

(2) Let G be a tree with a root v. In accordance with 
the circumvention procedures described above, the tree 
G can be put in correspondence with a binary vector. By 
circumventing edges consecutively, we shall write O if 
an edge is circumvented for the first time and 1 if it is cir- 
cumvented for the second time. Prove that the vector 
obtained in such a way is a code .of the tree G. 


g* 
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4.4.26. Let G be a graph with n vertices and m edges. 
The graph is called balanced if neither of its subgraphs 
has vertices of power higher than 2m/n. 

(1) Prove that for n > 2, a tree is a non-balanced 
graph. 

(2) Give an example of a balanced graph for which 
m=n- 3. 

4.4.27, Let G be a graph with a real non-negative num- 
ber ascribed to each edge as a weight. The weight of a 
subgraph of the graph G is the sum of the weights of the 
edges of this subgraph. The minimal spanning tree of the 
graph G is its spanning tree having the minimum weight. 
Prove that the minimal covering tree can be obtained by 
using the following algorithm. At the first stage, we 
choose the edge with the minimum weight. Then in the 
next stage we choose the edge that has the minimum 
weight among the edges which do not form a cycle with 
the edges chosen earlier. The algorithm is terminated when 
there is no such edge. 

4.4.28. Is it true that any subnetwork of a strongly 
connected network is strongly connected? 

4.4.29. Let a connected network have a unique shoot 
with k vertices, which is not contained in another shoot 
with a larger number of vertices. Prove that it is suf- 
ficient to draw k — 1 additional edges to make the net- 
work strongly connected. Can we always manage with the 
minimum number of additional edges? 

4.4.30. Is it true that for any nm and m (m = 3) 
there exist decomposable networks with n eae “and 
m edges? 

4.4.31. Is it true that the graph of a strongly connect- 
ed network is 2-connected? 

4.4.32. Is it true that if we choose two non-adjacent 
vertices in an arbitrary 2-connected cubic graph as poles, 
we shall obtain a non-decomposable network? 

4.4.33. Determine the number of pairwise non-iso- 
morphic non-decomposable networks that can be obtained 
by choosing two vertices in an n-dimensional cube as 
poles. 

4.4.34. (1) Prove that if a non-decomposable network 
has n > 2 vertices and m edges, then 


3n< 2m + 2< n(n — 1). 


4.4. TREES AND BIPOLAR NETWORKS 433 


(2) Prove that for any n and m such that m > 2 n— i, 


n> 4, there exists a non-decom posable network with n 
vertices and m edges. 


1 2 

; we” 
Na 

(a) > (v) ° 


(c) 


Fig. 14 . 


4.4.35. For the networks shown in Fig. 14a, b andc 
determine 
(1) the type of decomposition: 
(2) external networks of the canonical decomposition. 
4.4.36. Let I be the net- 
work shown in Fig. 15. 


{ 2 3 
(1) Indicate all minimal 
vertices of the network. aq \ Db 
(2) Divide all the inter- 
nal vertices of the network : —. 


I’ into the classes consist- 
ing of pairwise equivalent Fig. 15 
vertices. 

(3) Verify whether there exists a vertex in this network 
which is weaker than any other vertex. 

4.4.37. Prove that for any vertex v of a strongly con- 
nected network there exists a chain containing all the 
vertices that are stronger than or equivalent to it. 

4.4.38. Let S ([) be a set of all vertices v of the net- 
work T which are not minimal. 

(1) Is it true that if I is an H-decompoable network 
without multiple edges, we obtain a non-decomposable 
network by joining each vertex v € S ([) through edges 
with each pole to which v is not adjacent? 
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(2) For obtaining a non-decomposable network is it 
sufficient to join each vertex v from S (I) with exactly 
one pole from those which are not adjacent to v? 

4.4.39. (1) Prove that any separating vertex is mi- 
nimal. 

(2) Prove that any vertex adjacent to both poles is 
minimal. 

4.4.40. Let all vertices of a strongly connected net- 
work I’ be minimal. 

(1) Find out whether the network I can be 

(a) p-decomposable; 

(b) s-decomposable; 

(c) H-decomposable. 

(2) Let the network [ be s-decomposable. Prove that 
each internal vertex is a separating vertex. 

(3) Let [ be H-decomposable. Verify whether or not 
any of internal networks can be 

(a) an H-network; 

(b) an H-decomposable network; 

(c) a network other than networks [5, (m> 1). 

4.4.44. Let a strongly connected network I with eight 
edges be neither p- nor s-decomposable and have no sub- 
networks of the type [%,, (3, (m > 1). Prove that [ is 
a non-decomposable network. 

4.4.42. Let G = (V,, V., X) be a connected bipartite 
graph the degree of each of whose vertices is higher than 
or equal to two. Prove that if we construct a network 
I (a, b) by joining the pole a by an edge with each vertex 
of the set V, and the pole b with each vertex of the set V,, 
then I’ (a, b) is an A-network. 

4.4.43. Does there exist a p-decomposable network for 
which any subnetwork containing at least three edges is 
p-decom posable? 

4.4.44. Construct canonical decomposition diagrams 
for the networks shown in Fig. 16a and 0b. 

4.4.45. Construct m-networks having the canonical 
desomposition diagrams shown in Fig. 17a and b. 

4.4.46. Prove that if n-networks [, and T, are not 
isomorphic, they have different canonical decomposition 
diagrams. 

4.4.47. Let A and B be two chains of a network I (a, 6) 
and let a vertex u belong to chain A and not belong to 
chain B, while a vertex v belongs to chain B and does not 
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belong to A. Further, let [u, v] be a simple chain which 
joins u and v and does not intersect the chains A and B 
at any point other than its ends. 

(1) Prove that there exist at least two chains of the 
network I’ whose vertices belong to the union of the 
chains A, B and [u, v] and which contain the chain [u, v]. 
Do at least three such chains always exist? 

(2) Prove that if the chains A and B have internal 
vertices in common but have no edges in common, there 


Fig. 17 


exist at least four chains of the network, which are con- 
tained in the union of the chains A, B and [u, v] and 
satisfy conditions (1). 

4.4.48. Prove the equivalence of the following two 
definitions of a m-network: 

(1) A network [ (a, b) is a a-network if its edges can 
be oriented so that all the edges in each simple chain 
joining the poles a and b are directed from a to Bb. 

(2) The x-networks are those and only those networks 
which are obtained as a result of the following inductive 
process: 

(a) The networks I$ and I$ (Fig. 18a) are x-networks, 
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(b) If the networks A and B (Fig. 18) are n-networks, 
the networks shown in Fig. 18c are also m-networks. 

4.4.49. Prove that among all wx-networks with 
m (m > 4) edges, the s-decomposable networks have 
the largest number of shortest chains. 


| b=c 
a o—e—od a UYyx' ayy, Ui UAW iy x 


— a 


Fig. 18 


4.4.50. (1) Indicate the type of n-networks which 
have the maximum number of simple chains joining 
the poles. 

(2) Indicate the type of n-networks having the maxim- 
um number of terminal cuts. 

4.4.51. Let @ (m) be the maximum number of chains 
of a m-network with m edges. Prove that 

(1) @ (1) = 1; 

(2) @ (3n) = 3" (n> 1); 

(3) g (8n + 1) =4 X 3" (n> 1); 

(4) » (8n + 2) = 2 X 3" (n DS 1). 

4.4.52. Is it true that among all the networks with 
m edges, the n-networks have the maximum number of 
simple chains? 

4.4.53. For each n> 5, indicate an H-network with n 
vertices, which has ‘thie maximum number of chains 
connecting the poles. For each k 4<. k <n), calculate 
the number of chains of length k between the poles. 

4.4.54, Prove that for a network with m edges, having 
a length / and width ¢t, the inequality m1 xX t is 
valid. 

4.4.55. Prove that in a m-network, the intersection 
of any simple chain between poles with any terminal 
cut contains exactly one edge. 

4.4.56*. The set of chains in a network I is called a 
defining set for a vertex v if {v} is the intersection of 
the sets of the internal vertices of these chains. Prove 
or disprove the following statement: the necessary and 
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sufficient condition for a non-p-decomposable network 
without multiple edges to be non-decomposable is that 
there must exist a defining set of chains for any internal 
vertex. 

4.4.57. Prove the following statement: the necessary 
and sufficient condition for making a decomposable 
network I non-decomposable by adding edges is that 
I’ must not have multiple edges and must have at least 
four vertices. 

4.4.98. Construct a decomposable network with the 
smallest number of edges and n vertices (n> 4), which 
cannot be made non-decomposable by successively re- 
placing subnetworks of the type [3 and I? by edges. 


4.5. Estimates in the Theory of Graphs 
and Networks 


A graph (digraph, pseudograph, etc.) is called labelled 
(or numbered) if its vertices are assigned labels (or num- 
bers). We shall denote by J,, the set of all n-vertex graphs 
(in short n-graphs) whose vertices are labelled by numbers 
1, 2, ..., n. The subset of all graphs from &,, each 
of which has exactly m edges, will be denoted by &%,, m. 
A graph with n vertices and m edges will be briefly called 
an (n, m)-graph. Graphs G and H in &,, are assumed to be 
different if there exist two vertices j and & that are ad- 
jacent in one graph but not in the other. 

Let g, (P) denote the number of all graphs in &Y, 
having the property P. It is said that almost all n-graphs 
have the property P if lim Ee =—1. Let m = m(n) be 

N-» 00 at 
an integral non-negative function, and let @,. » (P) be 
the number of all graphs in’, ,, having the property P. 
It is said that almost all the (n, m (n))-graphs have the 
property P if lim Gn, m(P) 4, 


4.5.4. Prove that: 
n Ap 
ty 19,1= 20): 2 Ws. wpa ( (2) 


m 
4.5.2. (1) Find the number of different tournaments 
with n vertices, labelled by 1, 2, ..., 7, 
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(2) Find the number of oriented pseudographs with 
n labelled vertices and m arcs. 
4.5.3. (1) Show that the number of graphs in @&,, 
, n—hk 
whose & given vertices are isolated, is equal to a 2 
(2) Show that the number of graphs without isolated 
vertices in GY, is equal to 


nr 


S) (—1)" (7) 202. 


k=0 


(3) Show that almost all n-graphs have no _ isolated 
vertices. 

4.5.4. Let the subset § CG, consist of N pairwise 
different graphs. Show that the number of pairwise non- 
isomorphic graphs in J is not less than N/n!. 

4.5.9. Let w(m) be the number of pairwise non-iso- 
morphic connected graphs with m edges. Show that: 


(1) p(m< > (| é 


+ (14+V¥1+8m)<n<m+i m 


(2) p(m) < (2m)" for moo. 

4.5.6. Show that the number of pairwise non-isomor- 
phic pseudographs that do not have isolated vertices but 
have m edges does not exceed (cm)™, where c is a constant 
independent of m. 

4.5.7. Show that the number of pairwise non-iso- 
morphic k-pole networks with m edges without loops and 
without isolated vertices does not exceed (2m)* (cm)?™, 
where c is a constant independent of m and k. 

4.5.8. Prove that the number of pairwise non-iso- 
morphic trees with m edges does not exceed the number 
of pairwise different plane rooted trees with m 
edges. 

4.5.9. (1) Prove that the number of pairwise different 


plane rooted trees with m edges does not exceed ne 


(2) Determine the asymptotic behavior of the number 
q(m) of plane rooted trees with m edges for m — oo. 
4.5.10. Using Cayley theorem, according to which 
the number of pairwise different trees with n labelled 
vertices is equal to n"~’, prove that the number of pair- 


4.5. ESTIMATES 439 


wise non-isomorphic trees with mn vertices is not less 
than c,n-)-5e", where lim c, = V 2n. 
n+ 00 

4.5.11. Show that the number of pairwise different 
trees with nm labelled vertices, where the vertex with num- 
ber 1 has a degree k, is equal to (i+) (n — 1)*-F-}, 

4.5.12. Find the number of graphs in &Y, constituting 
forests. 

4.5.13*. Show that the number of forests in Y,, whose 
given vertices j and k belong to different components, 
is equal to 2n”-%. 

4.5.14. Let @ (nm) be the number of pairwise different 
rooted trees with n pendant vertices, such that the degree 
of a root is equal to 2, and the degree of each vertex other 
than a root or a pendant vertex is equal to 3. 

(1) Show that the number @ (n) is equal to the number 
of ways in which brackets can be arranged in the expres- 
sion b,: b,: ...: 6, so that the new expression obtained 
in this way is meaningful. 

(2) Show that o(n) = —(""7/). 

4.5.15. (1) Show that the number of pairwise non- 
isomorphic bipolar m-networks with m edges does not 
exceed twice the number of pairwise different plane rooted 
trees with m pendant vertices. 

(2) Show that the number of pairwise non-isomorphic 

4m—2 
2m — 4 : 

4.5.16. Find the number of pairwise non-isomorphic 
networks [ (a, 6) with n vertices and m edges, having the 
following properties: 

(1) the network I (a, 6b) is s-decomposable, 

(2) all the vertices in the network I° (a, b) are minimal. 

Remark. The poles a and b of the network [ (a, 3) 
are not equal: the former is the entrance to the network 
and the latter is the exit from the network. Upon an 
isomorphic mapping of the network [ to the network G, 
the entrance (exit) of the network T° must correspond to 
the entrance (exit) of the network G. 

4.5.17. Let M (n, m) be the number of different formu- 
las generated by the set of connectives {&, \/} and the 
set of variables {z,, z,, ..., 2,} with m entries of the 
connectivity symbols, 


m-networks with m edges does not exceed 2 ( 
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(1) Show that © (n, m) is equal to the number of 
pairwise different rooted trees each of whose pendant 
vertices is labelled by a certain symbol in the set 
eae ee ., Ln}, While each non-pendant vertex is 
labelled by one of the symbols & or \. 

4 2m m,mM+ 

(2) Show that ®(n, m) = — ( : \2 nmr, 

Remark. Formulas are assumed to be different if 
they form different words in the alphabet {&, Y, (,), 
Ly, 2 2) ek 
4.5.18. et © (n, m, k) be the number of different for- 
mulas generated by the set of connectives {&, \/, ~} and 
the set of variables {z,, z,, ..., 2,} with m_ entries 
of the symbols of variables and k entries of the symbol! -. 
Prove that 


O(n, m, ky < — (7 1) 8™tn™, 


m 


4.5.19. Show that the number of disconnected graphs 
in Y,, m does not exceed 


Sato 


4.5.20. Show that the number of graphs in Y,, » 


having exactly two connectivity components does not 
exceed 


[n/2] | (3) k—1 n—k—1 
2 (i Pain 2 ; ( “)) Cann | 
4. 


9.21. Show that the number of k-connected graphs 
in &Y, m Which are not (k + 1)-connected (k< n — 2) 
does not exceed 


va 


(7) > ((2}+46-») 3 ("—) 
«(Ca over), 


m—J 
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Hint. For kn — 2, a graph that is not (A + 1)- 
connected contains k vertices whose deletion results in 
a disconnected graph. 

4.5.22. Show that the number of pairwise different 
connected subgraphs of a cube 8", which are generated 
by subsets with & vertices does not exceed 2” (4n)*-!, 
(Assume that the vertices of the cube B” are labelled 
by the numbers from 1 to 2”). 

4.5.23. By majorizing the number of graphs in &,, 
having a vertex of degree nm — 1, show that almost all 
n-graphs have a radius larger than unity. 

Let p(G) be a certain numerical parameter of graph 


G. Let p(n) =2 (2) >; p(G) be the mean value of 
GESn 


parameter p, and Dp(n) = 9” (2) > (p(G) — p (n))? 
GE 

be the variance of p. In the same way, we can determine 
the mean value and variance of parameters of-the graphs 
in J,, m- Let® > 0, 5, (8) be the fraction of those graphs 
G in §, for which p (G) 28, and A, (8) be the fraction 
of such graphs G in J, that | p (G@) — p (n) |> 8. Various 
estimates and proofs of the properties of nearly all graphs 
are frequently obtained with the help of the following 
(Chebyshev's) inequalities: 


5, (0) < 2 (1) 
A, (8) <a (2) 


For example, let p (G) be the number of isolated ver- 
tices of the graph G. We must show that p(G)=0 for almost 
all n-graphs. Let g, (i) be the number of graphs in &,, 
in which the i-th vertex is isolated. In this case, 


n—-1 
Obviously, gn (i) = 2 2) for alli=1, n. Hence p (n) = 
n-2-", Putting 82=1/2 in (1), we find that the fraction 
of graphs G in Y,, for which p(G) > 1/2, does not 
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exceed n2-"*!. But lim 7n-2-"1=0. Hence p(G)<1/2 
for almost all n-graphs, i.e. p(G)=0. 


¥ 


Let us now suppose that p(G) is the number of 
edges in the graph G. We shall show that for nearly all 


n-graphs p(G)=1/2 (5) (1-+¢,), where lim ¢,=0. We 

have reo (2) > n(G)=2 (2) Yn (i, j), where 
GESn (3,9) 

En (i. j) = gla)! is the number of graphs in which the 

pair (i, j) of vertices is joined through an edge. Thus, 

p(n) =1/2 ee . Let us calculaie the variance: 


Dp(n)=2 2) Y (p(G)—p ~?=2%) SY pre) 
GEGn GESn 
— (p (n))?. 
Let us label all pairs of the type (i, j)1<i< 


j <n by numbers from 1 to (5) and let g,(v, pw) be 


? 
the number of graphs G in Y,, in which pairs with num- 
bers v and p are edges. Then 


(5) (2) | (5) _ 
> PG) = 2 2 Bn (V, W= Li gnlv v) 


GESn v=ip=1 


+2) gnlv, p). 
vp 


But En (v, py = ale)? if vyeu. Hence 
Dp m= (5) +4 (2) ((2)-1)-(2(2)) <2 (4). 


Putting @= V np(n) in (2), we find that the fraction 


of those graphs GEG, for whieh | p (@)— = (5) = 
V = (3) does not exceed 1/m. Hence for almost all 


graphs p(G)= 1/2 (5) (1-+¢,), where lim e, =0. 


TR— co 
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4.5.24. Let p (G) be the number of pairs of different 
vertices of graph G in G,, for which there is no chain 


of length smaller than 3 joining these vertices. Let p (n) = 
Tm 
2) > p@. 
GEGn 
= 1 fn\ ( 3 \n-2 

(1) Show that p(n)=+(5)(+)". 

(2) Show that almost all n-graphs have no vertices 
separated by a distance larger than 2. 

(3) Using the results of problems 4.5.23 and 4.5.24 (2), 
show that the radii and diameters of almost all n-graphs 
are equal to two. 

4.9.25. Show that - average number of Hamiltonian 


a A\t 
cycles in graphs G in &,, is equal to Ca. 


4.5.26. Find the average number of cycles of length 3 
in graphs G of Y, 


4.5.27*. Using the Chebyshev inequality (2), show 
that nearly all in (n, m (n))-graphs, where m (n) = 
[n/In (n In n)], the number of isolated vertices is equal 
to n (1 — €(n)), where lim e (n) = 0. 


4.5.28*. Let k& be an “integer (k > 2). Show that if 
2 


m= m(n) = —p (n)«n- Ft (where g (n) > oO for 
n —» oo), nearly all (n, m)-graphs contain a complete sub- 
graph with .é& vertices. 


4.5.29. Find the average number of k-vertex indepen- 
dent sets in graphs G in & 


G 4s 
4.5.30. Let & be a natural number. Calculate the aver- 
age number of vertices of degree & in graphs G of Ym. 
4.5.31. Let p (G) be an integral non-negative parame- 


ter and let p (n) be its average value for graphs G in &,. 


Show that if lim p (n) = 0, then p (G) = 0 for almost 
all graphs. Ores 


4.6. Representations of Boolean Functions 
by Contact Schemes and Formulas 


A network I with & poles in which each edge is la- 
belled by a letter from the alphabet {x,, 5, .. ., ny Z, 
Lo). +2, }iscalled a k-pole contact scheme cinaui repre- 
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senting Boolean functions of variables’ 1, ry, ..., Ln 
or, in short, a (k, n)-scheme. The (2, n)-schemes will be 
called X"-schemes. The network [ is called the contact 
scheme network. A contact scheme is called connected 
(strongly connected, series-parallel, etc.), if its network 
has the same property. A_ series-parallel contact 
scheme is briefly denoted as m-scheme. The _ edges 
of a scheme labelled by the symbols of variables or 
their negations are called contacts. A contact marked 
by the symbol of a variable (or its negation) is called 
a make (resp. break) contact. Let X, and 2, be twok-pole 
contact schemes whose poles are labelled by the letters 
Q,, 45,..+-,@,. The schemes 2, and 2, are called isomor- 
phic if their networks are isomorphic and if (a) the corres- 
ponding edges are labelled in the same way, and (b) the corr- 
esponding poles are labelled in the same way. Let a 
and b be two poles of the contact scheme 2, and let [a, b| 
be a chain joining a and b. Let Ay, 5) be the conjunc- 
tion of letters assigned to the edges of the chain [a, 0]. 


The function fz (x"), defined by the formula 


fan (2")= V Kea, 01, (3) 
[a, b} 

in which the disjunction is taken over al] simple chains 

in the scheme joining the poles a and 3b, is called the 

conductivity function between poles a and b of the scheme 


x. The scheme 2 is said to represent the function g (x") 


if it contains the poles a and b such that g (x") = fay (z"). 

A contact scheme with & + 1 poles is called a (1, k)- 
pole network if one of its poles is isolated (this pole will 
be denoted by a) and the remaining poles are interchange- 


able (these poles will be designated by b; (é = 1,4)). 


The function g (z") is said to be represented by a (1, k)-pole 
network if there exists a pole 6; (1< i<k) such that 


fav, (x") = g(x"). Tf the number of poles in a scheme 
is not indicated, we shall always mean two-pole contact 
schemes. T'wo contact schemes are called equivalent 
if they represent the same Boolean function. The com- 
plexity of a contact scheme is the number of its contacts. 
A contact scheme having the lowest complexity among 
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all equivalent schemes is called minimal. The complezity 
of a Boolean function f in a class of contact schemes (nota- 
tion L,, (f)) is the complexity of the minimal contact scheme 
representing f. The complexity of a Boolean function 
/ in the class of m-schemes is the number of contacts in the 
minimal m-scheme realizing f (notation LZ, (f)). The com- 
plexity of a Boolean function f in a class of formulas gener- 
ated by aset of connectives {\/,&, —}is the number of 
entries of the symbols of variables. In this class of for- 
mulas, the complexity of a function f is denoted by 
Le (f). 

A directed contourless network whose poles are divided 
into input and output poles is called a scheme of functional 
elements. The input poles are labelled by variable sym- 
bols. The output poles are called outputs of the scheme. 
Each vertex other than an input is labelled by 
a functional (logical connective) symbol. The following 
conditions must be satisfied in this case: (1) the 
in-degree of each entrance pole is equal to zero; (2) the 
in-degree of each vertex other than the input pole 
is equal to the number of arguments of a functional 
symbol (or connective) which labels a given vertex. 

The concept of a function f; represented at the vertex 
i of a scheme % is defined as follows. If the vertex i coin- 
cides with the input pole labelled by z, then f; = z. 
Let the vertex i be labelled by a functional symbol 
of r arguments, and let q,, ..., @, be functions repre- 
sented at the vertices from which the arcs terminating 
at the vertex i emerge. In this case, f; = @ (Q,, .. -, @r). 
It is said that the function f is represented by a scheme 
> if the latter has an output where this function is repre- 
sented. Functional element schemes with one exit whose 
entrance poles are labelled by the symbols z,, ..., Zp, 
and the vertices other than the input poles are labelled 
by the symbols \/V, & — will be called X”-functional 
schemes. The complexity of a functional element scheme is 
the number of its vertices other than entrance poles. An 
X"-functional scheme 2 representing a function f is 
called minimal if every other X"-functional scheme re- 
presenting f has a complexity not lower than that of the 
scheme 2. The complexity of a Boolean function f in 
a class of functional element schemes is the complexity 
of a minimal X"-functional scheme representing the func- 


10—0636 
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tion f. The complexity of a function f in this class of 
schemes will be denoted by ZL (f). 


4.6.4. Let f (x?)=2z, ® xy. Prove that L (f (x?)) = 4. 

4.6.2. Show that for a Boolean function other than a 
constant, the minimal contact scheme representing this 
function is strongly connected. 

4.6.3. Find the number of Boolean functions f (z,, 2.) 
represented by contact schemes of complexity 3 

4.6.4. (1) Show that for each natural m there exists 
a minimal contact scheme of complexity m. 

(2) Show that there are no minimal contact schemes of 
complexity 4 containing only closing contacts with labels 
in the set {z,, Xo, 73}. 

4.6.5. Show that if m=>n-2"!, none of the X”- 
schemes of complexity m is minimal. 

4.6.6. Show that the function f depends essentially 
on variable z if and only if the minimal scheme repre- 


Fig. 19 


senting f contains a contact labelled by the variable zx 
or by its negation. 
4.6.7. For the contact schemes shown in Figs. 19a, 
b, c and 20a, b, c find the conductivity function f,,. 
4.6.8. Construct the contact schemes representing the 
functions ~ in the following cases: 


(4) f (x) = (eV te V 2s) (i V 22 V 2a); 


(2) f (x3 = 22, D Lr, DO 252; 
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(3) f (x3) = (00011111); 
(4) f (z*) = (41010001): 
(5) f @) = 2, @ x, @ ay. 


4.6.9. For each function in Problem 4.6.8, construct 
X°®-functional schemes. 


Fig. 20 


4.6.10. Construct a contact scheme with a complexity 
not exceeding Z for a function f, after simplifying its 
formula if: | 2 _ 

_(1) (Z, \V L_%3) (41 VV Ze) (2 VV L4) VV (Xa VV a) X 
(4)2_T3 \/ 4Xs)), L= 35, | oe) eset 

(2) (x; V/ L_) ((X42_ VV LoL) te \V (Xo VV Lg%5) X 
Ws ve VV (£1L_ VV LyL_ VV Le) Lz \/ T1L_ \VV L5Xe), 

(3) Tyl92g ((t4 VV X25) (L¢ V XL 4X7) V (Let, \/ 

Lo 4l5) & (LyLg \/ LgLpl7) \/ (Ly VV L2) (La V Ze) X 
(z5 VV 27)), L = 6. 

4.6.41. For each function in Problem 4.6.10, con- 
struct a functional element scheme of complexity not 
exceeding 6 and representing this function. 


4.6.12. Let v (a.) = >) 2'a; be the number of the 
i=1 


tuple a= (%,, &,. +, &,). Constructa contact scheme 


10* 
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with not more than 10 contacts representing the func- 
tion 


if Vv (Q,, Qs, 3) < V(G,, Os, Qe), 


(a= {7 


4.6.13. Construct a contact scheme representing the 


otherwise. 


function f (z6) which is equal to unity if and only if 
(21, La, Ly) (Tq, Xp, Le). 

4.6.14. Construct a contact scheme representing the 
addition of two-digit binary numbers. Speaking more 
precisely, construct a contact scheme with poles a, by, 0,, 
and b, in which, for each i = 0, 1, 2, the conductivity 
function fay, (z*) is equal to 2;, where z; € {0, 1} and 
is determined by the relation 4z, + 22, + 2, = 2 (2, + 
Lo) + Le + 2. 

4.6.15*. Construct a functional element scheme satis- 
fying the following conditions: 

(1) it represents three functions z,, 2), z 

(2) the vertices other than entrance poles ‘are labelled 
by V/, &, and—; 

(3) the scheme has not more than two vertices labelled 
by negation symbols. 

4.6.16. Show that Le (f) > L, (f) for any Boolean 
function f which is not a constant. 


4.6.17*. Give an example of a function / (x) for which 
Ly (f) > Lp (f). 

‘Hint. Consider the. function represented by a scheme 
shown in Fig. 19a. 


Let a 2-connected two-pole contact scheme 2 be a pla- 
nar scheme (i.e. let its network I (a, b) be plane) and 
let its poles a and 6 lie on one face. We draw an edge 
(a, 6) on this face in such a way that the network I” 
obtained from I by adding the edge (a, b) remains planar. 
We choose one vertex each on the faces of the network I’. 
On the vertices chosen in this way, we construct a graph 
G* dual to the graph G of the network IT’. Each edge of the 
graph G* other than (a, b) intersects a contact of the 
scheme 2. We label this edge by the same letter that is 
used to label the contact intersected by it. Let us denote 
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the vertices of the graph G* located on the faces of the 
network I’ divided by the edge (a, b) by a*, b* and call 
them poles. We delete the edge (a*, b*) from G*. As 
a result, we obtain a 2-connected scheme X* with poles 
a* and b*. The scheme 2* is called a scheme dual tod. 

4.6.18*. Show that the scheme %* dual to a planar 
2-connected scheme > represents a Boolean function dual 
to the function represented by the scheme 2. 

Hint. Establish a one-to-one correspondence between 
the chains of scheme 2 and the cuts of scheme *. 

4.6.19. Construct schemes dual to those shown in 
Figs 19a, b, and 20a. 

4.6.20. Prove that for every Boolean function f the 
equality L, (f) = L, (f*) is satisfied. 

4.6.24. Show that if LZ, (f) <7, then L, (f) = Ly (f). 
A contact scheme is called simple if the labelling ofan 


edge by a letter x or x means that every other edge hasa 


label other than zx or zx. 

4.6.22. Show that a strongly connected simple contact 
scheme represents a function that depends essentially on 
all variables encountered in 
the scheme. 

4.6.23. Show that a 
strongly connected simple a 
scheme is minimal. 

4.6.24. Show that if a 
minimal scheme is supplied 
with a new contact labelled Fig. 24 
by a new variable in such 
a way that a strongly connected scheme is represented, 
the newly formed scheme will also be minimal. 

4.6.25*. Let f be a function represented by the scheme 
shown in Fig. 24. Prove that a function dual to f cannot be 
represented by a simple scheme. 

4.6.26*. Is the relation L, (f) = L, (f) true for all 
Boolean functions /f? 

4.6.27. Let f,, and f,q be the conductivity functions 
of a three-pole contact scheme 2,, while f,, and f,, are 
the conductivity functions of a three-pole contact scheme 
2,. Let = be a scheme with poles a and e, obtained from 
the schemes 2, and 2, by identifying pole 6b with pole g 
and pole d@ with pole e. Is it true that the scheme © re- 
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presents the function . 


fac=(far & feg) V (fay & feg)? 


4.6.28. (1) Show that the function f is monotonic if 
and only if there exists a contact scheme representing f 
and not containing opening contacts. 

(2) Is it true that the minimal contact scheme repre- 
senting a monotonic function does not contain opening 


contacts? The Boolean function f (x”) is called monotonic 
in variable x, if it can be presented in the form 


f(x") = 8 (X2, Ly, «++, Ln) VV Lh (LX, Lz, .-- Zp). 


The function f (x") is quasi-monotonic in variable zx, if it 
is monotonic in z, or becomes monotonic in z, after sub- 


stituting Ly for z,. The monotonicity and quasi-monoto- 
nicity in x; (i 1) are defined in an identical manner. 


ow 


4.6.29. Prove that the function f(z") is quasi-mono- 
tonic in z, if and only if there exists a contact scheme 


~~ 


representing the function f(z") and containing neither 
make nor break contacts. 

4.6.30. (4) Prove that the minimal contact scheme re- 
presenting the function z, ® z, contains 4 contacts. 

e") Prove that the scheme shown in Fig. 20c is mini- 
mal. 

4.6.31*. Construct a minimal contact scheme for the 
function f if: 

(1) f(z’) = (2, V 2a VV @3) Xq VV Ly2_2 33 

(2) f (as) = Byars D2 oe C2 Boe 

(3) f (xt) = (0001011101111111). 

4.6.32. Show that the number S (n, m) of connected 
pairwise non-isomorphic X"-contact schemes of complex- 
ity not more than m does not exceed (cnm)”, where c 
is a constant independent of n and m. 

4.6.33. Show that the number P (n, m) of connected 
pairwise non-isomorphic m-schemes of complexity not 
more than m and realizing’*Boolean functions of variables 
X1, Lo, .- +; Lp, does not exceed (cn)™, where c is a con- 
stant independent of n and m. 

4.6.34. Show that the number @ (n, m) of pairwise 
different formulas of complexity m generated by a set of 
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connectives (\/, &, —) and by a set of variables z,, 
Xo, . ++, Lp, does not exceed (cn)™, where c is a constant 
independent of n and m. 

The lower estimates of complexity in representing 
different classes of functions by schemes and formulas 
are frequently obtained by using “power considerations”. 
The following statement is an example. 

Let S (n, m) be the number of schemes from a class K, 
each of which represents a Boolean function depending on 
the variables z,, 2, ..., Z,, and has a complexity 
higher than m. Let @ (n) be the number of Boolean func- 


tions f (x) in a set J. Then, if S (rn, m) <@ (n), there 


exists in Jt a function f (x") that cannot be represented 
in class K by a scheme of complexity lower than or equal 
to m. 


4.6.35. Show that for any © >O and a sufficiently 


large n, there exists a self-dual function f (x") for which 
the following inequalities are satisfied simultaneously: 


(a) L,(f) > —(1—e); 


(b) La (> =e (te). 


4.6.36. Show that for any ¢« >O and a sufficiently 


large n, there exists a function f (x") which is a superposi- 
tion of functions g (z, y, 2) = zy \/z and is such that 


(#4) 


Le (f) > ge (18), 
4.6.37. Let L (mn) = max L (f). Show that for any 
fePs 


self-dual function f(z") the inequality L (f(zx"))< 
L (n — 1) + 4n is valid. 


4.6.38. A Boolean function F (y") has the property 


~~ 


U,, if any Boolean function f (z”) can be obtained from 
fF (y”) by substitution of constants and redesignation of 
variables (identifications are admissible). 
(1) Show that the function y,y, has the property U,. 
(2) Find the function with the smallest possible number 
of variables having the property U,. 
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(3) Let m(n) be the smallest possible,number of vari- 

ables of a function having the property U,,. Show that 
an net 
LAC a ecg 

4.6.39. Show that there exists an X”-functional scheme 
having acomplexity 2-22" —n and representing all func- 
tions depending on variables z,, ..., Xn- 

For constructing two-pole contact schemes representing 
Boolean functions, the method of cascades is frequently 
used. We shall describe this method here. Let f (z,, 
Zo, . ++) Lp), ™>>2 be a Boolean function which has 
to be represented by a contact scheme. By %; (é = 


1, n — 1 we denote the set of all Boolean functions, each 
of which depends only on variables 2;4,, Zj49, .. +. Ln; 


and can be obtained from the function f (z") by an approp- 
riate substitution of zeros and unities for the variables 
ome me a Each set 9; is put in a one-to-one corres- 
pondence with the set V; whose elements are points in 
the plane, called i-th rank vertices. We add two more 
poles, viz. the input pole a and the output pole b. Pole a 
is a zero rank vertex, while pole 6 is a vertex of rank n 
The set of vertices in the scheme 2% representing the func- 


~ n—-1 
tion f(z”) will coincide with {a}U {b}U U V;. The 
i= 


pe 
set of contacts of the scheme may be described as follows: 
let v; be an arbitrary i-th rank vertex (n — 2 >i >0) 
and let the function @ (2;4,, Zi+., ..-,) Zn) in the set 
%; correspond to it (for i = O, the function qg is identical 


to the function f (x")). The functions @ (0, z;4,, ..., Ln) 
and @ (1, 2i+9, .-+; Zn) belong to the set %,;4, and 
have certain vertices vj,, and v;,; respectively corre- 
sponding to them (if the functions @ (0, z;4., ..., 2p) 
and @ (1, ti+2, ..., X,) are identical, the vertices vj,, 
and v;.; coincide). The vertex v; is joined in scheme > 
to the vertex vj,, through the contact z;+, and to the 
vertex vj4; through 2;+,. Finally, the (mn — 1)-th rank 
vertices are Joined with the n-th rank vertex (pole b) 
according to the following rule: 

(1) if a vertex v in V,_, corresponds to a function z,, 
it is connected to the pole b through the contact Zn} 


(2) if a vertex v corresponds to a function z,, it is 
Joined to 0 through the contact z,; 
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(3) if a vertex v is put in correspondence with a func- 
tion identically equal to unity, it is joined to b through 
two parallel contacts x, and x,; and 

(4) if a vertex v is put in correspondence with zero, it 
is not joined to pole b. 

4.6.40. Using the method of cascades, construct a 
scheme representing the function f: 


(1) f (23) = 2,2, @ zy 

(2) f (x*) = IyLy\f Lez \V 2,2,; 

(3) f(2")= 27, @ ry @...@ ay 

(4) f(x") =ayty ... &y \V Dydq - es En} 
(8) FM ay oe. teatisy oe tn 


4.6.41. (1) Show that if f(z") #0, we can delete 
from all sets 9; the functions that are identically equal 
to zero when constructing by the cascade method a con- 
tact scheme representing the function /f. 

(2) Show that the contact scheme obtained through 
such a construction is strongly connected. 


4.6.42. (1) Suppose that the function f(z"), n > 2, 
depends essentially on all its variables. Prove that the 
scheme representing the function f and constructed by the 
cascade method is strongly connected and does not contain 
parallel contacts of the type x;, x; if and only if f is a 
linear function. 


(2) Give an example of a nonlinear function f (z”), 
n >> 2, depending essentially on all its variables and 
such that the scheme representing it and constructed by 
the cascade method does not contain parallel contacts 
of the type z;, z;. 

4.6.43. Find out if the following statement is true or 


ww 


false: if a function f (x"), n >> 2, depends essentially on 
all its variables and the contact scheme representing / 
and constructed by the modified cascade method described 
in Problem 4.6.41 (1) contains n contacts, then f = 
xiias? ... xz,", where o; € {0, 1}. 

4.6.44. Disprove the following statement: if a func- 
tion f is such that for a certain i each of the sets Y; 
and %;+, used in the cascade method does not contain 
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functions identically equal to zero and,unity, but does 
contain at least three functions, then the scheme repre- 
senting f and constructed by the method of cascades is 
not plane’. 

4.6.45. Give an example of a function f for which the 
cascade scheme realizing it is not plane. 


1 We mean the schemes without an additional edge joining the 
poles. 


Chapter Five 


Fundamentals of Coding Theory 


5.1. Codes with Corrections 


Let A and B be two finite alphabets and let R be a 
certain set of finite words in the alphabet A. A single- 
valued mapping @ of the set R into a set of words in the 
alphabet B is called a coding of the set R. The counterpart 
C of the set R for the mapping g is referred to as a code 
of the set R. Words in C are known as code words. If a 
word w in R maps a word v in C, then v is a code of the 
word w. Words in R are called messages, and the alphabets 
A and B are called a message alphabet and acoding alphabet 
respectively. If a coding alphabet B consists of two letters 
(in this case we shall assume that B = {0, 1}), the coding 
~ and the corresponding code C are binary. A code is 
referred to as a uniform, or block, code if all code words 
are of the same length. A block binary code in which 
every code word has length n is a subset of vertices of 


a unit n-dimensional cube. A Boolean function fo (x") 
which is equal to unity in the set C and to zero outside 
C is called the characteristic function of the binary block 
code C. Let o (a, 6) be the ordinary Hamming distance 


~ 


between vertices a and 6 in B”, which is equal to the 
number of coordinates in which @ and 6 differ. The quant- 


ity d(C) = min op (a, 6), where the minimum is taken 
over all pairs of different vertices belonging to the code 
C <= B", is called the code distance of the code C. The 
code C < B" with a code distance d is abbreviated as 
the (n, d)-code. The maximum possible power of an 
(n, d)-code is denoted by m (n, d), while an (n, d)-code 
whose power is m(n, d) is known as the maximum code. 
A compact code is an (n, 2d + 1)-code which satisfies 


the following condition: for any vertex a € B", there 
exists a code word £ for which o (a, 8) <<d. A binary 


156 CH. 5. FUNDAMENTALS OF CODING THEORY 


block code is referred to as equidistant i& the distance be- 
tween any two code words is constant. A code C < B" 
is known to be an equal-weight code if any code word has 
the same weight, i.e. if there exists an integer k (O< 
k <n) such that C < B,. This number & is called the 
weight of an equal-weight code. The quantity max |C |, 
where the maximum is taken over all (n, d)-codes of 
weight k is denoted by m (n, k, d). 

Let the words of a binary block code C be transmitted 
through a communication channel where a distortion of a 
transmitted word may occur. The transmission via such 
a channel can be regarded as transformations of the words 
being transmitted. Here we shall consider only such 
transformations of binary words which do not change the 
length of a word and consist in the replacement of certain 
letters by the opposite, i.e. in the replacement of 0 by 4 


and 1 by O. [f a word a is transformed into a word B 


differing from a as a result of transmission, this means 
that errors have been introduced into the channel. lf the 


i-th letter of a word a being transmitted differs from the 


i-th letter of the obtained word 8, the error is said to 
occur in the i-th digit. If the obtained word differs from 
the word being transmitted in ¢t digits, ¢ errors are said 
to have been introduced. Obviously, the number of errors 
made during a transmission is equal to the Hamming 
distance between the transmitted and_ received 
words. 

Let C < B” be a binary code. An arbitrary single- 
valued mapping of the set B” onto the set C is called a 


decoding. Let a €C, and let -' (a) be a set of all ver- 
tices 8 in B", such that » (B) = =a. Let S” (a) be a set 
of all words which are obtained from a code word a 
as a result of not more than ¢ errors | (obviously, S; (cx) 


is a sphere of radius t with center at a). A code C is said 
to correct t errors if there exists a decoding w such that 


St (cr) ep (x) for any a €C. A code C reveals t errors 
if any word which can be obtained from an arbitrary code 


word OL as a result of not more than ¢t distortions differs 
from any word in C\ {a}. 
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9.1.1. Prove that acode C < 8B” corrects ¢ errors if and 
only if p (v, w) > 2t + 1 for any two different code words 
vand win 

0.1.2. Is it true that a code C < B&B” correcting t errors 
reveals 

(1) at least 2¢ + 4 errors; 

(2) at least 2t errors; 

(3) not more than 2¢ errors? 

9.1.3. Prove that it is possible to obtain from any sub- 
set C < B” a code detecting an error by deleting from C 
not more than half the vertices. 

9.1.4. Determine the number of errors corrected and 
revealed by a code with a characteristic function f if: 


(1) f(x") =2, @ 2, @ ... Oa’ 


(2) f(z") = 2,2, we En VV 242... Eni 

(3) f (23) SH TyLy 11. Lzn \VV LyrQ... eC eet oer vee Xan 
VE ipa Dei es aba VV Witenes 

(4) f (2) Sls ee Bay Dil oe Byes l a D ve 
@ tz ..- 2 


oe 

5.1.5. Let the words of a binary code C be transmitted 
via a transmission channel so that not more than one error 
can be introduced during the transmission of a code word. 


For each code word a, construct the set of words which 


can be obtained as a result of the transmission of @ through 
the channel: 

(1) C = {041100, 00111, 11010, 10001 }; 

(2) C = {11110, 10100, 01011, 11001}. 


Let p be the probability of the fact that an error is 
introduced in the i-thdigit of an arbitrary word w in B" 
during its transmission via a channel for all i = 1, n. 
Let C < B” be a code of power m, and p: B" +C bea 
decoding. The quantity 


1 n—-plv, w 
Qv(p, C)=s7 Dd Dy prem (d— pyre 
vEC wey (v) 
is called the authenticity of the decoding for the code C. 
5.1.6. Prove that for 0 < p < 1/2, the maximum of 
the quantity Qy (p, C) over all possible decodings for a 
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fixed C is attained provided that for éach w € B” the 
equality po (w,  (w)) = min p (w, v) is satisfied. 


v€ 
5.1.7. (1) For the code C in Problem 5.1.5 (1), con- 
struct a decoding » with the maximum authenticity 
Oy (p, C), 0 <p<1/2 and indicate the set w-> (w) 
for each w € C. Determine max Qy (1/4, C). 


V 
(2) Determine the number of different decodings » 
with the maximum authenticity for the code C in Prob- 
lem 5.1.5 (4) and 0 < p < 1/2. 
5.1.8. Determine the maximum possible power of a 


code C < B" possessing the following property: for any OL 


and B in C, p (a, B) are even. 

5.1.9. Determine the number of maximum (n, 2)- 
codes. 

5.4.10. Let n = 3k. Prove that m (n, 2n/3) = 4. 


5.1.11. Prove that the power of a compact (n, 
d 


Pe n 

2d-+1)-code is 2 [>| iE 

5.1.12. Does there exist a compact (n, 3)-code for 
n = 147? 

5.1.13. Prove that for n >7, there exists no compact 
(n, 7)-codes. 

5.1.14. Prove that a code C < B" is not maximum if 
[Ce | 3s 

5.1.15. Prove that if there exists a compact (n, 3)-code 
in B”, there exists a partition of the cube B"*' into dis- 
joint spheres of radius 1. 


5.1.16. Let C be a compact (n, 2d-+1)-code. Prove 
n eae 
that Re in this case is exactly divisible by 


(“er 

i) 

5.1.17. Prove that there exist no equidistant (n, 2d + 
1)-codes of power exceeding 2. 

9.1.18. Prove that for an even d there exists an equi- 
distant code of power [2n/d}. 

9.1.19. Prove that m (n, d) is a non-decreasing func- 
tion of parameter n. 
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5.1.20. Prove that 

(1) m (n + d, d) > 2m (n, d); 

(2) m (2n, d) > (m (n, a))*; 

(3) m(n, d) < 2m (n — 1, ad). 

9.1.21. Prove that 
2¢ 

m (n, 2-1) >2"/ ( ‘ae 

i=0 


5.1.22. Prove that 


m(n, k, 2d)<—— | ; 
a ee 


0.1.23. Prove that for n<2d, the following ine- 
quality holds 


2d 
Se ee ee 
m(n, d)Sz—; - 


5.1.24. Prove that 


na 
m(n, k, )<| sear | 
if 2k?—n(2k—d) > 0. 
5.1.25. Prove that 


(1) m(n, k, d)<| = m(n—1, kA, d) |; 


(2) min ks O<[ FLEE Lz] WY 
(3) m(n, k, dy<| -m(n—1, k, d)]. 


? 
n—k 

5.1.26. Let q (nm, d) be the maximum number of ver- 
tices in 2B", the pairwise distances between which do 


not exceed d. Prove that 
m(n, d-+1)q(n, d) < 2". 


5.1.27. Prove that m (n, d) < 2"-%}, 

5.1.28. Prove that from any set C < B” such that 
| C | > 24, it is possible to isolate a subset D of power 
not less than 2-“*! | C | which is an (n, d)-code. 
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2 


5.2. Linear Codes 


The expression of the form 


MiG, BD dotto D1. . Bdge, (1) 
where 0; EB he G YO; 4}, i =1,s, is called the linear 
combination of the vectors o Oy; Oo, ia ee a, . The linear com- 
bination (1) is called trivial if A, = 4, nay She 0 


and non-trivial otherwise. Any linear Sonata of 


“w 


vectors in B” is obviously a vector in B”. Vectors a,, 


~~ lod 


yo, ..., @, in B” are linearly independent if any of their 
non-trivial linear combinations differs from 0 = = (0; 


0, , 0). Otherwise, the vectors Oy, Che, ok wee a, are 
said to be linearly dependent. A subset G € B” is called 
a group if G is closed with respect to the exclusive sum, 


i.e. for any a and B in G, the vector « @® p belongs toG. 
It follows from the closure of G with respect to the oper- 
ation @ that any linear combination of vectors in G 


also belongs to G (in particular, 0 € G). Thus, any group 
G in Bb" is a linear vector space generated by the field F, = 
({0, 1}, ®, -). The maximum number k = k(G) for 
which there exist k linearly independent vectors in the 
group (linear space) G is called the dimensionality of G. 
The set of & linearly independent vectors of a linear k- 
dimensional space is known as the basis of this space. 
If a code G < B” forms a group, it is called a linear, or 
group, code. If a linear code in B” has a dimensionality k, 
it is referred to as an (n, k)-code. A binary linear code 
correcting one error is known as a Hamming code. 
Linear codes can be conveniently defined in terms of 
matrices. A matrix H (C) whose rows are code words of 
a code C < 8” is called a code-C matrix. A matrix M (C) 
formed by k arbitrary linearly independent vectors which 
are code words of an (n, k)-code C is called a generating 
matrix of the code C. \f H is an arbitrary matrix formed 


1 The definitions of mod 2 sum of vectors and mod 2 product 
of a scalar by a vector are given in the section “Boolean Vectors 
and a Unit n-dimensional Cube”. 
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by zeros and unities with n columns, the set C (ff) of 
all vertices of the cube B”, which are linear combinations 
of rows in the matrix H, is called a code generated by the 


matrix H. Vectors . = (a, Qo, .+., G,) and B = 
(B,, Bo, ..., By) are referred to as orthogonal if a,b, ® 
apoB... Ba,B, =O. The set V (A) of all vectors 


in B” which are orthogonal to each of the rows of the 
matrix H is known as the null space of the matrix H. Let 
C be a binary code whose each word is orthogonal to each 
row of a certain matrix H. If C is an (n, k)-code, and the 
matrix H consists of n — k linearly independent rows, 
then H is called a checking matrix of the code C. The set C* 
of all vectors that can be represented as a linear com- 
bination of the rows of the checking matrix of the (n, k)- 
code C is called a code dual to the code C. By g (n, d) 
we shall denote max |C |, where the the maximum is 
taken over all linear codes C < B&B” with a code dis- 
tance d. 


5.2.1. Let a set C < B" consist of k linearly indep- 
endent vectors. Prove that any two linear combinations 
of vectors in the set C, having different coefficients, are 
different vertices of the cube B”. 

5.2.2. Prove that there exists in B” asystem ofn linearly 
independent vectors, but there exists no system of n + 14 
linearly independent vectors. 

5.2.3. Prove that the number of vectors in B” that 
can be represented by linear combinations of type (1), 


where yu< t, does not exceed x : 


5.2.4. "Prove that any (n, k)- code has a power 2°, 

5.2.5. Prove that in a binary linear code either each 
code vector or half the code vectors have even weights. 

5.2.6. Prove that the number of different bases in B” is 


(2 —1) (2% —2) ... (2%—2"1) 


n! 


5.2.7. Prove that the number of different (n, k)-codes 
in B” is 
(2% —1) (272) ... (2? —2h-1) 
(2k —41) (2k—2) ... (2 —2R-1) © 
11-0636 
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5.2.8. Determine the number of vectors in B” which are 


orthogonal to a given vector @ in By. 

5.2.9. Prove that the set of all vectors in B” which are 
orthogonal to each row of a (k X n) binary matrix H 
form a linear space. Is this space always (n — k)-dimen- 
sional? 

5.2.10. Is it true that for any linear code there exists 
a matrix H which is 

(1) a generating matrix; 

(2) a checking matrix? 

5.2.41. From a given matrix H, determine the power 
m (C (f)) of a code C (#) generated by it, as well as the 
code distance d (C (A)): 


100141 fead 
wa-(i too i) aa |: 
11100 ree 
1100 .,, 00 0) 
01410 00 0 
00414... 000 
(3). 27 S| See sens Ge Men de 
Sob yay 
1000 00 14 


Here H is an (n X n) matrix; 

(4) H = (I;,P), where J, is a unit (k < k) matrix and 
P is an arbitrary binary (k x (n — k)) matrix, formed by 
different rows, each of which contains at least two uni- 
ties, and k < n — log, (n +1); 

(5) H = ([,Q), where J, is a(5 X 5) unit matrix and 


411044100410 
O144400%4 01 
Q=|1 10410144 4 Of. 
011004414141 
if10140%4%41 01 
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5.2.12. Let V < B” be a space consisting of linear 
combinations of rows in a matrix H = (/,P), where I, 
is a unit (A X k) matrix and Pisa(k x (n — k)) matrix 
consisting of zeros and unities. Prove that V is a zero 
space of the matrix G = (P'J,,_,), where J,_, is a unit 
matrix of dimensionality (n —k) x (n —k) and PT 
is the transpose of the matrix P. 

9.2.13. Construct a checking matrix for a code gener- 
ated by the matrix H from Problem 5.2.11 (1). 

9.2.14. Prove that if C < B” is an (n, k)-code, the 
code dual to C is an (n, n — k)-code. 

9.2.15. Let H (C) be a matrix of an (n, k)-code C < 
B”", which does not contain null columns. Prove that 

(1) each column of the matrix H (C) has 2%"? unities 
and the same number of zeros; 

(2) the sum of the weights of rows of the matrix H (C) 
is n-2"-*, 

5.2.16. Prove that the code distance of a linear code 
C =< B” is equal to the minimum weight of its nonzero 
vectors. 

9.2.17. Prove that the code distance of an (n, k)-code 
does not exceed [n2"-1/(2* — 1)]. 

5.2.18. Prove that for n = 2d —1, the power of a 
linear (n, d)-code does not exceed 2d. 

5.2.19. (1) Prove that the maximum possible power 
g(n, d) of a linear (n, d)-code satisfies the inequality 
g(n, d) < 2g (n — 1, d). 

(2) Using the result obtained by solving Problem 5.2.18, 
prove that g (n, d) << d-2"-?42, 

5.2.20. Let a code C be a zero space of a matrix A. 
Prove that the code distance of the code C is not smaller 
than d if and only if any combination of d —1 or a 
smaller number of columns of the matrix H is linearly 
independent. 


d-2 
5.2.21. Prove that if >) Ca ae there exists 


i=0 
a(k <X n) matrix consisting of zeros and unities, in which 
any d — 1 columns are linearly independent, and hence 
there exists an (n, nm — k)-code with a code distance 
equal to or longer than d. 

5.2.22. Let H, , be a (k < n) matrix, where k = 
Hog, (x + 1)l, in which the i-th column is a binary de- 


11* 
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composition of the number i (i =1, m). For example, 
for n = 6, the matrix H,, has the form 


0001 1 1 
a-(0 1 10 0O i). 
10140 1 0 


(1) Prove that the zero space of the matrix is a Ham- 
ming code, i.e. a linear code correcting one error. 
(2) Construct a code which is a zero space of the matrix 


3, 6° 
(3) Determine the number of errors that are corrected 
by the code generated by the matrix H;,, jy. 


5.2.23. The spectrum of a set C < B” is a vector s = 
(Sp, S13, . ++) Sp), Where s, is the number of pairs of ver- 
tices in C that are r apart. Prove that for any (n, k)-code 
C, there exists an (n, k)-code C’ having the same spectrum 
and a generating matrix of the form (J;P), where J; 
is a unit (k x k) matrix and P isa (k X (n — k)) matrix 
consisting of zeros and unities. 

5.2.24. (1) Prove that g (9, 5) = 4. 

(2) Prove that m (9, 5) > 5. 

9.2.20. Let an (n, k)-code have a code distance d. 
Is it true that there exists an (n, k)-code with a code dis- 
tance d — 1? 


5.3. Alphabet Coding 


Let A be an alphabet; then A* is a set of all finite 
words in the alphabet A, including an empty word. The 
length (number of letters) of a word w is denoted by A (w). 
An empty word is denoted by A. A concatenation of words 
w, and w, obtained by writing the word w, just to the 
right of the word w, is denoted by w,w,. The word w, 
is called the prefix, and the word w, the suffix of the word 
W W,. The prefix w, (suffix w.) of the word w,w, is called 
proper if w, ~ A and w, ~ A simultaneously. A word v 
is known as a subword of a word w if there exist words u, 
and u, such that w = u,vu,. 

Let A = {a,, ay, ..., Gm} be a message alphabet 
and B a coding alphabet. Let @ be a single-valued map- 
ping of letters of the alphabet A onto B*. The coding of 
words in the alphabet A when each word (message) 
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i,0i,.-. ai, is juxtaposed to a word @ (a;,) @ (ai,) . . . 
p(ai,) is called alphabetic (or letter) coding. An alpha- 


betic coding is completely determined by the mapping 
generating it and is denoted by Ky. Theset {g (a): a€ A} 
is called an alphabet code and is denoted by g (A). An 
alphabetic coding A, and the corresponding code q@ (A) 
are assumed to be uniquely decoded or divisible if each 
relation of the type 


P (4i,) P (ai,) --- P(Gi,) = @ (4;,) P(45,) -.- @(a;,) 


for the words in the coding alphabet B implies that 1 = k 
and jy = i, (¢ = 1, k). A code q@ (A) is called a prefiz 
code if none of the words in q (A) is the beginning of 
any other word in g (A). A divisible alphabet code 9 (A) 
is assumed to be complete if for every word w inacoding 
alphabet B the following statement is valid: either w 
is a proper prefix of a certain word in @ (A), or a certain 
word in @ (A) is (not necessarily proper) a prefix of the 
word w. 

One of the algorithms of detecting an alphabet code 
divisibility consists in the following. Let (A) = 
{wW,, We, .. +, Wm} be an alphabet code. Let S, be the 
set of all proper suffixes of code words and S, the set of all 
words each of which is a prefix of a code word. Let us 
consider an oriented multigraph G, whose vertices are 
the elements of the set S = (S, (| S,) U {A}. Let o 
and t be two different vertices in S. The arc joining o 
and t in the graph G, exists if and only if there exist 
such a code word w and such a sequence P = wj,, 
Wigr ss yr Wi, of code words that w and owj,wi, ... W;,t 
are equivalent as the words in a coding alphabet. More- 
over, if go ~ A, the sequence P may be empty. The arc 
joining o with t is assigned the word wi, wi, ... Wi,. 
The multigraph G, has no loops and is referred to as the 
graph of the alphabet code om. The following theorem is 
valid. 

Theorem 1 (Al. A. Markov). A code @ is divisible if and 
only if the graph G, contains no contours passing through 
the vertex A. 

Example 1. Let g (A) = {cc, cca, beca, aa, ab}. Then 
S = {A, c, cca, a, 6}. The graph Gg is shown in 
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Fig. 22a. There exists a contour in G, passing through 
the vertices A, a and b. By writing the words assigned to 
the vertices and arcs of this contour, we obtain a word 
which can be decoded in two ways: 


ccabcca = (cca) (becca) = (cc) (ab) (cca). 


Example 2. Let @ (A) = {a, ab, acbb, bb, bbacc}. 
Then S = {A, b, bb}. The graph Gy shown in Fig. 226 
has no contours passing through A. The code is divisible. 

Let us suppose that we have a message source which 
consecutively generates at random the letters of the 


q lo) 
a 
A 

A 
bb 

(d) 

Fig. 22 
alphabet A = {a,, a, ..., Gm}. It is assumed that the 


emergence of letters of the alphabet A is statistically 
independent and obeys the probability distribution 


P = {D, Poy +--+) Pm}s Pi > 9, >) pj = 1. Any binary 


alphabet code C = {w,, Wo, ..., Wm} can be associated 
with a number 


Lo (P)= pa, p;A(w;), 


which is called the cost of the code C for the distribution 
P. The number £¢— (P) is equal to the average number of 
letters of the coding alphabet per letter of the alphabet 
A. The prefix code Cy, is assumed to be optimal for the 
distribution P if £c, (P) = me £¢ (P), where the lower 


bound is taken over the set of prefix binary codes con- 
sisting of m words. 
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The Huffman method for constructing an optimal code 
is based on the following theorem. 

Theorem 2. Jf C = (wi, We, »..; Wm) is an optimal 
binary code for the distribution P = a Par - ++: Dm} and 
Pi=UN +42, Where pp >preS... SpPjriltpyS 
Pj4r 2-2 Pm ZN SG, thecodeC = {W1, We, eit. 9 
Wjiry Wjy+ty - ++) Wm, WO, wj1} is optimal for the distri- 
bution 


P = {Pi, Poy - + +9 Pints Pitts ++ ++ Dms M9 Qa}- 


The code C’ is known as an extension of the optimal code C. 
The Huffman method consists in the following. Let 
Pm, and py», be the last two probabilities in the original 
list of probabilities compiled in a non-increasing order. 
These probabilities are excluded from the list, and their 
sum is inserted into the list in such a way that the prob- 
abilities in the new list are arranged in a non-increasing 
order. This procedure is repeated until we obtain a list 
of two probabilities, in which symbol 0 is assigned to one 
probability and symbol 1 to the other (this is the optimal 
code for a two-letter alphabet of messages for any prob- 
ability distribution). Then, in accordance with the 
theorem, an optimal code is constructed for three letters 
for the corresponding list of probabilities, and so on until 
we obtain an optimal code for the original list of prob- 
abilities. The Huffman method is illustrated by the 
following example: 


0.4 0.4 


wear 4d 
fo" Mele 


Q.2 


{" 
01 


468 CH. 5. FUNDAMENTALS OF CODING THEORY 


For a given probability distribution,*there also exist 
other optimal codes such as 


Table 6 


1 0.4 | 4 00 4, 0.4 | OO10 | 110 


2 0.2 | O41 01 o 0.4 111 


0011 


Fano’s method of constructing codes close to optimal 
consists in the following. A list of probabilities compiled 
in a non-increasing order is divided into two (consecutive) 
parts so that the sums of the probabilities constituting 
these parts are as close as possible. Each letter of the 
message alphabet corresponding to a probability in the 
first part is assigned the symbol 0 (or 1), and the re- 
maining letters are assigned the symbol 1 (resp. 0). This 
procedure is continued on these parts as long as a part 
contains at least two probabilities. We continue in the 
same manner until the entire list is divided into parts 
containing one probability each. The examples of codes 
constructed by Fano’s method are given in Table 6. 


5.3.1. Using a given alphabet code @ (A), construct the 
graph G, and find out whether or not the code is divisible: 

(1) p (A) = {ab, de, a, beadd. ca}, A = {i, i = 1, 5}; 

(2) @ (A) = {ddac, dd, cddab, a, cddd, b}, A = {i, i = 
1, 6}; 

(3) @ (A) = {a, ab, acbb, abb, bbacc}, A = {i, i = 


1, 5}; 

(4) p (A) = {abc, bbe, beb, caa, acbb, cbcb, becabb, 
abcacbbb}, A = {i, i = 1, 8}; 

(5) @ (A) = {abc, abb, bec, ccaa, beabbbec, bbccaaabca, 
abcabbabbbcca}, A = {i, i = 1, 7}; 

(6) pm (A) = {ab, bb, ca, cba, abb, bac, aabe, cabba}, 
A= {i, t= 1, 8}. 

5.3.2. Let the numbers 1, 2, 4, 17 and, 98 be encoded 
by their binary divisions of the minimum possible length. 
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For example, the code of unity is 1, the code of two 
is 10, and the code of four is 100. Is this coding div- 
isible? 

3.3.3. Using a given indivisible code g (A) = {aa, ab, 
cc, cca, becca} and the word w in the coding alphabet B = 
{a, b, c}, find out whether the word w is a code of a 
message. If this is the case, find out whether the word w 
is a code of exactly one message: 

(1) w = ccabccabccabcc; 
becaccabccabccacabcca,; 

(3) w = abbccaccabccaabab. 

5.3.4. Let @ (A) be an alphabet code and G, be a graph 
of this code. Let a graph Gq be obtained from Go by delet- 
ing all the vertices which are code words. Will Theorem 1 
remain valid if Gg is substituted for G,? 

9.3.0. Let @ (A) be an alphabet code ana Gy the eran 
of this code. Let a graph Gy be obtained from G. by delet- 
ing all the arcs which are “labelled by A and which ter- 
minate at the vertex A. Will Theorem 1 remain in force 
if we substitute Gy for G,? 

09.3.6. For a given divisible code (A), construct a 
prefix code with the same set of lengths of the code words: 

(1) p (A) = {01, 10, 100, 111, 011}; 

(2) » (A) = {1, 10, 100, 0100}; 

(3) p (A) = {40,7 104, 114, 1011}. 

0.3.7. Let @ (A) be an alphabet code of power m, in 
which the sum of the lengths of the code words is equal 
to N, and the maximum length of the code words is 1. 
Using Theorem 1, prove that the code q (A) is divisible 
if and only if each word in the coding alphabet having 
a length not larger than (J — 1)(N —m-4+ 1)+1 is 
either a code of exactly one word composed of the letters 
of the alphabet of messages A, or is not a code of any 
word in A*, 

9.3.8. Let k be the minimum and / the maximum length 
of the code words of an alphabet code @ (A) and let NV 
be the sum of the lengths of the code words. Prove that 
in order to establish the divisibility of the code @ (A), 
it is sufficient to verify the uniqueness of decoding of all 
codes of words whose length in the alphabet of messages 
does not exceed N1/k. 

5.3.9: We shall assume that two words w and v in the 
alphabet {0, 1} are equivalent if there exists a word u 


bo 
~~” “eee” 
S 

I tl | 
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which can be obtained both from w and ‘from v by using 
the following finite number of operations: 

(a) deleting subwords of the form 10 and 1001; 

(b) inserting words of the form 10 and 1001 into the 
spaces between letters.! 

Are the following pairs of words w and v equivalent: 

(1) w = 1010101, v = 0101010; 

(2) w = 10010010, v = 010010010; 

(3) w = 11011010, v = 01101101? 

9.3.10. Let M bea set consisting of m non-empty words 
in an alphabet A consisting of & letters. Prove that 

(1) there exists a word in MM, whose length is not less 
than log, (14 + m (k — 1)); 

(2) for any ¢ >O, the fraction of the words in M, 
whose length is smaller than (1 — &) log, (1 + m(k — 1)), 


does not exceed (=)' *m-e form >2,k > 2. 


5.3.41. Let each word in an alphabet binary code C 
of power 2” + 1 have a length not exceeding n. 

(1) Prove that the code C is not a prefix code. 

(2) Can the code C be divisible? 

5.3.12. For given probability distribution of occurrence 
of letters, construct optimal codes by Huffman’s method: 


(1) P = (0.34; 0.18; 0.17; 0.16; 0.15); 

(2) P = (0.6; 0.1; 0.09; 0.08; 0.07; 0.08): 

(3) P = (0.4; 0.4; 0.1; 0.03; 0.03; 0.02; 0.02): 
(4) P-= (0.3; 0.2; 0.2; 0.4; 0.1; 0.05; 0.05). 


5.3.13. (1) Construct the codes for the probability 
distributions of the previous problem by using Fano’s 
method. 

(2) Give an example of a probability distribution for 
which a code constructed by Fano’s method is not optimal. 

0.3.14. Let C = {w,, Wy, ..., Wm} be an optimal 
binary code corresponding to the distribution P = 
(Pi, Poy +++ Pm)s Py = P2 = --->Pm- Prove that: 
(1) A (wi) <A (w;) if pi > py; 

(2) the code C is complete; 

(3) there exist two code words of length A (w,,) which 
have identical prefixes of length A (w,,) — 1 

5.3.15. Prove that if m is not a power of two, there 
exist two words of different lengths in the optimal binary 


1 It is also allowed to write the words 10 and 1001 just to the 
right and to the left of the word being transformed. 
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code for any probability distribution P = (p,, po, . 
Pm). 

9.3.16. Using the solutions of Problems 5.3.14 and 
0.0.10 and the definition of an optimal code, explain 
why the following codes are not optimal for given prob- 
ability distributions: 


o “9 


5.3.17. Determine the smallest m and a probability 
distribution P = (p,, Po, -.-; Pm) for which there exist 
optimal codes differing in tuples of the lengths of the 
code words. 

5.3.18. (1) Prove that the maximum length of a code 
word in an optimal code of power m does not exceed 
m — 1. 

(2) Prove that for any integer m (m > 2) there exists 
a probability distribution P = (p,, Po, -. +, Pm) satis- 
fying the following condition: there exists an optimal 
code corresponding to the distribution P such that the 
maximum length of the code word in it is equal to m — 1. 


m__ 
5.3.19. Prove that there exist not more than (* - ) 


complete prefix binary codes of power m. 

5.3.20. A code is referred to as almost uniform if the 
lengths of its code words differ by not more than unity. 
Prove that for any natural m a nearly uniform code is 
optimal for the distribution P = (1/m, 1/m, ..., 1/m). 
Is the converse true? 

5.3.21. (1) Prove (by induction in m) that the sum of 
the lengths of the code words in an optimal code with m 


messages does not exceed 5 (m. -+ 2) (m — 1), m S 2. 
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(2) Prove that for any integer m > 2, the estimate in 
the previous problem is accessible. 

5.3.22. Let g,, £0, -- +> Gm be arbitrary pairwise dis- 
joint faces of the cube B” with dimensionalities r,, 
To, +++, Tm respectively. 


m™m 
(1) Using the obvious inequality a Off = On prove 


i=1 
that the lengths A(w,), A(w.), ..., 4 (Wm) of the words 
of an arbitrary binary prefix code C={u,, Wy, ...,Wm} 


m 
satisfy the condition » 2°-*’?<1. 
i=t 
(2) Prove that a complete prefix code satisfies the 


m 
equality >) 27") —1. 
m1 


(3) Prove that if >) 2°"'<1, where A, are natural 
i= 


numbers, i-=1, m, there exists a prefix code with 
words of lengths\A,, A., ...) Am: 

9.3.23. (1) Is it true that the number of code words 
of maximum length in an optimal binary code is even? 

(2) Is it true that this number is a power of two? 

5.3.24. Let C = {w,, We, ...,; Wm} be a complete 
prefix binary code and let A (w;) SA (wi4,) for all 
i= 1, m—1. Prove that for m+>2 and all i = 
1, m — 1 the inequality A (w;+,;) — A (wi) < log, m — 1 
is valid. 

5.3.25*. Let L, be the smallest integer for which 
there exists a binary prefix code of power m, with the 
sum of the lengths of the code words equal to L,,. Prove 
that L,, > m llog, ml] for m > 2. 


9.3.26. Prove that the lengths of the code words A (w,), 


i (We), -.-, A(W,) of an optimal binary code C = 

{w,, Wy, -. +, Wm} satisfy the condition >) 27™”) = 1. 
i=1 

5.3.27. Let P = (ny, Po, --+-; Dm) be a probability 


distribution (pj; >0,i = 1, m), and £& (P)=inf L¢ (P), 
C 


where the lower bound is taken over all binary prefix 
codes of power m (m > 3). 
(1) Prove that Z (P) > 1, 
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(2) Prove that for any ¢ > 0 and any integer m > 1, 
there exists a probability distribution P = (p,, py, ..., 
Pm) such that Z (P)< 1-4 «. 

Shannon's method for constructing almost optimal 
codes consists in the following. 


Let P=(P. Po, ce 8g Pm). Pi > 9, > pil, Pi=> Piss 
i= 


i=1, m—1, be the probability distribution for the 
occurrence of the letters in the alphabet of messages 
A = {@,, G:, ..., @m}. Then a letter a; is assigned a code 


word of length l= ]log—| , composed of the first 
(after the decimal point) 1; digits of the decomposition 
i-1 


of a number g;-,= >) p; into an infinite binary fraction 
j=1 


(rounded down). 

For example, if P = (0.4, 0.3, 0.3), the code of the 
letter a, is 00, the code of a, is 01, and the code of a, 
is 10. 


9.3.28. Using Shannon's method, construct the codes 
for the probability distributions in Problems 5.3.12 (1) 


and (2). 
5.3.29. Indicate the smallest m for which there exists 
a probability distribution P = (p,, Par sess Pm) such 


that the code constructed by Shannon’s method for the 
given probability distribution is not optimal. 
5.3.30. Prove that the code constructed by Shannon's 
method is a prefix code. 
5.3.31. Let £2* (m) = sup ini Lo (P), where the up- 
P 


per bound is taken over all distributions P = (Pi, Dor - ++ 
Pm) such that p; >0, i = 1, m, dpi — 4, 


(1) Prove that £* (m) > [log, ial. 
(2) Prove that £* (m) ‘< [log, m] + 14. 


Chapter Six 


Finite Automatons 


6.1. Determinate 
and Boundedly Determinate Functions 


Let A be a non-empty finite alphabet. The elements of 
the alphabet are called letters (or symbols). A word in an 
alphabet A is a sequence formed by the letters of this 
alphabet. The length of a word w (the number of letters in 


the word) is denoted by A (w). The set of all words x* = 
xz (1) x (2)... x (s) of length s (s > 1) in the alphabet 
A will be denoted by A‘. A word of length 0 (empty word) 
is denoted by the symbol A. By A* we denote the set 


{A} U UA‘, while A” denotes the set of all words ~° = 


| 
x (1) x (2) ..., where x (t)€ A, t=1, 2,.... The 
words in the set A” are called infinite words in the alpha- 
bet A. 

The word w, obtained by writing a word w, to the right 
of a finite (or empty) word w, is called a concatenation of 
words w, and w, and is denoted by w,w,. The word w, 
is called the beginning (prefix), and w, the end (suffix) 
of the word w. 

Let A and B be finite non-empty alphabets. The map- 
ping g: A“ > B® is called a determinate function or a 
determinate operator (in abbreviated form, a d-function 
or a d-operator) if it satisfies the following condition: 


for any s > 1, the s-th symbol y (s) in a word y = 
7) (x) is a single-valued function of the first s symbols 


BAN Be (2)s & aay (s)_ of the word 2°. 
If the words 2° and 2 have identical Las of length 
s (s > 1), the words y® = — (2°) and ye (x®) have 


also ‘identical prefixes of length s. 
The set of all d-functions of the type g: A® > B® will 
be denoted by @, ,z. 
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If A =A, xX Ap x... xX A, and B=8B, X B, X 
... X B,, then the mapping go: A° > B® induces 
m functions each of which depends on n variables, the 
variable X; running through the set A} (j = 1, 2, 


n). These functions are defined as follows. Let 2 


— 


x (1) 2 (2)... a(t)... be a word in A® and y® = 
¢ (2°) =y(t)y (2)... y(t)... . In this case, x (t) = 
(x, (¢), La (t), -- +, Fn (2), 7. x; (t) E A jy ro = 
a 8 eo 2 Re PS ae C7 2 x2), y(t)= 
(y, (t), Yo (ts s+ +> Ym), Yi QEB, yi= 


Yi (4) yi (2) sista (t) . $s t YOY a Uae see Uo) 
Qi (295 Ea LES | In) = es Yi 


By proceeding in the reverse order, we can _construct 
the mapping @ from the functions q,. 


The concept of a d-function of n arguments arises natur- 
ally upon a consideration of d-functions of the type 
pg: (Ay X Ag X ... X An)? > Be. 

The variable X, of a function p (X41, Xe, - + +) Xn): 


(Ai Ag XxX we ia KA n)® > - Be is called essential if 
there are two tuples (x , 22, be ee zr ) and (2°, ze, 
os 2) of values of the variables X,, X,,..., Xn 


which differ only in their first _components and such 


that 9 (2%, T345 a ee a)  @ (x? Thor Tayr + + ss 2). If 
the variable X, is not essential, it is called fictitious. 
All other essential and fictitious variables X; on which 
a given function depends are defined in an identical man- 
ner. 


The function @ (X,, X,, ..., X,) is said to depend 
essentially (fictitiously) on a variable X; (1<i< n) if 
this variable is an essential (resp. fictitious) variable of 
the function q. 

If A is a set of all vectors of length n with elements 
in E,, and B is a set of all vectors of length m with ele- 
ments in £,, we shall use the notation @,’/" instead of 
®,.,. For n =m = 1, the superscripts in @,;"} will 
be omitted. If k = 1, we shall write only one subscript: 
@;,?”. 
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Sometimes it is convenient to assume:that a d-function 
g~in@®, , is represented by a discrete device (automaton) 
Y%, operating at discrete instants of time ¢ = 1, 2, 
At each instant ¢ of time, a signal z (t¢) is supplied to the 
input of this device, and a signal y (t) appears at the out- 


put (Fig. 23). The words ze 


x(t) y(t are called input words and y® 
the output words. The alpha- 
bets A and B are called input 


Fig. 23 and output alphabets of the 
automaton A,. If A = A, X 
A,X... X A, andB = B,x B,X ...xX Bp, it can 


be assumed that ‘the automaton Yo represents m determi- 
nate functions, each of which depends on n variables. 
Any two functions q, and g, in ®,, , are called dis- 


tinguishable if there exists an input word Ze which is 
processed into different output words by them, i.e. 


; (2°) + Po (2°). If, however, the equality q, (7°) = 


Po (2) is satished for any input word x®, then q, and q@, 
are called equivalent or indistinguishable d-functions. 
_ Let p € M,,, and ~ € @M,,,- If there exists a word 


xs € A* such that! @ (xs 2) = p (x3) w (2°) for any word 
x® € A®, the operator wp is called a residual operator of the 
operator @ generated by the word zs, and is denoted by 
P~,. The set Q (q, 73) of all residwal operators of the 
0 


operator @, equivalent to the operator g~, forms an 
“9 


equivalence class called the state of operator @ containing 
a residual operator P~,. The state containing the operator 
0 


¢ is called the initial state. If p € Q (@, x‘), the operator p 


is said to be represented by the state Q (g, x%) of the oper- 
ator qm. The operator 9 is called a boundedly determinate 
operator (abbreviated as a b.d.-operator or a b.d.-function) 
if it has a finite number of pairwise different states. The 


1 Here, @ (28) denotes a prefix of length s to the output word 
@ (z§2"). 
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number of different states of a b.d.-function is known as 
its weight. If the pairwise different states of an operator @ 
form an infinite set, we shall assume that the weight of 


A 


the operator @ is equal to oo. By ®, , we shall denote 
the set of all functions in ®, , that are b.d.-functions. 

It is convenient to analyze d-functions by considering 
their graphic representation in the form of infinite infor- 


Fig. 24 Fig. 25 


mation trees. Let A be an alphabet of n letters. By D, 
we shall denote an infinite oriented rooted tree satisfying 
the following conditions: 

(a) the out-degree of each vertex, including a root, is 
equal to n; 

(b) the in-degree of a root is equal to zero, while every 
other vertex has an in-degree 1; 

(c) each arc of the tree D, is assigned a letter of the 
alphabet A, and different arcs emanating from the same 
vertex of the tree (in particular from a root) are assigned 
different letters. A root of the tree is assumed to be a zero 
rank vertex. If a vertex v is the end of an arc emanating 
from an i-th rank vertex (i > 0), it is called a vertex of 
(i + 1)-th rank. An arc of j-th level (j > 1) is an arc 
emanating from the (j — 1)-th rank veriex. Each infinite 
oriented chain in the tree D, corresponds to a word in 
A”. Figure 24 shows a fragment of the treeD,, A = {0, 1}, 
consisting of the first three levels of this tree (here and 
below, we assume that the left and right arcs emanating 
from a vertex are assigned the symbols 0 and 4 respective- 
ly). Thick lines are used to isolate the chain correspond- 
ing to the word 101. 


12—0636 
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A loaded tree D, » is obtained front the tree D, by 
assigning a letter from the alphabet B to each arc. Each 
oriented infinite chain in the tree D,, , has a correspond- 
ing word in B&B”, formed by the letters assigned to the 
arcs of this chain. Hence it can be assumed that the 
loaded tree D,., defines (represents) the mapping 
g: A®-— B°, which is a d-function. The fragment of a 
loaded tree D, ,, where A = {0, 1} and B = {0, 1, 2}, 
is shown in Fig. 25. The d-function corresponding to this 
tree processes, for example, the word 1010 into the word 
2012 

Let D,,, bea loaded tree representing the d-function q@. 
The residual operator P~s (s > 0) of the operator q@ has 

fi 


a subtree D, , (x3) growing from an s-th rank vertex 


v (x3) at which the chain starting from the root and con- 
taining exactly s arcs terminates. In the i-th level, this 
chain has a corresponding arc labelled by the letter 
Xq (i) C A. 

If the residual operators eee s and Pres are equivalent, 


the vertices v (xi') and v (x5 " corresponding to them and 
the subtrees growing from these vertices are also called 
equivalent. The weight of a tree representing a d-function 
is equal to the weight of this function, and hence to the 
maximum number of pairwise non-equivalent vertices 
(or subtrees) of the given tree. 


6.1.1. Find out if the mapping g: {0, 1}®-» {0, 1}¢ 
is a d-function: 


Fn Ne A al cig Se (2) 2B) eg As es YL) = 
x(it+1), ¢>1; 
(2) @ (x°) = 10100100010 ... 010... 010 for any 
n times 


input word 2°; 
(3) p (x (1) x (2) x (3) . . .) =a (1) x (2) x (4) x (2) 2 (3) 
mage UCR y (1) = 2 (4), y (2) =2(2) and y(t) = 
z(t — 2) for t> 3; 
(4) g (x (1) z “ (2). ..) = Ox (A + 2 (2)) z (A + 2(8)) 
.. ie. y (4) = 90, y (t) =z (14+ 2 (t)) for ¢ > 2. 
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6.1.2. Is the function g: {0, 1}®— {0, 1}° described 
by the following | description a d-function? 


(1) The word x® = x (1) 2(2)... is processed into 
a word 0® = 000 ...0...,if there exists a ¢ such that 
x (t) =0; otherwise, g (xv®) = 1° = 1114 ...4.... 


(2) The s-th letter y (s) in a word ye = @ (x) is equa! 
to zero if the inequality 37 (t)< 2 (¢ + 1) + 2 (t -+ 2) 
is satisfied for a certain ¢< s; otherwise, y (s) = 1 

(3) The s-th letter y (s) in a word y® = @ (z®) is equal 
to 0 if there exists a t > s such that z (t) < 2 (s); other- 
wise, y (s) = 1. 

(4) y (4) = 0, and for s > 2 the prefix y (1) y (2) . 

y (s) in the word y® = &— “(ay contains one more zero 
than in the word z (2) x (3)... x (s). 


Each word z®°=2(1)z(2) ... x(t)... from 


{0, 1}® corresponds to a number v (z®) in the segment 
(0, 1]. The binary expansion of this number is 0, z (4) 


x (2) ...a(t)....tTf a€([0, 1), its binary expan- 
sion? 0, a,a,...a,... generates the word (a) = 
oars .. a(t) ..., where zx (t) = a, (t > 1). 


6.4.3. Find out if the function @: {0, 1}>— {0, 1}° 
is a determinate function: 


(1) @(x®) = (1/3); 
(2) p(x) = (7/15); 
(3) @ (x®) = (2/7); 
(4) @ (2°) =¢V2/2); 


(5) @ (x) = (A/V). 

ee Find out if the function o (X,, Xq, .. + X,): 
{0, 13" « {0, 1}@ «x ... x {0, 1}°— {0, 1}° is de: 
ae nies a 
terminate: 

ee tes x® if v(x®)>v(z2), 

(1) ¢ (zp, nye ee 

x otherwise; 


2 If a = p/2” (n > 1), we consider a binary expansion contain- 
ing an infinitely large number of zeros (p < 2"). If a = 1, then, 


by definition, (a) = 1°. 


12° 
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~ ow [xe if ¥ (2%) v (20) <1/2, 
(2) p(z?, T2)=4 ~ 
x® otherwise; 
nde ‘Ma if v(x°)<v (22), 


otherwise; 


ae. ee 1° if v (2°) + (29) <v (24), 

(4) (2°, Zo, i) ={ ( o) + ( NS ( ) 

x2 otherwise. 

6.4.5. The partial functions g: {0, 1}°— {0, 14}° 
given below are not defined only on the word 0°= 
00 ...0.... Which of these functions can be rede- 
fined to determinate funetions and which ones cannot? 


( 


~»\ J of the word 7® is not less than the 
(1) (2°) =| number of unities, 


x® if the number of zeros in each prefix 


1" otherwise; 


(2) 9 (z®) =y (1) y (2)... y(2) ..., where 
0, if As ((s<t) & (x(s) =1)), 
(3) @ (x*) =y (1) y (2)... y(t) ..., where 
1 if for a certain s<t in the prefix 
10-4 


otherwise; 


z(1)2(2)...x2(s), the number of zeros is 
larger than the number of unities, 
x(t) otherwise; 


(4)  (x®) = y (4) y (2) ... y(t) ..., where 
1 if v(z(1)2(2)... c(00...0...)<1/2, 
vo =| 0 otherwise. 


6.1.6%. (1) Disprove the following statement: if the 
function @ (X,, X,): {0, 1} x {0, 1}@—> {0, 1}" de- 
pends essentially on thevariable X, and if, for each (fixed) 
word z@ € {0, 1}®, m (Xj, 2%) is a d-function, the func- 
tion m (X,, X,) is also a d-function. 

(2) Let the function » (X,, X,): {0, 13" x {0, 1}"#—> 
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{0, 12 satisfy the following condition: for any words 
r° _and zo in {0, 13°, the functions » (X;, 22) and 
Q (r° , X,) are determinate. Will the function @ (X,, X,) 


be determinate as well? 
6.1.7. Construct a fragment of a loaded tree containing 


s first levels for the function y® = @ (x) belonging to the 
set @,: 
(1) y(t) =1 and y(t) =2z(t —1) fort >2, s=83; 
a ) =0 and y (t) = z(t) Oy ¢ — 1) for t>2, 


(3) @ 98-4 +) 
om) =<). 


6.1.8. For a given function @ (x) ED,, repre- 
sent in a loaded tree a chain corresponding to the 


prefix z* of the input word z® and write the prefix ys 


of the output word y®: 
(1) @ (x) = 10100100010 ... (i y(t)=1 only for 


i=(5). i= 2. 3, ont “a7 = 0101004; 


(2) 9 (a=), (a) zt 1111104, 
(b) 27= 10101140; 
1 if x(1)+xr(2)4+...+2() > 72/2, 
(3) y =| O otherwise, 


(a) x!9— 0101010110, (b) z= 1100101110. 
6.1.9. The loaded tree corresponding to a certain func- 


tion g (x®) € M, has the following form: the left and 
right arcs emanating from a root are labelled by O and 1 
respectively; if v is an i-th rank vertex (i > 1) and the 
i-th level arc terminating at the vertex v is labelled by 
o € {0, 1}, the left arc emanating from v is labelled by 


the same symbol o, while the right arc is labelled by o 


(negation of o). | 
(14) Is it true that the s-th letter of the output word 
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y® = = — (x) for this function can be determined from the 
relation 

(a) y (41) = 2 (1), y (8) = x (s — 1) ® x (s) for s > 2; 

(b)y (i) =2(l), yQ)=201) @2z 2), ys) = 
z(s — 2) ® x (s) for s>3; 

(c) y(s) =x (1) @xr(2)8... @® z(s)? 

(2) Find the weight of the function q. 

6.1.10. Are the residual operators g~ and gw of 

xs x? 


the d-function @€ ®, equivalent? 
(1) (x) = 10100100010 ... (i.e y(t)=1 only for 


i oe is 
i=(5).3 —2, 3, oe 2-101, 79010; 
(2) sine), = 10, 2°=00101; 

(3) @(@)=(=), m=1, = 001; 


(4) p(x®)=y (4) y (2)... and 
| 0 ifa(1)+2(2)4+...4+2(t)< t/2, 
y (t) = 1 otherwise, 
z?= 10, z°~= 010140. 


6.4.41. Find out if @, is a residual operator of the 
function g € Q,: 


| y(1)=0, 
(1) @: y(t)=x(t)By(t—1), 122, 
. tr y(A)= 14, 
P41: yl (t)=y y (t—1), t > 2; 
fy@=1, 
(2) « { y(t)=y(t—1), 12. 


ae 
(t)=y(t—1), t2>2; 
eons 
“ly@=2()2(t-1) Vz@a(t—-1), t>2, 
| rane 
(t)=x(t)OBy(t—1), tB2; 
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~ 4 ~ 
(4) 9@)=CEY, 9 @)=CE). 
6.1.12. Find out if the function @ € M3'™ is a b.d- 
function, and determine its weight 
~ oy. | YO) = (2) = 1, 
ed: y (t)=x2(t—2), t>>3; 
~ y(2t)=2r(¢+1), tot. 
Pee) y(2t—1)=a(t), t>4; 
= y (1) =4, 
(3) p(x): 9 y(2t—1)=2(2t—1) @y (2t—3), 82, 
y (2t) = x (2t— 1), t>1; 
Wy (1) = 2, (1) © 2, (4), 
sy y(t) = 1, (t) ® FQ (t) PB yo(t—1), tDS2, 
(4) p(z®): Jy, (A) =2, (1) 2, (1), 
| Yo (t) = 2, (t) x, (t) ® x (t) yp (t—1) 
® 2 (t)y,(t—1), tt 2; 


y, (1) ts 
chloe SC as 


Yo(t)=yi(¢—1), to2. 

6.1.13*. Let D,,, be a loaded tree representing a 
b.d.-function @: A® > B®. Each vertex of the tree D, 
is assigned a number equa! to the weight of its subtree. We 
obtain a new tree D, py. 

(1) For any r > 1, give an example of a b.d.-function 
(~, such that each vertex of the tree D, , corresponding 
to the function q@ is labelled by the number r. 

(2) For any r > 2, give an example of a b.d.-function 
such that forj = 0, 1, ..., r — 1, each j-th rank vertex 
of the tree D,., corresponding to the function @ is la- 
belled by the number r — j. 

6.1.14. (1) Prove that the tree D,., constructed 
according to the conditions of Problem 6.1.13 has the 
following property: the sequence of numbers v (v,), 
v (v,), ... assigned to the vertices of the oriented chain 
V1, (Vi, Vo), Vo, (Ve, Vg), Uz, -. - (finite or infinite) is mo- 
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notonically non-increasing, and that this sequence is 
stabilized for an infinite chain. 

(2) Show that any residual operator of the function 
~€@M, , has a weight not exceeding the weight of the 
function @. 


6.1.15. The tree representing the function gy (z®) € ®, 
is of the form: the symbol 1 is assigned only to the arcs 
belonging to the oriented chain emanating from the root 
and corresponding to the input word 10100100010 ... 
(here x (2) = 1 only for t= Ga a2 Dy i: ey 
the remaining arcs are labelled by the symbol 0. Prove 
that the function @, has an infinite weight and is therefore 
not boundedly determinate. 

6.1.16. For each r > 2, obtain an example of a b.d.- 
function of weight 7 satisfying the following condition: 
in the loaded tree representing this function, the symbol 1 
is assigned only to some (not necessarily all) arcs of a 
single infinite oriented chain Z emanating from the root. 
The remaining arcs (not belonging to the chain Z) are 
assigned the symbol 0. 


The word x® € A® is called quasi-periodic if there exist 
integers n, and 7, such that n, >1, T > 1, and z (n + 
T) = x(n) for n >ny. In this case, the prefix z (4) 


x (2)... x4 (nm, — 1) of the word 7 is called a pre-period, 
the number n, — 1 the length of this pre-period, the word 
Z (No) X (My +1)... 2 (mM + T — 1) the period of the 


word 2, and the number 7 the length of this period. 
Such a quasi-periodic word can be conveniently presented 
in the form 


x(1)xz(2)...2(n,—1) [xz (n.) te (no + 1)... 
x(n + T — 41))°. 


6.1.17. (1) Prove that if the function g € DM, py, then 
any quasi-periodic word in A® is transformed by the 
function @ into a quasi-periodic word in B®. 

(2) Confining yourself to the set @,, show that the 
statement converse to the one formulated in part (1) is 
not true. 

Hint. See Problem 6.1.15. 

6.1.18*. Disprove the following statement: if a d-func- 
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tion  (X,, X,): {0, 1}" xk {0, t}" > {0, 1}© depends 
essentially on the variable X, and if for every (fixed) 


word z@ € {0, 13°, @ (X,, 2%) is a b.d.-function, the 
function @ (X,, X.) is also boundedly determinate. 

6.1.19. Suppose that all the vertices of a loaded tree 
are divided in the normal way into equivalence classes. 
Prove that any equivalence class has a vertex v satisfying 
the condition: all the vertices in an oriented chain ema- 
nating from the root of a tree and terminating at the ver- 
tex v are not pairwise equivalent. 

6.1.20. (1) Prove that for each vertex of a loaded tree 
having a weight r, there exists an equivalent vertex 
having a rank not higher than r — 1. 

(2) Can we replace r — 1 in the previous problem by 
poe Dh 7 See 


DOU Fy AGS. tise: & ewes. ho Big Wot we pa ees 
fm (11, Zo... +, Ln) be a function of the type 
E,XE,X...X E,—> E,, wherek and / are not lower than 

nm times 


2. The operator ;,, fo, ..., 4,, in Dry” is called an operator 


generated by the functions f,, f., .--, fm if the following 
equalities hold for all ¢ > 1: 


Yi (t) = f; (x, (t), Le (t), oe ty Ly (t)), 
os Oe ae) 
6.1.21. Show that an operator in On] is generated 
(by a function of the type F, X E, xX ... XX E, > €£)) 


n times 


if and only if its weight is equal to 1. 


6.1.22. Find out if the operator » € @4’? defined by the 
following relations is a generated operator: 


y, (4) =0, 
y,(t)=2(t—1) @y,(t—1), tS2, 
Yo (t) = z(t). 


6.1.23. A partial operator g: {0, 1}° > {0, 1}° is 


defined only at the input words 0° and 1°. Redefine it in 
such a way that the resulting operator has the minimum 
possible weight. 


(1) (0°) = 0101 [100], @ (1°) = 14 (101°; 
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(2) » (0°) = 01 [014]°, gp ®) = * 
10100100010000100 ... 
i 
(i. y(t)=1 only for ‘=(5), ns ee 


6.1.24. (1) Prove that if |}A | > 1 and |B |>1, the 
power of the set Dy, 3 is equal to the power ¢ (of the 
continuum). 


(2) Find the power of a set ®, , for the case when 
either |A |= 1 or |B! =. 

6.1.25. The words ee and “£2 in A® are called s-equiva- 
lents (notation: xe fe xe ©) if their prefixes of length s 
(s > 1) are equal. The relation ~ is the equivalence re- 
lation and divides the set A® intoclasses K ; (s) of s-equiv- 
alent words. 

(1) Find the power of each class K; (s) (s is a fixed 
number). 

(2) How many different classes K ; (s) exist for a fixed s? 

(3) How many different classes A,;; (s + 1) exist in 
each class K; (s) (here 1 > 1)? 

(4) Prove that the mapping g: A® > B® is a d-func- 
tion if and only if for all s 21 and for any words x® 


and zo belonging to the set A”, the relation x0 ~ 12 
Ss 


leads to the relation @ (x) ~ ® (x°). 


6.1.26. ) Show that the set Dy. z is countable infinite 
for |B | >2 


(2) Find i power of the set D4. p ior |B | = 1. 

6.1.27. Let Dy4.p, be a loaded tree representing a 
b.d.-function g: A” — B® of weight r. Let us change the 
output symbol of some arc in the j-th level of the tree 
Dag (we assume that | B | > 2). This leads to a tree 


D',,B, Yepresenting a certain (new) b.d.-function qg’ 
of weight r’. 


(1) Show that 1 <r <r+j. 
(2) Give an example of a b.d.-function @ at which the 
upper estimate r’ =r-+j is attained. 
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6.2. Representation of Determinate Functions 
by Moore Diagrams, Canonical Equations, 
Tables and Schemes. Operations Involving 
Determinate Functions 


Let Q@ = {Qo, Q1, ---, Qyw-1} be a set of all states of 


the function @ in b, n- We associate a digraph I, 
with the function 9: 
Pi the set of vertices of the digraph l, is the set 
= {0, 1, ..., w—1}; the vertex j is assumed to 
eee to the state Q;; 
(2) if g® and g@) are residual operators of the func- 
tion ” represented by the states Q; and Q; respectively 
(¢@) is also a residual operator of ge and corresponds to 


the prefix a! =a and if pO (ax) = bo) (x°)), then 
the digraph I, contains the arc (i, j) and is assigned the 
expression a (b); 

(3) the are (i, j) exists in [, only when the conditions 
in (2) are satisfied. 

The vertex in I',, corresponding to the initial state of 
the function @, is often marked by an asterisk. Suppose 
that m arcs, which are assigned the expressions a, (0,), 
Ay (bo), . ..) Am (bm), pass from vertex i to vertex j 
(here, it is essential that ap # a, for p~q, although 
some or all of the symbols b, may be identical); we shall 
then join i with j through a single arc (i, j) which is 


assigned all the expressions a, (6,), p= 1, m. The 
digraph [, is called the Moore diagram of function ¢. 
Two functions can be associated with this diagram: 

(a) F: A X¥ Q +B is output function, 

(b) G: A X Q +@Q is transition function. 

The functions F and G in I, are defined as follows: 
from the pair (a, j), we determine the vertex j and an arc 
emanating from j which is assigned the input symbol a 
(suppose that this arc has the form (j, r)); the value of 
the function F on the pair (a, j) is an output symbol 
which is assigned to the arc (j, r) and which appears 
after the symbol a in the parentheses. The value of the 
function G on the pair (a, j) coincides with r, i.e. it is 
equal to the “number” of the state which “is the end” of 
the arc (j, r). 
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The system of equations 2 
y(t)=F (x(t), g(t—1)), 
q(t)=G(2z(t), g(t—1)), (1) 
q (9) = 4, 


where «(t)€ A, yY(thEB, gt)eQ@ (§ =1, 2,...) 
and q,€Q is called the canonical equations for the oper- 
ator @ with the initial condition qp. 

With the help of Moore’s diagram and canonical equa- 
tions, we can also specify determinate operators that are 
not boundedly determinate. The set of vertices of the 
digraph I, corresponding to such a d-operator coin- 
cides with the natural scale N = {0, 1, 2, .. .}. 

If m isa boundedly determinate operator, the functions 
F (x (t), q(t — 1)) and G (z (t), q (t — 1)) (see Eqs. (1)) 
and the arguments on which these functions depend as- 
sume a finite number of values. Hence it is possible to 
compile a canonical table of the b.d.-operator q. 


Table 7 


q(t — 1) | y (t) | q(t) 


F (a, j) G (a, j) 


Instead of the canonical equations (1), it is convenient 
to consider canonical equations in which the input and 
transition functions are functions of the A-valued logic P, 
(k > 2). In order to obtain a corresponding representation 
of the operator @ the alphabets A, B and Q are coded by 
vectors whose coordinates belong to the set E, (k > 2). 
If @m is a b.d.-operator and n= jlog, |A |[[, m= 
Jlog, |B |l, r = Jlog, | Q |[, then it is sufficient to take 
vectors (whose coordinates belong to F,) of length n, m, 
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and r to code letters from the alphabets A, B and Q re- 
oe In this case, the system (1) is transformed as 
ollows: 


YW (t) = F, (x, (2), ++ +5 En (bt), qi (t— 1), ee qr (t—1)), 


ee & e@ @ e@ © e@ je«€ @ e© ee @ ®© «© #® @#© @ @© @ e8© # «© © © @© © © @© @ 


Ym (t) = Fn (x, (t), a) (t), q1 (t— 1), oy Wp (t— 1)), 
qi (t)=G, (xy (t), sey In (t), q (t—1), sey Wp (t— 1)), 
a(t) =G, (2, (t), «sta (r G(E—1), 00, (EM), 


( M1 (0) = ots «+ +9 Or (O) = dor: 
(2) 
Henceforth, we shall also use the “vector form” of systems 


similar to (2). In such a notation, the system (2) has the 
form 


y™ (t) = FO (a (t), g (t—1)), 
q(t) =GO (a™ (t), g(t —1)), (3) 
q’” (0) == qf”. 


The functions F; and G, in (2) are, in general, partial 
functions, i.e. they are not defined everywhere. Usually, 
they are redefined in such a way that the right-hand sides 
of Eqs. (2) acquire the simplest possible form. 

The canonical table describing the b.d.-operator @ 
corresponding to (2) has m + n+ 2r columns and k"*" 
rows. 

The equations in system (2) are called canonical equations 
in scalar form, while the equations in (3) are canonical 
equations in vector form. 

It can be assumed that system (2) defines an operator in 


the set @;’”. 

Let a d-operator @ be defined by system (2), and let 
each of the functions Ff; and G, be a function of the k-val- 
ued logic P, (k > 2), which are defined everywhere. We 


shall consider the operator ¢ as an element of the set D;’™. 
The scheme 2, of the operator g is defined as follows: 
x, is a network whose poles are assigned the symbols of 
input and output variables, while some of the vertices 
other than the poles are assigned symbols of some 


3 If the d-operator @ is not a b.d.-operator, r = oo. 
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d-operators (in the set U U oy"), The scheme of 
s=1 s’=1 

in @;,’™ will be presented in the form of a rectangle 

(Fig. 26) with n input and m output channels. The input 

channels are represented by arrows emanating from the 

input poles, while the output channels are represented 

by arrows terminating at the output poles. The poles are 


Fig. 26 Fig. 27 


represented in the form of circles. If m = 1, the scheme 
2, of the operator @ can sometimes be represented in 
the form of a triangle (Fig. 27) with n input poles and one 
output pole. 

We assume that an input symbol 7; (t) € FE, is “sup- 
plied” to the i-th input z; at each instant of time ¢ = 
1, 2, ..., while the value y; (t) = F; (2, (t), 

Xn (t), gy (tf — 1), , 4, (t—1)) is delivered (represented) 
at the j-th output yj. The output y; is said to have a delayed 
dependence on the input x; if the function F; (a (t), 
gq’ (t — 1)) does not depend essentially on the variable 


The concept of delayed dependence can be introduced in 
a different way. Let us consider, for example, a d-function 
of the type @ (X,, X,, ..., Xn): Ay X Ap X... X 
A, —8 and define its delayed dependence on the variable 
X.. The function ~ has a delayed dependence on X, if for 


any input words z® , = 5» ded. eg te @ € Aj ,j = 1, n) 
the s-th letter of the yo = = ae a ge ae oe Tr) is defined 
by the first s symbols of the words x, ee ro ands — 1 


first symbols of the word 2°. 

Suppose that a d-function @ is defined by Eqs. (2) and 
that 2, is the scheme of this function. We define three 
operations involving @ and 2g. 
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(1) Operation O, involves the identification of two or 
more input variables in the function g and the identification 
of the input poles corresponding to these variables in the 
scheme X,. The identified poles are considered as a single 


X4=Xp Zs In 
my Oo e 


Fig. 29 


pole in the new scheme. Figure 28 shows a scheme 2y 
obtained from 2, by identifying poles z, and zy. 

(2) Operation O, involves the deletion of an output vari- 
able y; in the function @ (which is equivalent to the dele- 
tion of the equation y; (t) = F; (x™ (t), q™ (t — 1)) from 
(2)) and the deletion of the output channel and the pole 
corresponding to the output variable y; from the scheme 
2X (see Fig. 29, which shows the scheme 2 y obtained from 
x, after the deletion of the output channel and the pole 


1 e 

Remark. If m= 1, the deletion of the variable y, 
(the only output variable) leads to an automaton without 
an output. 
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(3) Operation O, involves the introduetion of a feedback 
of one input and one output variables. Let us take the 
variables zx; and y; as the input and output variables. The 
operation O, can be applied (to the function «p and scheme 
2) only if the output y; has delayed dependence on the 
input z;. The canonical equations for the new function 7 
are obtained by deleting the equationy,(t) = F; (#@(t), 
gq‘ (t — 1)) from system (2) and by replacing the variable 


Fig. 30 


x; (t) in each of the eee F, (q *j) and G, by the 
function F% (z, (4), ea b)s ag (Ose ah eae, Oe UE), 
q, (t — 1), ss (t - — 4) obtained from the function 
F,; (2 (6), @” (t — 1)) by omitting the fictitious variable 
x; (t). The initial conditions remain the same as before. 
The scheme 2y is obtained from the scheme X, by iden- 
tifying the output y; with the input z;. In this case, the 
identified poles are referred to as the internal vertex of 
the scheme 2. Figure 30 shows the scheme 2y obtained 
from 2, by introducing the feedback in variables x, and 


7 

Remark 1. If m = 1, the introduction of a feedback in 
variable x, (and any output variable) leads to an auto- 
maton without input. 

Remark 2. While applying the operations described 
above, it is convenient to indicate in parentheses (follow- 
ing the notation of these operations) the channels (poles 
and variables) to which these operations are applied. 
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For example, we can use the notation QO, (2, 23), 


Oz (ys) and Os (X19, Yo). 
Let us define two more operations involving d-func- 
tions. 


(4) Operation O, is the union of two (or more) functions. 
Let o, € Dy!” and @, € M,?’”*. We shall assume that 


these functions have input variables xj, x3, ..., Xn, 
and 2Z|, 2, -+-, In, respectively. For the output vari- 
ables, we take yi, Yj, ---, Ym, and yj, Yj, -- +; Ym 


respectively. All these variables are assumed to be pair- 


Fig. 34 


wise different. Let Xo, and Xo, be the schemes of the 
functions @, and @, respectively. In this case, the scheme 
Sy of the function wp, which is equal to the union of the 
functions @, and q,, will appear as shown in Fig. 31. 
The output (input) poles of the scheme 2, are all output 
(input) poles of the initial schemes Xe, and do: The 
system of canonical equations (and initial conditions) 
of the function is obtained simply by a union of the 
corresponding systems of functions @, and q@, (naturally, 
it is assumed that the sets Q@ and Q() of all the states of 
the functions q, and q, are disjoint). 

(5) Operation S is the superposition operation. Let 
g,€ DM, 3 and g,€Dyc. The superposition @, (9,) 
of operators ~, and q, is an operator ~ € My, ¢, such that 


Ny (2) = Dy (Q, (x)) for any input word z® in A®. Let 
the operators @; € M2 (i = 1, 2), and let the schemes 
2, and 2», correspond to them (we assume that the input 
and output variables and the states of the functions 9, 


13—0636 
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and qm, are the same as in the preceding paragraph). In 
this case, we can consider a “different” superposition for 
these operators: for example, we identify the input pole 
v, of the scheme 2» with the output pole yj,, of the 
scheme 2», the pole x, with the pole yj,,, and so on. 
Finally, we identify the pole z,,_, with the pole yn,. 
As a result, we get a scheme 2y (Fig. 32) for which: (a) all 
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Fig. 32 


the input poles will be the input poles of the scheme do, 
“and the input poles of the scheme 2X_, not participating 


in the above identification procedure; (b) the output poles 
are all output poles of the scheme Xo, and those output 


poles of the scheme 2%, which were not identified with 
any of the input poles of the scheme 2, . The identified 


poles are called the internal vertices of the scheme 2 y. 
The scheme Ly is called the superposition of schemes Dy, 


and Sy, (in variables xj — Yjnq, Uy — Ylang 2) Lm 
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Ym,). If the operator @, is defined by the system of equa- 
tions 


Yi (t)=F, (2) (é), ..- tn, a (¢—1), 
++) Or, (£—1)), 

Ym, (t) = Frm, (2, (t), ---» Fn, (4), G (¢— 1), 
.. +9 Or, (t— 1)), 

q, (t) = G, (x, (2), -- +5 Mn, (4), 9, (¢— 1), (4') 
++, Yr, (t—1)), 


Gr, (t) = G,, (@ (t), -. +, tn, (f), 9, (E—1), 
- +5 Or, (¢—1)), 
q, (0) =o1, ee qr, (0) = or,» 


and the operator @, is defined by the system of equations 


Yi ()= F(a), tas Y(t 1), 
65 GF (E—1)), 


eeeee¢«e*¢ e e« e ® e« ® ® #¢ e® @# @® @® @ ¢4 


Yin, (t) = Fn, (4; (t), «+ +> @n.(t), Gi (E— 4), 
ness gr, (t—1)), 
q; (t) = Gi (x7 (t), --- tn. (0), a (t—1), (4”) 
+1 GF, (t—1)), 


.++ Gr, (£—1)), 
q; (O) = Qo1, a) qr, (0) = dor,’ 


13* 
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then the operator represented by the scheme 2y has 
the following system corresponding to it: 


( yi () =F (zi (t), ..., tn, (t), GY (t—1) 
-++ Qn, (t—1)), 
yi (t) = Fi (2, (t), .--, tr, (4), a (¢—4), 
244%, (t—1)), 
yi (t)= Fi (Fiaa, -.-) Py, Tmy-141 (0), 
++, Un, (t), G1 (t—1), ---, Oe, (£—1)), 
Ym, (t) = Pm, (Fini, -- +s Pings Fmy-1441 (4), 
+1 Tr, (t), W(t—4), «+5 Or, (¢—1)), 
q; (t) =G, (2, (2), ---, Zn, (4), % (E— 1), 
.09 G, (t—1)), (9) 
Or, (t) =G,, (t,t), «++, En, (4), 9 (¢—1), 
. +9 Gp, (¢—4)), 
gy (t) =Gi (Fists «60s Finyy Un,-141 (2), 
+692, (t), W(t—1), ..-, %, (¢— 1)), 


ou 


Gr, (t) =Gr, (Fists «+01 Fingy Cmi—141 (8), 
s+ +y Hn, (4), W(t—1), .-., , (¢—1)), 
9; (9) = Gots - ++ Gr, (9) = or,» 9 (9) = G01, 
[ s+ +9 Or, (O) = Gor,» 


where 


F5= F(z, (t), ---) tn, (t), 4, (1), ..., 97, (t—1)), 
j=l+i1, ..., m4, 
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The element of unit delay (in the set @,) is a b.d.-ope- 
rator @q defined by the system of equations 


y (t) = q(t—1), 
q (t) = 2 (t), (6) 
q (0) =0. 


Example. The operator @ in od, is defined with the help 
of Moore’s diagram presented in Fig. 33. The canonical 


q(t-1) 


O(1), 1(0) 0(0) 


e) 1 
1{0) 
Fig. 33 


table (see Table 8), canonical equations, and the initial 
condition for this operator have the following form: 


Table 8 


q(t)=2x(t) V q(t—14), (7) 


y (t) = 2 (t)-¢(t—1), 
q (0) = 0. 
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Figure 34 shows a scheme representing this operator. 
This diagram has been constructed by using an element of 


unit delay and an operator in p2.', generated by a symbol 
of joint negation z | y. Here, the operator generated by the 
joint negation symbol is represented through the scheme 


xy: 


while an element of unit delay is represented by the scheme 
:0—{_d_}-0 . 
Py qd 


Every b.d.-operator in ®;’” may be represented by a 
scheme generated by a set containing: (1) schemes repre- 
senting an element of unit delay; (2) schemes representing 
operators generated by functions from a certain set that 
is complete in P,. In other words, the set of b.d.-ope- 
rators formed by the element gg and the operators gen- 
erated by functions from a certain set complete in P, 


form a set that is complete in UY 7" with respect to 


n,m 
the operations 0,, O,, O3, O4, and S. 

Remark. Henceforth, while constructing a scheme of 
any b.d.-operator @ generated by a certain given set M 
of b.d.-operators, we shall adopt the following procedure: 
the scheme 2%, of the operator @ is constructed by using 
only single-output schemes representing operators in the 
set M (in this case, unless stipulated otherwise, we can 
only carry out the operations O,, O., O3, O4, and S). 


6.2.1. Construct the Moore diagram, the canonical 
table, and the canonical equations for the function @ € o,. 
i y (2t—1)=2(2t—1), t>1, 
(1) @ (2): | _ 2 , 
y (2t) = 2 (2t) @y(2t—1), ta1; 
y(1)=14, 


(2) p(x®): | y (t)=ae(t—1) Ox(t), ta2; 
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y (8t—1) = 2 (38t—2), t>1, 
y (3t) = x (3t) y (8t—1), t1; 
(4) 9 (2%) = (2/8); 
6.2.2. Redefine the partial operator gq: {0, 1}@ — 
{0, 1} in such a way as to obtain a b.d.-operator. Con- 


struct the Moore diagram, the canonical table and the 
canonical equations for the new operator if: 


(1) p ([011010]°) = [0111]°, » (0 [(1]°) = 0 [41° 
(2) o 0°) = 1°, @ (4 [0]*) = (101°: 
(3) @ (1 [40]°) = [01]°, @ ((004]°) = 4 [101°; 

y (3t — 1) = x (Bt — 1), t>1, 
9; a =z (3t —1), t>14. 


6.2.3. Find the weight of the b.d.-operator @ in D,, 
defined " the canonical equations: 


y (t)=2(t) q (t—1) V 2 (t) ag (t—1), 
oo | ans gq, (t—1) V(t) 2 (t—1), 
{ 


7 y (8t —2) = x (3t—2), t>>1, 
(3) © (2°) 


qo (t) = z(t) 42 9 VV x(t), (t—1) a2. (t—~ 1), 
9, (0) = q, (0) = 
y (t)= x(t) @ 1 (tt) ® % (t—1), 
2): | EORAO~ MED, 
©) a Q=(e)> 4 t—1)>2(t) 4 (1), 

q: (0) = g, (0) = 1; 

(3) @ is defined by the cannonical equations of the pre- 

ceding problem, but with different initial conditions: 


qi (0) = 0, gy (0) = 1; 

y(t) = (a(t) > ga (t—1)) > 4 (t—1), 
Q(t) =, (t—1) > (x(t) > gq, (t—1)), 
Qo (t) = G2 (t —1) > 2 (t), 

71 (0) = 4 (0) =0, 

624 e GOV (De Ki Nas haste Mgt io) oh 6 
denote the set of all functions in ®7.” with input varia- 
bles X,, X.,..., Xn and output variables Y,, Y,,..., 
Y ,. Show that the number of functions with a weight w 


(4) @ 
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in the set (D2; X,, Xo, .-.) Xnv Yu, Yo) «+ 0 Ym) 
does not exceed (wk™)v>”, 


6.2.5. Let the operator @ in orm be defined by (2) 
and let the functions G,, G,, . . ., G, be connected through 


(0) 


Fig. 35 
the relation G, OG, ®...@®G, = 0. Show that the 
weight of the operator @ does not exceed 27-!. 


6.2.6. Represent the operator @ E Drm through a 
scheme generated by a set formed by unit delay elements 
and the operator generated by Sheffer’s stroke: 


y (t)=¢(t—1), 
(1) @: ! q(t) = x(t), 

q (0) = 1; 
y (t) = (a(t) V a (¢—1)) > a2 (f—1), 
q(t) = 2 (t) > g (t—1), 
92 (t) = 41 (t— 1) V a2 (¢—1), 
q1(0)=9, 9_(0)=1; 
(3) =) 104" if 2° =00z(3)x(4) ..., 

1° otherwise: 


(4) the operator q is defined by Moore’s diagram shown 
in Fig. 35; 


(2) 


ys (t) = x(t) > gy (¢—1), 
Yo (t)= 91 @— 1) 92 (¢—1), 
(5) @: | a()=2(0), 
Qo (t) = (91 (E—1) V a2 (¢— 1))+x (t), 
q; (0) = 2 (0) = 0. 
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6.2.7. Using the scheme of the operator @ € D7.™, 
construct the canonical equations, the canonical table 
and Moore’s diagram. 

(1) see Fig. 36a; (2) see Fig. 366; (3) see Fig. 36c. 

6.2.8. For the superposition p = q, (g,) of operators 


@, and g, in ®,, construct the canonical equations, 


Fig. 36 


Moore’s diagram, and the scheme X,. The scheme 2y 
must be generated by the set consisting of a unit delay 
element and operators generated by the implication 


x—»y and the negation x. Consider 


Q; (t) = 4, (E— 1) > 2, (2), 
q; (0) = 9, 


y, (t) = a, (t) gq, (E— 4), 
(1) 7 ! 


Qo (t) = Tp (t) V go (t-— 1), 


Yo (t) = 22 (t) ® G2(t—1), 
Po 
Qo (0) = 1; 


(2) @, (2°) = (4/3), 
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the operator g, is defined by Moore's diagram shown in 


Fig. 37; 
~» { y(t) =9, 
(3) P, (x ): y (t)=y(1—1) @ z(t—1), t>2, 
~ | y(1)=14, 
Po (x®): y (t)=x(t)—~>a(t—1), tDS2; 


~. f y=, 
(4) @y (z®): y(t) =y(t—1)—> z(t), t>2, 
2 (2°) = (1/7). 


6.2.9. Construct the canonical equations and Moore’s 
diagram of the b.d.-operator obtained from the operator 


(0), 0(1) 
ey , 0(0) 
1(1} 
Fig. 37 


by introducing the feedback in variables zx, and y, if 
yy (t)=@ (t—1) — 2, (t) 23 (2), 


(1) | Ye (t) = 2p (t) V (2, (t) > ¢(¢—14)), 
q (t)= z(t) ® q (¢-— 1), 
q (0) =9; 


y; (t) =9 (t—1) > 2, (£) 7; (t), 
(2) 9: Yo (t) =(2,( } g(t—1)) V 22 (4), 

q(t) = 2, (t) @g(t—1), 

q (0) = 0. 


6.2.10. Find the weight of the b.d.-operator obtained 


from the b.d.-operator @ by introducing the feedback in 
variables xz, and y, if: 


Y(t) = 2, (t) > (23 (4) > g(t—1)), 
Yo (t) = x, (t) > x, (4), 

q (t) = q (t) > (2 (t) 3 (t) > (x, (t) > ¢ (t—1))), 
q (0) = 0; 


(1) @ 
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Ys (t) = 2, (t) x5 (t) +> gq (t— 1), 
Yo (t) = 2, (t) q(t — 1), 


q(t) = 22 (t) V x(t) V g(t—1), 
q (0) = 0. 


6.2.11. Suppose that the operator p is obtained from 
the operator » through the operation O, (identification 
of input variables). 

(1) Give an example of a pair of operators @ and wp 
for which the following inequality holds: the weight of 
the operator @ is more than the weight of the operator wp. 

(2) Can the weight of the operator @ be less than the 
weight of the operator wp? 

6.2.12. Let @ be a b.d.-operator of weight r and let 
be an operator of weight r’, obtained from @ by intro- 
ducing the feedback in a certain pair of variables. Is 
it always true that 

Qrers: Wrer: 3) rar? 

6.2.13. Suppose that the b.d.-operators , and gq, 
have weights r, and r, respectively. What will be the 


(2) @ 


0(1) 0(1) 
(a) (b) 


Fig. 38 


weight of the operator wp obtained from , and qg, with 
the help of the operator O, (union)? 

6.2.14. The b.d.-operators g, and gq, have weights 
equal to r, and r, respectively. Will the weight of the 
superposition q@, (@,) be 

(a) larger than 

(1) ry, (2) ra, (8) rr + Te, (4) rire? 

(b) smaller than 

(5) 71, (6) r,? 

6.2.15. Find the weight of the superposition @, (q,) if 

(1) the operators @, and @, are defined by Moore's 
diagrams shown in Fig. 38a and ); 
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(2) the operators @, and q, are defined by Moore's 
diagrams shown in Fig. 39a and b 


yi (t) = 2; (t) > 9; (t—1), 
(3) Qj: q; (t) = 9; (t—1) > 2; (t), i=1, 2, 
q; (0) =0. 
The operator @ in O, 


is called autonomous (constant, 
or without input operator) if for any input word z® € A® 


(0) (1) 
0(1) HO) a(t). }$ 
0 1 
O(1) 
(a) 


Fig. 39 


the value of the operator @ on x is equal to the same 
(output) word in B®. 


6.2.16. Is the operator  € od, autonomous in the fol- 
lowing cases? 


4) off | y(1)<y(2)=14, 

Oe y(t)=y(t—1) @y(t—2), t>3; 
t) = x(t) q (t—1), 

{tt N22 ee 

oof eae i a 


q(t) =z (t) V q(t—1), 
¢ (0) = 


(4) (a); | Yl2t—1)=y (2-2), tD>2, 


y (2t) = Jcos>-t|, t> 1. 
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6.2.17. Let @ be an autonomous operator of weight 
r(r < oo), 

(1) Show that the output word of the operator @ is 
quasiperiodic. 

(2) Prove that the sum of lengths of the period and 
pre-period of the output word of the operator @ does not 
exceed r. 

6.2.18. (1) Construct a scheme X%, using the set 


such that it contains exactly four elements in M and repre- 


sents a certain autonomous operator @ in Q,. 
(2) Isit possible to construct ascheme 2, with one input 
and one output (using the set M) representing a certain 


autonomous operator g in @, and containing less than 
four elements? 

Operation O,, called the branching operation (for a cer- 
tain output of a b.d.-function) can be defined as follows. 


Let @ be an operator in Mf” and let 2, be the scheme 
representing it. Applying the operation O, to the out- 
put y; of the function @, we obtain an operator 1, 
represented by a scheme 2y which acquires, instead of one 
channel (and pole) y;, several “equally operative” channels 
y, ..., y (s>2), each of which represents the same func- 
tion as y; does in the scheme XQ. 

6.2.19. (1) What changes must be made in the system 
of canonical equations and initial conditions describing 
a function @ in order to obtain a corresponding system 
for the function » resulting from the application of the 
operation O,; to the output y; of the function @? 

(2) Is it possible to construct by using operations 
O,-O;, S and the set M (see Problem 6.2.18) a scheme 2, 
which contains not more than three elements and which 


represents the autonomous operator q@ in @,? 
6.2.20. Suppose that the operator y is obtained from 


pe 2." by applying the operation O, to a certain out- 
put of the operator ~. Show that the operator can be 
constructed with the help of the set {p} G.e. by using 
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the operator » a few times) through the operations O,, 
O., and O,. 


6.2.21. The operators q, and q@, in O, have a weight 
2 each, and are defined by the following canonical equa- 
tions: 


Yi (t)=F; (x, (2), qi (¢— 1)), 
Q:- qi (t) =G; (2; (t), qi (¢—1)), i=1, 2 
qi (0) =9, 


where G, (x, q) = G, (z, q). It is known that if the zeros 
assigned to the arcs are replaced by unities and the unities 
are replaced by zeros, in Moore’s diagram of the operator 
(~,;, we obtain Moore’s diagram of the operato: @,. Prove 
that if the output values of the operators q, and q, coin- 
cide on a certain prefix of length 2 (i.e., if @,(o,0,) = 
@, (0,0,) for some values of o, and o,), these operators 
are identically equal. 


6.2.22. Count the number of b.d.-functions in ®, 
which satisfy the following conditions: (a) a function 
depends on its input variable X; (b) the weight of a func- 
tion is equal to 3; (c) in the Moore diagram describing 
a function, the in-degree of each vertex is the same and 
equal to the out-degree. 

6.2.23. For each r> 2, give an example of an opera- 


tor @ in o, such that the weight of the superposition 
g (~) is equal to r. Is it possible to do the same for non- 
autonomous operators? 


6.2.24. The weight of a function @ € o, is equal to r 
and the weight of the superposition @ (@) is equal to 2r. 
Will the superposition @ (g (g)) have a weight equal 
to 3dr? 


6.3. Closed Classes and Completeness 
in the Sets of Determinate 
and Boundedly Determinate Functions 


Let M be a set of d-functions (or b.d.-functions), and 
let © be a set of operations the results of whose application 
also remain in the set of all d-functions (or b.d.-func- 
tions). In other words, if o €© the application of o 
to arbitrary (or admissible) d- (or b.d.) functions will 
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again result in d- (or b.d.) functions. The closure [Mo 


of the set M relative to the set of operations © is the set 
of all d- (or b.d.) functions which may be obtained from 
the functions of set M7 with the help of operations in QO, 
and these operations can be applied any finite number 
of times. Usually, it is assumed thatlM]o.= M. Hence- 
forth, we shall always assume that this inclusion is 
satisfied (if this is not the case, a special mention will be 
made). The operation of obtaining the set [M]9 from M 


is called the closure operation. The set M is called (func- 
tionally) closed class relative to the set of operations © 
if [M]o= M. Let M be a class of d- (or b.d.-) functions 


closed relative to the set of operations ©. The subset # in 
M is called a (functionally) complete set in M relative to the 
set of operations © if [#]o = M. The set # of d- (or b.d.-) 
functions is called an irreducible set relative to the op- 
erations © if for every proper subset #’ in # the (strict) 
inclusion [?’]l4< [F]g is observed. Any complete and 
irreducible set in is called a basis of the closed class M 
relative to the set of operations ©. The set M’, con- 
tained in the closed class WW is called a precomplete class in 
M ifitisnotacomplete set in M, but if the equality [M’ U 
{p}loq = M is satisfied for every function gp € MN M’. 

Remark 1. Henceforth, we shall omit the expression 
“relative to the set of operations ©” if the set © relative 
to which the closure, complete sets, bases, etc. are con- 
sidered is known. 

Remark 2. Usually, we shall use the set {O,, 02,03, 
O,, S} formed by the operations described in Sec. 6.2, 
for the set of operations QO. 

It was mentioned in Sec. 6.2 that the set of b.d.-func- 
tions containing a unit delay element gq and the operators 
generated by the functions of a certain set that is com- 
plete in P, (k>> 2) forms a complete set in the set 


U i." relative to the operations O,, O,,O3, O4, 
n=0 m=0 
and S (i.e., in a set of all k-valued b.d.-functions). 


The set U U mp” (k>>2) is known to contain 


n=0 m=0 
bases relative to the set {O,, O,;,0 3, O,, S}, which con- 
sist of a single function. An example of such a basis is 
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the set {> (X,, Xe, X3, Gq (X4))}, where py is a unit 


delay element from @,, and q, is an operator in @})' 
generated by the function max (2,:2,+2%, (4 —2,), 23) + 
1 (mod k sum, difference and product). 


Everywhere in this section, we shall use the symbol D,x) 
(D,,)) to denote the set of all k-valued b.d.-(resp. d-) 
functions including functions without inputs, or without 
outputs, or without both, i.e. 


y= UU by "(and Day= UU a) 
n=0 m=0 n=0 m=0 


6.3.1. Is the set M a closed class relative to the set 
of operations ©? 
(1) M consists of all k-valued b.d.-functions without 


outputs, and of all functions @ belonging to YU pp? oa 
1 


n=0 m= 


and “preserving 0°", ie. @ (O”, veey 0°) = 


n times 


(0°, ..., 0°), O={0,, O;, S}. 
m times 


(2) M consists of all k-valued b.d.-functions belonging 
to the set T Oo} and having a weight that is mul- 
tiple of k; © ={S}. 

(3) M consists of all k-valued d-functions belonging 
to the set T ‘J @;’, and having either an even or 
infinite weight: © ={0,, 0,, O;, Ox}. 

(4) M= UU (POE; © =(04, 8} 


6.3.2. (1) Let @,4 be a unit delay element in the set ®, 
and O = {0;,0,, S}. Prove that the class {@4]q contains 
only functions that are identically equal to zero (i.e. op- 
erators whose each output yields the word 0%), functions 


without inputs and outputs which are always in the same 
initial state, and functions having an even weight. 


(2) Give an example of a function in ®, having an 
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even weight and not belonging to the class [gg] de- 
scribed in Problem 6.3.2 (1). 


6.3.3. Let @, (X,, X,) be an operator in D,o) generated 
by the Sheffer stroke z, | z,, and let gq be a unit delay 


element in @,. Prove that the operator (2°) = (1/3) 
in @, does not belong to the class [q,, Palg O = {S}. 
6.3.4. A periodic word x® of period 3 is supplied at the 


input of a b.d.-operator @ € @,. Find the maximum peri- 
od of the output word (the majorization is carried out 
over all input periodic words of period 3): 


y(t) =(2() © a (t—1) a(t), 
qx (t)= x(t) gy (¢—1) go (t—1)V z(t) 92 (t—1), 


(1) 9: q: 7 
92 (t) =x (t) 9 _ qo (t—1)\V x (t) go(t—1), 
Qs (0) = ge (0) = 
y= zt) n(t=1), 
(2) Q: q, (t)= x(t) gy (t—1) V gq, (t —1), 


92 (t) = 4; (t— 1), 
qx (0) = qe (0) = 0. 


6.3.5. Let @ be a b.d.-function of weight r, belonging 
to the set OD, pp. 
(1) Prove that if each input word z® is quasi-periodic 


with a period 7, the output word @ (x®) is also quasi- 
periodic and its period does not exceed the number r-7. 

(2) Find an upper estimate for the length of the pre- 
period of the output word @ (x®) if the pre-period of 


the word zx® is known to have a length p. 

6.3.6. Let the functions @), gq and @ be the same as 
in the Problem 6.3.3. Does there exist an s >> 1 satis- 
fying the condition @ (pi (X)) El@o, Galg, where O = 


{S}? (Here, 9a (X) = ga (gal... Ga (X) ...)) is the 
superposition of s functions gq.) 


If f(x") € P,, then ®  Oyitn ..., X,) will denote 
a b.d.-operator (in 7.1) generated by the function / (x"). 


14—0636 
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6.3.7. Are the following sets of b.d.-functions complete 


in Den) relative to the set of operations {O,, O04, O 3, 
O,, S}? 

(1) { Oivaxtay scan) (X,, X 9); Pal X) }, k = 2} 

( {Pat xy (X,, Xo), Dx xa (X,, Xq), Px- xe (Pq (X), 
X>), P-s1 (X), (P= h-g (X)}, k>3 (here, Q=j (X) 18 
a b.d.-operator generated by a function in P,, identical- 
ly equal to /); 

(3*) {px+y (X), @a (Pa (X)), Gary (Qa (X), (Xo)}- 

6.3.8. Isolate at least one basis in the set # which is 


complete in Dir) relative to the set of operations {O,, 
Oz, Os 0,4, S 
(4) P = {Ga (X), P= (X), Psi (X), Yxy xg (Xi, Xo), 
PxyBxaPxy (Ky, Xp, X3)}; ht == 2; 
(2) P=={Qa(X), Pxo(X), Pai (X), Pix (X), 
Prytarg(Xy, Xy)}, Aad} 
(3) F = {Peo (X), Prize, (Pa (KX), Xa)s Mati (X), 
e @min (x1, x9) (7 1) gif» = Os 
6.3.9*. Does ®,,., contain a basis relative to the set of 
operations {0,, O,,O 3. O,, S} with five functions? 
6.3.10*. Prove that any closed class in Diary except the 


entire set Dx) can be extended to a precomplete class.‘ 
6.3.11%. Using the Problems 6.3.8 (4) and 6.3.10, show 


that ©) contains at least four precomplete classes. 


6.3.12. Let mo, €@,. Enumerate all the classes that 
are precomplete in [qglio,.0,,s; Ttelative to the set of 
operations {O0;, 5}. 

6.3.13. Let go, =@,(X) be a b.d.-operator in Diy), 
generated by the function xz, Prove that whatever the type 
of the closed class* M in Di), the equality [MU {p,}] = 
MU {qx} is always satisfied (here, as usual, we take to- 
gether with the function all functions that are equal to 
it or congruent to it). 

6.3.14. Can there exist a function belonging to each 


precomplete class in Oj)? 


4 The closure and precompletion are taken relative to the set 
of operations {0,, 03, Q3, Og, S}. 
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6.3.15. Can the set Dey) be presented in the form of 


a union U M,; (ss 2) of pairwise disjoint closed 


classes in Diy)? 

6.3.16*. Prove that the power of the set of all closed 
classes in Der) is continual. 

6.3.17. Determine the power of the set of all closed 
classes in Dir), having finite complete sets. 

6.3.18*. Prove that the power of the set of all closed 
classes in @M(,) is equal to 2¢ (the power of a hyper- 
continuum). 

6.3.19*. Find the power of the set of all closed classes5 
in MD.) having finite bases. 

6.3.20. Disprove the following statements: 

(1) the set Deny forms a precomplete class in D(x); 

(2) the set D,,) contains a function forming together 
with the set Der) a complete set in Diy). 

6.3.21. Let M, be a set consisting of all k-valued d- 
functions that do not have outputs, and of all functions » 


belonging to (} U Wf™ and assuming the value 0 
=0 m=1 


for t=1, ie. p(z®, ..., 2°) =(y®, ..., y®) and 
y; (1) = O for j = 1, m. 

(1) Is My, a precomplete class in W,)? 

(2) Is the intersection M, N Da a precomplete 
class in OD)? 


1 oo A 
6.3.22. (1) Is the set UY U @De’™ a precomplete 
0 


n=0 m= 


class in Dy)? 


i 00 
(2) Is the set YU U @®,’™ a precomplete class in 
n=0Q m=0 
Dip)? 


5 See footnote on p. 210. 


Chapter Seven 


Fundamentals of the Algorithm Theory 


7.1. Turing’s Machines 
and Operations with Them. 
Functions Computable 
on Turing’s Machines 


A Turing’s machine is an (abstract) device consisting of 
a tape, a controlling device and a scanning head. 

The tape is divided into squares. Any square at each 
(discrete) instant of time contains exactly one symbol in 
an external alphabet A = {ag, G1, .--, Qn_y}, NS 2. 
A certain symbol of the alphabet A is called a dummy 
symbol, and a square containing a dummy symbol at 
a given moment is known as a blank square (at this mo- 
ment). A dummy symbol is usually represented by 0 
(zero). The tape is assumed to be infinite in both direc- 
tions.! 

At any instant of time the controlling device is in 
a certain state qg;, which belongs to a setQ = {q, 4, -- - 
Qr-1$, r >= 1. The set Q is referred to as an internal alpha- 
bet (or a set of internal states). Sometimes, disjoint subsets 
Q, and Q, of initial and final states respectively are iso- 
lated from the set Q. 

Remark. [Ilenceforth, unless stated otherwise, we shall 
assume that | Q |> 2, and take only one state gq, for the 
initial state. As a rule, the state g, will be the final state. 

The head moves along the tape so that at each instant 
it scans exactly one square of the tape. The head can 
scan a symbol in the square and record (print) on it a new 
symbol of the external alphabet instead. The symbol 
“printed” in the square can, in particular, coincide with 
that being scanned (at that instant). 

During its operation, the controlling device changes or 
does not its (internal) state depending on its state and on 
the symbol scanned by the head, orders the head to print 


1 This should be understood as follows: at each instant the tape 
is finite (contains a finite number of squares), but the “length” of 
the tape (the number of squares in it) can be increased (if required). 
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in the square scanned a symbol of the external alphabet, 
and either to remain at the same square, or to move by 
one square to the left or right. 

The operation of the controlling device can be charac- 
terized by three functions: 


G: QxA >Q, 
F: Q@xA~A, 
D: Q@xA—{S, L, R}. 


The function G is called a transition function, F an out- 
put function, and D is a function of displacement (of the 
head). The symbols S, Z and R denote respectively the 
absence of head displacement, a left movement and 
a right movement by a square. 

The functions G, F and D can be specified by a list of 
quintuples 


qiajG (qi, a3) F (qi, 4;) D (qi, @;) (1) 


which is abbreviated as q,a;q;;a;;¢d;;. These quintuples are 
referred to as commands. The functions G, F and D are, 
in general, partial functions (specified not everywhere). 
This means that a quintuple of the type (1) is defined not 
for each pair (g,, a;). The list of all quintuples which 
determine the operation of a Turing’s machine is known 
as a program of this machine. The program is often 
given in tabular form (see Table 9). 


Table 9 
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If there is no quintuple of the type (f) in the program 
for a pair (g;, a;), a dash appears in the table at the inter- 
section of the row a, and the column q;. 

The operation of Turing’s machine can be conveni- 
ently described in the “language of configurations”. 

Let at instant ¢ the extreme left non-blank square C, of 
the tape contain a symbol ays while the extreme right non- 
blank square C’, (s> 2) contains a symbol a;, (there are 
s — 2 squares between C, and C,). In this case, the word 
P = aja;,...@;,...4;,, where a;, is the symbol con- 
tained at instant ¢ in the square C, (1< p<), is said 
to be recorded on the tape at instant t. For s = 1, i.e. when 
the tape contains only one non-dummy symbol, P =a, . 
Let us suppose that at this instant of time the controlling 
device is in a state g; and the head scans a symbol a,j, of 
the word P (i > 2). Then the word 


aj, site Ay 91%), anes aj, . (2) 
is called the configuration of the machine (at a given in- 
stant t). For J = 1, the configuration has the form qidj +. 


a;,. lf at instant ¢ the head scans a blank square located 


to the left (or right) of the word P, and there are v>> 0 
blank squares between this square and the first (last) 
square of the word P, the configuration of the machine at 
the moment t is presented by the word 


q;A ess Aa; ee aj, (3) 
v+i times 


(resp. the word a; ... a;,A.... Ag,A), where A denotes 
ee 


v times 

the dummy symbol of the alphabet A. If at the moment 
t the tape is blank, i.e. a blank word consisting of only 
dummy symbols of the external alphabet is recorded on 
it, the word g;A will be the configuration of the machine 
at the instant t. 

Let the configuration of the machine at a moment t have 
the form (2), and suppose that the program of the ma- 
chine contains the command 


9123.91 7,015,413). 
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Then for d;;, = L, the configuration of the machine at the 
next instant will be expressed by the word 


(a) qij, A@iy ay, ... ay, if b= 1; 

(b) 91j,0),413,0), -+ + aj, if b= 2; 

(c) Qj Ay Gig jy. ii Fijyy> > + i, Wo SS 2: 
The cases when d;;, = R or d;;, = S, or when the ma- 


chine configuration corresponds to the head outside the 
word P (as in the word (3)), or when the word P is dummy 
are described in a similar way. 

If a program of the machine contains no quintuple of 
‘the form (1) for a pair (g;, a,,), or if a “new” state g;;, is 
the terminal state, the machine stops, and the “resulting” 
configuration is referred to as the terminal configuration. 
The configuration corresponding to the beginning of 
operation of the machine is referred to as the initial 
configuration. 

Let K be the configuration of the machine at acertain 
instant and let K’ be its configuration at the next instant. 
Then the configuration K’ is called a configuration directly 
derived from K (and denoted by Kt K’). If K, is the 
initial configuration, the sequence K,, K., ...,; Km, 
where K; © Ki4, for 1<i<m-—1, is called the 
Turing computation. In this case, K,, is said to be deriva- 
ble from K,, and the following notation is used: K, + 
K,,. If, in addition, K,, is a terminal configuration, it 
is said to be terminally derivable from K, and the nota- 
tion K,|-—— K,, is used. 

Suppose that a Turing machine 7 starts operating at 
a certain (initial) instant of time. The word recorded at 
this moment on the tape is called the initial word. To 
put the machine 7 in operation, it is necessary to place 
the scanning head against a square of the tape and indi- 
cate the state of the machine 7 at the initial moment. 

If P, is an initial word, the machine 7 which starts to 
operate at the “word” P, will either stop after a certain 
number of steps, or will not stop at all. In the former 
case, the machine 7 is said to be applicable to the word P,, 
and the result of application of the machine T to the word P, 
is a word P corresponding to the terminal configuration 
(notation P = T (P,)). In the latter case the machine 
is said to be inapplicable to the word P,. 

Henceforth, unless otherwise stipulated, we shall as- 
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sume that (1) the initial word is non-dummy, (2) at the 
initial moment the head is against the extreme left non- 
blank square on the tape, and (3) the machine starts to 
operate when it is in the state q,. 

The zone of operation of the machine T (on the word P,} 
is the set of squares which are scanned by the head at 
least once during the operation. 

We shall often use the notation [P]" for words of the 
form PP ...P (m times). If P = a is a word of length 1, 
we shall write a” instead of aa ...a (m times) and [a]”. 

We shall denote by W an arbitrary finite word in the 
external alphabet of a Turing machine (in particular, 
a dummy word, i.e. that consisting of dummy symbols 
of the external alphabet). 

While describing the operation of a Turing machine in 
terms of “configuration language’, we shall use an ex- 
pression similar to 


q:1*01YOW L— 140q,W,,. 


x >> 1 and y>1. The expression should be understood as 
follows: the machine “erases” the word 1* and stops at the 
first symbol! of the word W. If, however, W is a dummy 
word, the machine stops at the second 0 (zero) following 
the word 1%. 

Turing’s machines 7, and 7, are called equivalent (in 
alphabet A) if for any input word P (in alphabet A) the 
relation 7, (P) ~ T.(P) holds. This expression has the 
following meaning: 7,(P) and 7, (P) are either both 
specified or both not specified”, and if they are specified, 
then 7, (P) = T, (P). The symbol ~ is called the sym- 
bol of conditional equality. 

Let machines 7, and 7, have programs II, and II, 
respectively. We shall assume that the internal alphabets 
of these machines do not intersect and that q; is a final 
state of the machine 7, while gq is an initial state of the 
machine T,. We shall replace the state qg, by thestate gq; 
throughout the program IJ, and combine the obtained 
program with If,. The new program II determines the 
machine 7 called the composition of the machines T, 
and T, (over the pair of states (gj, q;)) and denoted by 


2 T (P) is defined (not defined) if the machine 7 is applicable 
(inapplicable) to the word P. 
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T, OT, or 7,T, (in detail, T = T (T,, T, (gq), q))). 
The external alphabet of the composition 7,7, is the 
union of the external alphabets of 7, and 7,. 

Let q’ be a final state of a machine 7, and q” be a state 
of this machine, which is other than final. We shall replace 
the symbol q’ throughout the program II of the machine 7 
by q”. We shall obtain a program II’ determining the 
machine 7” (q’, g”). The machine 7’ is called the iteration 
of the machine T (over the pair of states (q’, q”)). 

Let Turing’s machines 7,, 7, and 7; be defined by pro- 
grams II,, Il, and II, respectively. We assume that the 
internal alphabets of these machines are pairwise non- 
intersecting. Let g, and g, be two different final states of 
the machine 7,. We shall replace the state g, throughout 
the program I, by an initial state 1 of the machine 7,, 
and the state qi by an initial state q, of T7;. Then we com- 
bine the new program with I], and IIs. We obtain a pro- 
gram I] defining the Turing machine T = = T (T,, (qj, 4%); 
T., (qj, 9;), £3). This machine is known as a branching of 
the machines T, and T,, controlled by the machine T,. 

In defining complicated Turing machines, the operator 
notation of algorithms is often used in the form of a line 
consisting of symbols of machines, transition symbols 


( of the form Ee and 4), and also symbols « and w used 


to denote the beginning and end of algorithm operation. 
In operator notation (of an algorithm), the expression 


rT , 4s |i rere a dnl T, denotes the branching of ma- 


what 7, and T,,, ann is controlled by the machine 7;,. 

Here the final state Gio Of the machine 7; is replaced by 
the initia! state g,, of the machine 7,, while any other 
final state of the machine 7, is replaced by the (same) 
initial state of 7,;. If the machine 7; has a single final 
state, the svaibols Gio and qn] denote unconditional 
transition. The symbols g;, and g,, are omitted whenever 


a confusion is unlikely. 
Example. The operator scheme 


| P22 | 920 1's | Y30 Pao 
i = a 


describes the following “computational process”. At. first 
the machine 7, starts to operate, I{ it stops in the state 
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Goo, the machine 7, begins to operate. When it stops, T, 
starts to operate again. If, however, 7, stops in a final 
state other than qo, the “work is continued” by the ma- 
chine 7',. If this machine comes to the final state qgo, then 
7, starts to operate. If, however, 7, terminates at a final 
state other than qj), the “work is continued” by 7. If the 
machine 7, stops in a certain state, the computational 
process is terminated. 


Let a = (@,, @g, -.., Gp), moez1, be an arbitrary 
tuple of non-negative integers. The word 1%: +1 01%+! Q,,, 
O1%7+1 is called the basic machine code (or just a code) of 


the tuple a (in the alphabet {0, 1}) and is denoted by k (a). 
In particular, the word 1%*' is the basic machine code 
of the number a. 

Henceforth, we shall mainly consider partial numerical 
functions. The function f(z, 2%, ...) 2n), noi, is 
a partial numerical function if the variables z; assume the 
values in the natural scale N = {0,1, 2, ..., m,...}, 


and if f (a) € N when the function f is defined on the 


tuple a@ = (a, G, ..., Gy). 

A numerical partial function is said to be computable 
(in the Turing sense) if there exists a Turning ma- 
chine 7, having the following properties: 


(a) if f (a) is specified, then Ty (k(a)) = k (f (a)); 

(b) if f (a) is not specified, then either 7; (k (a)) is 
not a code of any number in JN, or the machine 7, cannot 
be applied to the word k (a). 

Remark. Henceforth, we shall assume that at the ini- 
tial moment the head scans the extreme left unity of the 


word k (a). It is known that this restriction does not make 
the class of computable functions narrow. 

If a function f is computable in the Turing sense by 
using a machine 7;, the machine T; will be said to compute 
the function f. 


7.1.1. Find out whether a Turing machine 7 speci- 
fied by a program II is applicable to a word P. If it is, 
determine the result of application of the machine 7 to 
the word P. It is assumed that g, is the initial and gq, the 
final states, and at the initial moment the head scans 
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the extreme left unity on the tape. 

q,0q,0R 

qig AR 

q20q30R 

(1) My gig AL (a) P= 13022, 
q30q,0S (b) P= 13013, 
gziqg.AR (c) P=10[01]*1. 


eee 


( 909218 
| 91.19,0R 
(2) HI: { %0q31L (a) P=1401, 
QolgoiS (b) P= 19012, 
| gigik (c) P=18 
( 09,18 
| qi1g,0R 
(3) Ti: { 920q,1R (a) P= 101?, 


q0q1L (c) P=[10}24. 


7.4.2. In the alphabet {0,1}, construct a Turing ma- 
chine having the following property (for dummy symbol 
we take 0): 

(1) the machine is applicable to any non-dummy word 
in the alphabet {0, 1}; 

(2) the machine is inapplicable to any word in the 
alphabet {0, 4}, and the zone of operation in each word is 
infinite; 

(3) the machine is inapplicable to any word in the 
alphabet {0, 1} and the zone of operation is limited by the 
same number of squares, which does not depend on the 
chosen word; 

(4) the machine is applicable to words of the form 
1°" (n > 1) and inapplicable to any word of the form 
13"+% where a = 1, 2 and n>1; 

(5) the machine is applicable to words of the form 
1%01¢, where a>>1, and inapplicable to 17018 if a -«fB 
(a>1 and B>1). 

7.1.3. Using a given Turing machine 7 and an initial 
configuration A,, determine the terminal configuration 
(gy is the final state): 
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(a) K, = 19,1°, (b) K, = 9,4°01, (c) K, =109,1%. 
7.1.4. Construct a Turing machine in the alphabet 
{0, 1}, which transforms the configuration K, into K,: 

(1) A, = 4,1", Ky = qo1"01" (n> 1), 

(2) Ky =q,0"1", Ky =q,){0i)” (n> 1), 

(3) K, = 1%q,0, Ky = Gl (n> 1), 

(4) K, = 1%"q,01", Ky =1"%q,01" (m>1,n>1). 

7.1.5. (1) Prove that for any Turing machine there 
exists an equivalent machine whose program does not 
contain the symbol S. 

(2) Prove that for any Turing machine it is possible to 
construct an equivalent machine whose program does 
not contain final states. 

7.1.6. The program of a Turing machine 7 has the 
form (the dummy symbol is 0 and the initial state is q,). 
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(1) Prove that starting the operation with a blank tape, 
the machine 7 will construct a word of the form P, = 
11010710° ... 101 (nis an arbitrary positive integer) in 
t (nm) steps, and at any instantt>t (n) (for n> 3) the 
head of the machine will be to the right of the word P,_,. 

(2) Construct a machine possessing the same property 
and having the set {0, 1} as an external alphabet. 

(3) Prove that if the program of a Turing machine does 
not contain the symbol L (naturally, it may contain 
symbols S and RA), the machine, starting the operation 
with a blank tape, cannot construct a prefix of the word 
1101071094... 07401 ..., however long. 

7.1.7. Prove that for any Turing machine 7 (in an 
alphabet A) there exists a countable’ set of machines 


T,, T.,..., Tm, ... equivalent to it (in the alphabet A) 
and differing from one another in their programs. 
7.1.8. Let A = {ao, a, ..., @n_-,;} be a certain alpha- 


bet containing at least two letters. We shall encode its 
characters as follows: the code of a; is the word 10**'1 in 
the alphabet {0, 1}. Accordingly to this coding, the code 
of an arbitrary word P = a;,a;,... a;, (s 21) in the 
alphabet A will have the form 10%+1110#+'4 |. . 10%s+!41. 
Prove that irrespective of the type of a Turing machine 
T with the external alphabet A there exists a Turing 
machine 7, with the external alphabet {0, 1}, which 
satisfies the following condition: for any word P (in the 
alphabet A) the machine 7, is applicable to the code of 
this word if and only if the machine 7 is applicable to 
the word P. Moreover, if 7 (P) is specified, the code of 
the word 7 (P) coincides with the word which is a result of 
application of the machine 7, to the code of the word P. 

7.1.9. Construct the composition 7,7, of Turing ma- 
chines 7, and 7, (for the pair of states (q,9, Y2,)) and de- 
termine the result of application of the composition 7,7, 
to the word P (q,, is the final state of the machine 7',). 


| dit V12 
] 


dai Vee 
(1) Li: qi2FR | quot bh r,: QO | g22tR | qaitR 
Q121R | q1,0R 1 Goi9L | gaol S 


(a) P=130%2, (b) P= 1401. 
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(2) 7: O| deetL | qeo0R 


1 | deoltZ | q219L 


(a) P=140%43012, (b) P=120101°. 


(3) 7,: Q129R |} 41g9F lgiol Ll) =: qa20L | G230L | dao0R 


q111R aut — QotiL | Gaal | gegi L 


(a) P=12049042, (b) P= 120120242. 


7.1.10. Determine the result of application of iteration 
of a machine 7 (for a pair of states (qo, qi)) to the word 
P (qo and gq, are the final states): 


qo0S | q40S | 9,08 


q,iR | qQoiL 


4 | g,0R| g,0R 


20R | ane | aa 
(a) P=1%*, (b) P=13**1, (ce) P= 32, ed. 
(2) i==4, 7: 


qo0OR | qo0R 


1 q,0R qs0R Jai R 


(a) P==1%, (b) P=, a>. 
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P= 01"(2>>1, yr 1). 


7.1.11. Detemine the result of application of the ma- 
chine T=T(T,, (99) dar) Te: (Gigs Y31), 73) to the word 
P (Goq aNd Gq are the final states of the machines 7, and 
I, respectively): 


| Qui | Wis | Qai | G3e 
(1) 7: Olar20R QF (as re O[ggetL q39 1 L 
tlaretR QiolL 1 quit — 


(a)P=1018, (b)P = 1301. 
| aur | ge | as 
(2) Ty: Q120F | (907 | 71 00R 0 | da2VZ | 290K 


Qy1R 1] gigi Rh] qisik 1 | qoi1ZL | goth 


Pe qgaOR | Qgo1S 


1 Qgi1R | Qik 


(a) P=1*091 (a>e1), 
(b) P= 1*0101%012 (xs=1, yet, 2221). 
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7.1.12. Using machines 7,, T,, 73,*7,, and 7, con- 
struct the operator scheme of the algorithm (here 
910. Yior J201 730. Gao, ANd sq are the final states of the 
corresponding machines): 


911 ie do1 Joa das 
YT, . () q120R qQi9)R (e 0 GooOR Go30R Jaol)S 
4 QioOR | QylS 1 Goi1R | Q221R | qo51R 


I5o15 


Le 0} qg2iF | qgo1 5 / Be 0 g29Liay30Liq490R (es () 


1 Qari LiqgetLigyiL 1 |q511FR 


(1) WU: g*|-- qoi™ (x>1), 
(2) Ms qyl*** - gol ™ (x0), 
(3) WM: W0q,1**! |-- W0q)12**! (x0). 


Remark. If z = 0, then 1* is assumed to be a dummy 
word. 

7.1.13. Using the operator scheme of the algorithm 9 
and the description of the machines appearing in the 
scheme of the algorithm, construct the program of a ma- 
chine and determine the result of application of the 
machine specified by this scheme to the word P. 
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(1) =a, | TT | Y39 © 
met co 


Ts1 


P=1*01" (x21, y>1) 


(911. Yai and gg, are the initial and q,9, Yoo, Y3o, and Qjo 
the final states of the machines). 


(2) Y=a [PP | 920 Ps | 30 |, 
“oF 1 Pn 


T (eS 
1 | 2915 [deaf Llgog1 L 
EB 432 Q39 134 
{ie O | qg20L | 339K | G3a015S | Gao R 
4 Q311L | dgqiL | — | qa4lh 


P=1701% (x>>1, y>1) 


(411, 921 and gy, are the initial and 419, oo, Yoo Yao» ANA Yq 
the final states of the machines). 


15—0636 
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7.1.14. Construct a Turing machine computing the 
function f: 
0 if x=0 
(1) fey=senz=] 4 Gp pod. 


1 if w#=1, 


4 
(2) f()=[+]= 0 if x>2, 
is not defined if «=O; 


(3) f(2)=[5 |=m if x=2m or cx=2m-+1, 
m>0; 
O if zr<y, 


Wie w=2-u=| it aap 


(5) f (2, y) = 


Remark. Here (and below), some well known “elemen- 
tary” functions are often used for “analytic” representa- 
tion of numerical functions. An “analytically” presented 
function is assumed to be specified only on integral tuples 
of values of variables (belonging to the natural scale ) 
for which all the “elementary functions’ appearing in a 
given analytic representation of the function under con- 
sideration are specified and assume integral non-negative 
values. For example, the function x?/(3 — y/2) is specified 
only when y/2 is a non-negative integer, 3— y/2 isa positive 
integer and 22/(3 — y/2) is a non-negative integer. 

A Turing machine T is said to correctly compute a func- 
tion f (x") if: 

(1) f(a") is specified, 7 (k (a")) = k (f (a”)), and the 
head of the machine in the terminal configuration scans 
the left unity of the code k (f(a”)); 

(2) f (a”) is not specified, and the machine T starting to 


operate from the left unity of the code k (a.”) does not 
stop. 

7.1.15. Prove that for any computable function, there 
exists a Turing machine that correctly computes this 
function. 
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7.1.16. Construct a Turing machine which correctly 
computes the function f: 


Ce a ea (4) f(z, yy=e+y, 
(2) f(z) =sgnz=1—sgnz; (5) f(x, => 


2—y- 
(3) f(z)=—+y: 


7.1.17. Using the program of the Turing machine T, 
write the analytic expression for the functions f(z) and 
f (xz, y) computable by the machine 7. (For the initial 
and final states everywhere, we take gq, and qd, respec- 
tively.) 


(1) TF: 10] qotL | qOR | (2) 7:10) g20R | aiOL | q,0L | q,0L | qoOR 


qiiR | q,0R | q,0R | q51L | stl 


qoOR\qR\ qstllq,1RlqetR|qglR}q,0L | qgtL | qi L 


7.1.18. Which functions of one variable can be com- 
puted by Turing’s machines (in the alphabet {0, 4 }) whose 
programs contain only one command? 

7.1.19. Is it true that two different computable func- 


tions f, (z™) and f/f, (z”) can be computed on the same 
Turing machine if and only if m= n? 

7.1.20. Let M be a countable set of computable func- 
tions and let 7 (M) be the minimum possible set of 
Turing’s machines, such that for any function f in M 
there exists a machine in the set 7 (/) that computes 
the function f. 

(1) Prove that if for a certain n> 1 there exists in the 
set M an infinite subset consisting of functions of n 


i5* 
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variables, then there exists in 7 (M) a machine with an 
indefinitely large number of states (i.e. for any J,> 1, 
there exists in JT (M) a machine with a number of states 
exceeding l,). 

(2) What are the necessary and sufficient conditions 
for the set T (M) to be finite? 

7.1.21. Construct an operator scheme of a Turing ma- 
chine computing a function f. For elementary operators, 
use the machines 7; (i = 4, 5, 6, 7, and 8). In Problems 
(1) and (2), first construct an operator scheme only through 
the machines 7,, 7T,, 3 and then represent each of 
them by an operator scheme using 7,,7,;, ..., 7g. The 
initial states in the machines under consideration are 
411, Yo1y - - +» Ig; and the final states are qi9, 95> Yao: 


Goo. F309 Yao. - > -> Iso. Yeo- 


yi O} g121L | qi90R i; deal L | gas0L | qao1S 


| 4111R QigiL 1 Go,0L G919L —_ 
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(2) f (x)= 2*, 
rT. { dist |= 94017, 
LU gygf%*# | 101709,,12 for x>0; 
1*010°qo41” |— gaol”, 
: 1*07*110'go,1¥ |— 1°*10170'y, 44 for z>0. 
Here tx>0, y>0O, t>0; 

Ts : W0gs,14** |-— W0qg9174*!, y > 0; 

(3) f (x) = 32; 

(4) f(z, y) = zy; 

(9) f(@@, y)=2z—y. 

The distance between two squares C and C’ on a tape is 
equal to the number of squares between C and C’ plus one. 
In particular, adjacent squares are separated from each 
other by unity. Let J be a positive integer. The subset of 
all squares of the tape, such that every two of them are 
separated by a distance multiple of lJ, is called a lattice 
with spacing l. Thus, the tape can be regarded as a union 
of J lattices with spacing !. Let Ry) be a lattice with spac- 
ing |. Two squares of this lattice will be called adjacent if 
the distance between them (relative to the entire tape) 
is 1. The word P = a,a,...aQ, is said to be recorded on 
the lattice Rwy if 

(1) the symbol a, is recorded in a square C, of this lat- 
tice; 

(2) the symbol a, is recorded in the square C, which 
is adjacent to C, in the lattice Ry, and is located to the 
right of C,, and so on; 

(m) the symbol a,, isrecorded in the square C,,, separat- 
ed from the square C, by a distance (m — 1)! and located 
to the right? of C,. 

A Turing machine T, is said to simulate a Turing 
machine T ona lattice Ry) (with spacing /) if irrespective 
of the word P (in an alphabet A), the following condition 
is satisfied: let the word P be recorded on the lattice Ry) 
and let at the initial instant the head of the machine 7, 
scan the extreme left character of the word P; the machine 
T, stops if and only if the machine 7 is applicable to 
the word P. If 7 (P) is defined, the word 7 (P) will be 


3 We assume that only dummy symbols of the external alphabet 
are outside the squares C,, C,, ..., Cy, on the lattice Ay). 


230 CH. 7. FUNDAMENTALS OF THE ALGORITHM THEORY 


recorded on the lattice Ai after the machine 7, termi- 
nates its operation. 


7.1.22. Simulate the operation of a machine 7 com- 
puting the function f on a lattice with spacing 1: 


(1) F=[S], 1=4 
(2) f(z, p=, 1=3; 


7.1.23. Prove that for any Turing machine 7 and any 
integer /> 2, there exists a machine 7’ simulating the 
machine 7 on a lattice with spacing lL. 

A word in the alphabet {0, 1} having the form 
{at HQ4lastoQ? §.  O4Manti) (1 >> 2) will be called 


an l-multiple code of the tuple a" = (a,, Gg, ..., Gn). 
7.1.24. (1) Prove that a machine transforming the bas- 


ic code of a tuple a” to an l-multiple code of this tuple 
(L > 2) can be defined by the following operator scheme: 


ar, | Pe | Gao 
_ — 


where: 


(a) 7, has the initial state g,, and the final state qj, 
and 


Ay+1 ati 


0 gyer*? 


a,+1 


G44 (01 


L- gin 17 024727 '01787"0 O17" OL! 


(b) 7, has the initial state g,, and two final states 
Goo and q,, and 


0... 01° *or+14 


qn t**81021°'* 04 Q! 
as Le ae =) I~ 480217427 94 TH27 "9 
OLR bag hat Vtg MPV OE || geyteete™ 
for zx>0, 
gp, 1024 i487 947427 "0 iy, Qtr gtesy Mat oy 
| bia oqo = qigh itt 2g 7i+2 7" 4 ti+89 


a_+1 


... O17 Ol4 


U(a,+1) 


OF, OTP Ouge, 
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Ua +4) 


yy eat?) 


ob... gy ent?) 


Mt ou Oo ... Of 


(2) Construct the programs of the machines 73, T,,..., 
T,, using the following description: 

the machine 7,, which starts to operate from the last 
unity of the array of unities, “shifts” the array by one square 
to the left (without changing the “remaining content” 
of the tape‘); the head stops against the first unity of the 
“shifted” array; 

for a given /> 1, the head of the machine 7,, which 
starts to operate from an arbitrary square containing 
unity, moves to the right until it passes through an array 
of / +1 zeros; the head stops in the first square behind 
this array and prints 1 on it; 

for a given / > 1, the head of the machine 7,, which 
starts to operate from any square and moves to the right, 
prints / unities in succession and stops at the last unity; 

the machine 7, starts to operate at the extreme 
left non-blank square; for a given /> 1, the first left 
array of 1 + 1 zeros is “detected”, and the head stops at 
the last of these zeros (“the content of the initial piece 
of the tape” remains unchanged); 

the machine 7, starts to operate from the extreme left 
non-blank square, and detects the unity to the left of the 
first array consisting of three zeros “bordered” by unities, 
the head stops at the unity detected (“the content of the 
initial piece of the tape” remains unchanged); 

the machine 7, prints 0 in the initial square, and the 
head stops after shifting to the left by a square; 

the head of the machine 7, is shifted to the right by 
two squares of the “initial” square, and the machine stops 
at the state qo, if the new square contains 0 and at the 
state q,, if the “new” square contains 1 (the content of 
the tape remains unchanged); 

the head of the machine 7,, is shifted to the left by 
one square (after that the machine stops, and no changes 
occur in the tape); 


qoi10'*44 


Ua_+1) Ua, +1). 


| qoo 1 


4 In other words, we assume that not a single “new” unity has 
appeared and the changes in the initial piece of the tape occurred 
only in the indicated array. 
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the head of 7,, starts to move to the right of an “initial” 
square, “detects” the first (in this displacement) unity 
and, having made another step, stops at the square locat- 
ed to the right of the “detected” unity® (the content of 
the tape remains unchanged). 

(3) Taking 7,, T,, ..., 17, for initial machines, con- 
struct the operator scheme for the machines 7, and 7, 
and for the machine transforming the basic code of the 
tuple into an /-multiple code. 

7.1.25. Construct the operator scheme of a Turing ma- 


chine transforming the /-multiple code of the tuple a” 
into the basic code of this tuple. For initial machines cor- 
responding to elementary operators, use the machines 7,, 
T,, ..-, I, of Problem 7.1.24. and the following three 
machines: 

the machine 7,, such that for /> 1, its head, moving 
to the right of a blank square, detects the first (in this dis- 
placement) array containing at least / unities; then the 
head erases the first / unities in this array and stops at the 
square containing the last unity which has been erased 
(“the remaining” content of the tape remains unchanged); 

the machine 7, whose head is shifted from the “initial 
position” to the left by / squares (l is specified); the ma- 
chine stops at the /-th square, and the content of the 
tape remains unchanged in this case; 

the machine 7, operates in the same way as machine 
T,, but the head is shifted to the right. 


The lattice code of the tuple a" = (a,, @, ..., &,) is 
the word in the alphabet {0, 1} recorded on n lattices 
with spacing n so that the first lattice contains the word 
1%:+1, the second contains the word 1%:+!, etc., and the 
n-th lattice contains the word 1“"*+!, The beginnings of the 
words on the lattices must be agreed with each other, 
i.e. the extreme left unity on the first lattice immediately 
precedes (on the tape) the extreme left unity in the second 
lattice, and this unity immediately precedes the ex- 
treme left unity of the third lattice, etc. 

7.1.26. (1) Construct the operator scheme of a Turing 


machine transforming the basic code of the tuple a” into 


6 If unity is recorded in the “initial” square, the head stops at 
the next square to the right. 
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a lattice code of this tuple. For the initial machines cor- 
responding to oe operators, use the machines 
I,, T;, ..., Tg in Problem 7.1.21. and the following 
two machines: 

the machine 7,, whose head is shifted from the ‘ ‘initial 
position” to the right by nm squares, stops at the n-th 
square; the content of the tape remains unchanged; 

the machine 7, operates in a similar way, but its head 
is shifted to the left. 

(2) Using the same machines as in the previous prob- 
lem, construct the operator scheme of a Turing machine 


that transforms the lattice code of a tuple a” into the 
basic code of this tuple. 


7.2. Classes of Computable 
and Recursive Functions 


The functions considered in this section are partial nu- 
merical functions. 

The function F (z,,..., 2n)=f (8; (41, ~~ +s En)r ees 
2m (21, - ++, In)) is called the superposition of a 
f and g,, ..., Zm and is denoted by S (f(™; gP, ..., 

8m ). Here the function F is. defined on the tuple 


a” and F (a") = f (g; (a”), Bok 1 Bm (a" )) if and only 
i each function g; (1< i< m) is defined on the tuple 


a” and, besides, the function f is defined on the tuple 


(2, (2"), - - 65 Bm (a). 


Let g (x,, -.., @n) and h (xy, .. -) Lat» Lay Tn 41) 
be two functions and n> 2. We shall define the third 
function f (z,, ...-, Zp-1, Zn) with the help of the fol- 
lowing scheme: 

f(%, se0y Dnigy 0) = 8(%1,..., Ens); 

f (x4, soey Unts y+ 1) (1) 


=h (2, sory Un-yy Y, f (4, seey Dpigy y)), y>0. 
This scheme is known as a primitive recursive scheme 
for the function f (x”) in variable x, (and 2, +,) and gives 


a primitive recursive description of the function / (2° ‘) in 
terms of functions g and h. The function f is also said to 
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be obtained from g and h by using the primitive recursion 
operation in variable x, (and x,,+,). In this case, the fol- 
lowing notation is used: f = R (g, h) (the variables in 
which the recursion is carried out are indicated separate- 
ly). 

In the primitive recursive description of the function 
f (z) depending on a single variable, the primitive recur- 
sion scheme has the form 


f (0)=a, (9) 
fyt+ti1=hy, f(y), y>0, 
where a is a constant (a number from the natural scale 
Ne 105 Noe 2. cee} 

Let f (4%, ---,; na, Ln), moi be a certain func- 
tion. We shall define the function g (2, ..., 27_1, Zn) 


as follows: let a = (@,, ...; &n_y, @,) be an arbitrary 
tuple of non-negative integers. We shall consider the 


equation 
FAQ Ge wh Cai DU) = Gas (3) 

(a) If equation (3) has a solution y, € N and for all 
y€N such that Oy < yy the function f (a, ..., 
Qn-1, y) is defined, and its values differ from a,,, we as- 
sume that g (a) 5 

(b) If Eq. (8) does not have a solution in non-negative 
integers, we assume that g (a) is non-defined. 

(c) If yp is the smallest non-negative integral solution 
of Eq. (3) and for a certain y, € N and y, < yo, the value 
of f (a,, ..., @n_1, yi) is non-defined, we assume that 
g (a) is non-defined. 


The function g (x”) constructed in this way from the 


function f (2") is said to be obtained from the function 
f (@, . - -s Ln-3; Xn) by using the operation of minimization 
with respect to the variable x, (or just the minimization in 
x,). In this case, the e following 1 notation is used: g = Mf, 


or g(x") = Mey (f (2")), or g (e") = py (f (a, 


y) = ap), or g (2") = pan (f (2%). 
Remark. The operations of primitive recursion and min- 
imization can be applied with respect to any variables 


eg Tn-19 
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in the functions f, g and h (however, the variables should 
always be indicated). 

The following functions will be henceforth referred to 
as simplest: 

(a) s(x) =2+1 is the successor function, 

(b) o (x) =O is the nullary function, and 

(C) Lalas osx Dy) S eel mann = 1, 2; 2.) 
is the selection function, or the function of selecting argu- 
ments. 

The class K pr. of all primitive recursive functions is the 
set of all functions which can be obtained from the simpl- 
est ones by operations of superposition and primitive 
recursion. 

The class K parr of all partial recursive functions is the set 
of all functions that can be obtained from the simplest 
ones by operations of superposition, primitive recursion 
and minimization. 

Remark. In the definition of the Kp,,; and Kpar., classes 
it is assumed that while constructing each concrete func- 
tion, the corresponding operations are applied a finite 
number of times including zero (some or all of the opera- 
tions may not be applied at all). 

The class Kg, of all general recursive functions is a set 
of all partial recursive functions defined everywhere. 

It can easily be shown that Apar., > Kg.r (the inclusion 
is strict!). The following strict inclusion is also valid: 
Kgr > Korver. 

We shall denote by K, the class of all partial numerical 
functions that can be computed on Turing’s machines. 

The following statement is valid: the classes Kpar., and 
K,. coincide. 

Theorem (R. Robinson). All primitive recursive functions 
of one variable, and only these functions, can be obtained 
from the functions x + 1 and sgn (x—~ [ V xl*) by applying 
a finite number of times the following three operations: 

(a) absolute difference f (x) = | f, (x) — fe (z) |: 

(b) composition f (x) = f, (fe ()); 

f (0) =0 


f (z+1) =f, (f (z)). 

7.2.1. Apply the primitive recursion to the functions 
g(z,) and h (x,, 22, 23) with respect to variables z, 
(and z,). Write the function f (z,, z,) = R (g. %) in the 


(c) iteration | 
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“analytic” form: 8 
(1) g (z,) = 2&4; h (24, Lo, £3) = I = X31 
(2) g (ty) = 2, Wh (X41, Lq, Fg) = Xy + Zoi 
(3) g (z,) = 2%, h (x1, Lg, Tz) = xz (we put 0° = 4); 
(4) g(m) = 1, h(a, 2g, £3) = 
rg (4 + sgn |x, + 2 — 2z; | ); 
(5) g(x) =2,, A(x, Lo, X3) = (3+ 1) sgn (1 Si = | . 


7.2.2. Prove that the functions f (x") are primitive re- 
cursive: 
(1) f (1, 2) = 2 — 24; 
(2) f (a) = 3*5 
(3) f (x,, 22, 23) = xix, @ xz (mod 2 sum). 
7.2.3. Prove the validity of the relation f = R (g, h) if: 
2 it 25==0, 
(1) f(2,, x.) =rest(z,, 2) = th remainder of division 
of z, by z, if 2, > 0; 
8 (X2) = 0, h (x, Xq, Fy) = (3 + 1) sgn | z_—(z3 + 1)I, 
the recursion is carried out in variables zx, (and 23). 


x, if z,=—0, 
(2) f (z,, 23) = a]-| the quotient of division of 
2 
x, by zy if 1, > 0; 
g (a2) =0, h (x4, 22, 29) _ 
=X, + sgn | xz, + 1 — (zy + 1) z | + sgnzy, 
the recursion is carried out in variables z, (and 2s). 
(3) f(%)= 2, [Va 
g=0, h(x, X) = (x2 + 1) sgn (4x, + (23+ 422). 
(4) f (a) = IV z,J, —_ 
= 0, h (x4, x9) = rq + sgn ((x_ + 1)? = (2+ 1)). 
7.2.4. Prove that if the functions g (y), @, (x), Q» (2), 
and ¢3(z) are primitive recursive, the function 
@i(z) if g(y)<a, 
f(t, y= 4 Ge(z) if a<g(y)<d, 
G3(z) if g(y)>6, 
where 0< a< J, is also primitive recursive.® 


6 The conditions imposed on the function g (y) must be under- 
stood as follows: we consider all such values of y for which the 
function g (y) satisfies the indicated relation. 
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7.2.5. Let g, (y), g, (x) and gs (z, y) be primitive recur- 
sive functions. Prove that in this case the function 
/ (zx, y) defined by the scheme 


f (9, y)=8, (y), 
f(z+1, 0) =, (2), 
f(z+1, y+ 1) = g3 (2, y) 


is also primitive recursive (here x>0 and y>0). 
7.2.6. Let the functions g (z,, ..., Zn_1; Zn); 
IA Bis. Soin Dac: a) ANG deg Bie oy Da hy); DU ce Vs 
be primitive recursive. Prove that the following 
functions are also primitive recursive in this case: 


(1) f (x, e409 Ln-4s Ln) = 28 (z;, ce ey Tn t); 


(2) f (2, oe ey Lnmty Ln) = I & (2, oo ey En-4s i); , 


z 


»2 BA Lig cay Danie!) 
(3) f(t...) tna Ys = pace 
; ? ? 9 or YSZ, 


0 for y> 2; 


II BA Lis. wese Dyetel) 


(4) f (24, veer Entry Ys z) = | on for y<z, 
1 for y > 2; 
(9) f (x, ee | En-4s Ln) 
ho(X1, oood x n-1 xn) 
= > B (1, «++ Ln-4, 2b) 
t= hy( Rs asso Xi Xn 


(here, as usual, the sum is considered to be zero if the 
upper limit of summation is smaller than the lower one); 


(6) f (24, ee ey Ens) Ln) 


ho(X1, ooo8 xn 1° xy) 


= I] B (24). +s Tass i) 
i= hy(X iy cee Xny) Xn) 
(in the case when the upper limit of the product is smal- 
ler than the lower limit, the product is assumed to be 
unity). 


938 CH. 7. FUNDAMENTALS OF THE ALGORITHM THEORY 


7.2.7. Apply the minimization operation to the function 
f in z;. Represent the resultant function in an “analy- 
tic” form: 


(1) f(t)=3, i= 1; 

(2) f(ey=[G], i=4; 

(3) f(xy, to) = It (x1, 2), t=2; 
(4) f(x, 2%) =a,~ 2,, t=1, 2; 
(5) f(x, %_)=2,-—, i=, 2 


(6) f(xy, 2) = 2" (22,44), i= 4, 2. 


7.2.8. Applying the minimization operation to an 
appropriate primitive recursive function, prove that 
the function f is partially recursive: 


(1) f(a)=2—2,; (3) f (24, t_) = 2,— 225; 
(2) f(q)=22; (4) Flay) = —B— 


1—2 125 

7.2.9. Is the following statement correct: if at least 
one of partial recursive functions g and h is not defined 
everywhere, then f = R (g,h) & Kgx? 

7.2.10. (1) Can a function that is not defined anywhere 
be obtained by a single application of minimization of a 
function which is defined everywhere? 

(2) Give an example of a primitive recursive function 
which leads to a function that is not defined anywhere by 
applying the minimization operation twice. 

7.2.11. Prove the computability of the following 
functions: 


(1) fle ys 2)= [Sep |(@— sen (2 + y)) + (e+ 1) 
(2) f(a ys 2)=(ZEp + 2) y= aa) 

(3) f(z. y, 2) =4°-Y — (a2 + 41)"; 

(4) f(a, y, = ASP gertvisene sve 


7.2.12. What are the powers of the classes Kpr.., Kg.r, 
K par.r and Ke? 
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The function g (z, y), defined by the scheme 
¢(0, y=yt+!, 
y(z+1, 0)= y(z, 1), 
p(z+i,ytt=e(z, p(z+1, y)), 


where x20 and y>O is usually called Ackermann’s 
function. 

7.2.13. Prove that the Ackermann function satisfies 
the following conditions: 

(a) @ (z, y) > y for any = and y, 

(b) g (x, y) is strictly monotonic in both variables, 

(c) p(x +1, y)> 9 (z,y + 1) for any z and y. 

7.2.14. Using the solution of Problem 7.2.13. and Ro- 
binson’s theorem (stating that the set {x + 1, sgn (x — 
[VY x]*)} is complete relative to the composition, itera- 
tion and absolute difference operations in the class of 
all primitive recursive functions of one variable) prove 
that irrespective of the form of the primitive recursive 
function f (y) of one variable. there exists an x for which 
f(y) < @ (2, y) for any value of the variable y. 

7.2.15. Prove that the Ackermann function is general 
recursive but is not primitive recursive. 

7.2.16*. Let us denote by Apr, and K,'r the sets of 
all unary primitive recursive and all general recursive 
functions of one variable respectively. Prove that the 
sets Ayr, U fa-+y} and K,': U {x + y} are complete rel- 
ative to superposition inthe classes Kp,, and A, , re- 
spectively. 

7.2.17. Let a Turing machine 7 compute the function 
f, (4) € Kg r\ Kp, Is it always true that the function 
f. (x, y) computable by this machine does not belong to 


r.T° 

7.218. (1) Let Turing machines 7, and 7, compute 
primitive recursive functions f, (z) and /, (x) respective- 
ly. Is it always true that the composition 7,7, also com- 
putes a primitive recursive function f (z)? What will 
happen if the machines 7, and 7, correctly compute the 
functions f, and f,? 

(2) Let a machine 7 compute a primitive recursive 
function f (xz). Is it always true that if an iteration of the 
machine 7 computes a function g (x) defined everywhere, 
this function is necessarily primitive recursive? 
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7.2.19. Are the following relations’ valid? 

(1) px (z+ 1) = (px (z + 2)) + 1. 

(2) cy (q+ (Lz + L4)) = Wy ((Z_ + Le) + Zp). 

(3) ps (x as Ea, S Kopp r- 

(4) ps (e+ (V2) € Kors. 

(5) ps (UV 27)) € Kprr 

7.2.20". Let the functions /, (x) and /, (xz) belong to the 
set Kyg..\Kp;.-- Can the following statements be cor- 
rect? 


(1) hi (fo (x))€ | ee but fe (f, (z)) ¢ Ky, r° 


(2) fi (x2)E Kye es but (V fs (x?)}¢ Apr. 

(3) f(z) +f, (Z)E ors r, but f,(z)+ 2f, (x) ¢ K py. r 

7.2.21*. Let f(z) € Kg ~\Kopr.r- Are the following rela- 
tions always satisfied? 

(1) f (2x) & Kpr.r: (A) 4 + f (x) € Kor 

(2) f (x + y) € Apr. ri (9) f (@ + y) € Are. 

(3) f (x: y) ¢ K p-r? 

7.2.22. (1) Both variables of a function f (z, y) in 
K,., are essential. We assume that pf (z, y) and w,f (z, y) 
are the functions defined everywhere. Can at least one of 
these functions essentially depend only on _ one 
variable? 

(2) The function f (x, y) € Kg, has one fictitious vari- 
able. Can both variables of the function u,f (x, y) be es- 
sentialif we assume in addition that it is a jeneral recur- 
sive function? 

7.2.23. Formulate the necessary and sufficient condi- 
tion that a function u,f (z) is not defined anywhere. 

7.2.24. (14) What is the necessary and sufficient condi- 
tion for the relation pf (xz) € Kg, to be fulfilled? 

(2) Can at least one of the functions wxf (x, y) or Bul (x, y) 
be general recursive if f(z, y) € Kpar-r mae 

7.2.25". Let f (xz) € Kg,\ Kp, Can the relation 
Hal “) € Koy. r be true? 

2.26. It is known that / (xz) € Kg, and that for any 
oe eee) and f (2x) = f(a + 1). It is true 
that f (z) € Kp, s 

7.2.27. Find out whether the set Ke p>\Kpr., is com- 
plete relative to superposition in the class K,,? 
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7.2.28. Does a set M form a complete set relative to 
the set of operations © in the class Kpay.r? 


(1) M = Kya N\ 1 tae O—{R, uw}; 

(2) Mie ee ies O = {8}; 

(3) M=K,, »~ Kore O ={8, L}; 

(4) M = Kye O ={y}. 

2.7.29. Let a general recursive function f (x) be such 
that f (V) = {f (x): x € N} is an infinite proper subset of 
the set NV. Will the following equality hold 


[(Apar.e \ Keer) U {fF (2)}] = parr, 


where Aji, and K;,'; are the sets of all unary partially 
recursive and all general recursive functions of one variable 
respectively and the closure is taken relative to super- 
position and minimization? 


7.3. Computability and Complexity 
of Computations 


A partial function F (zp, 2, ..., 2n) is called uni- 
versal for a family Y of functions of n variables if the 
following two conditions are satisfied: 

(a) for any i (t=0, 1, ...) the function F (i, z, ..., 
2,) of n variables, belongs to Y; 

(b) for any function f (z,, ..., Z,) in Y, there exists 
anumber isuch that for all values of variables z,, ..., zy, 


F (i, L153 + 2 09 i) = f (x1, i 045 oe 


The number i is called the number of the function f (z,, ..., 
Zn), and the numbering of functions of the family 3%, 
obtained in this way, is called a numeration corresponding 
to the universal function F (x9, 4, . . ., Z,). Conversely, if 
a numeration of the family 9 is specified, i.e. if a map- 
ping g: if; of the natural scale on & is defined, the 
function F (29, 2}, -..-, tn) defined by the formula 


PGs Dig oa. oe ae) B= es 8 Ea) 


is universal for Y. Each primitive (partial) recursive 
function f(z,, .-.,2,) can be associated with a term re- 
flecting the way of representation of the function f(z, ..., 


16—0636 


242 CH. 7. FUNDAMENTALS OF THE ALGORITHM THEORY 


r,) in terms of the functions J}, (zy, ...; 2n) = tm 
s (x) = x 4-1 and o (z) = 0 using superposition, primi- 
tive recursion (and minimization). By numbering all the 
terms we can obtain the numeration for all primitive 
(partial) recursive functions. A numeration of this type 
is called a Godel numbering’. Henceforth, we shall as- 
sume that a certain Godel numbering is fixed. A partial 
recursive function of n variables, having a number r 
in this numbering, will be denoted by g{’. The superscript 
will be omitted if there are no other stipulations con- 
cerning the number of variables of the function @”. 

The following statements are valid. 

Theorem 1 (on a function which is universal for the set 
of all primitive recursive functions of n variables). 
The class of all primitive recursive functions of n variables 
has a general recursive universal function. 

This universal function (corresponding to a chosen 


Godel numbering) will be denoted by D (x9, 2, ..., Zn). 
Theorem 2 (on a universal function). There exists a 
partial recursive function U (a, 2, ...; Xn) which is 


universal for the set of all partial recursive functions of n 
variables. 

The concept of universal function is frequently used in 
proofs involving “diagonalization”. As an example, we 
can consider the following proof of the existence of a 
general recursive function which is not primitive recur- 
sive. Let D (x,, x;) be a universal function in the class 
of primitive recursive functions of one variable. If fol- 
lows from part (a) of the definition of the universal func- 
tion that D (xy, x,) is defined everywhere. Let us consid- 
er g (r)=D (z, x) + 1. The function g (x) is not prim- 
itive recursive. Indeed. if this were so, the equality 
D (j, z) = g (z) would be satisfied for a certain j and 
for all z. However, for « = j, this equality is transformed 
into an inconsistent relation 


Dii,f)=e) =D (i,j) +14. 


The following (s-m-n)-theorem, put forth by Kleene, 
plays an important role. 


7 For a formal definition of the Gédel numbering, see, for 
example, “Theory of Recursive Functions and Effective Computa- 
bility” by Rogers H., McGraw-Hill, New York, 1967. 
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Theorem 3. For any m, n> 1, there exists a primitive 
recursive function s\™*1) such that for all z, yy, ..., Ym: 
the following relation holds: 


(nN) 
Gir t™) (yy, sete Ae Yms £4. fe AEESA i s(x, Yar veer Ym) (Zy see Sn) 


Let T be a Turing machine and K be a certain configu- 
ration. The time complexity t; (K) of a computation process 
is defined as the number of steps taken by the machine 7 
during a transition from A to the final configuration if 
T can be applied to K. The function t, (K) is not defined 
if 7 is inapplicable to K. The computation process zone 
is the minimum part of the tape containing all squares in 
at least one configuration encountered in the computation 
process. The storage complexity s-(K) is defined as the 
length of the computation process zone with the initial 
configuration K if 7 is applicable to this configuration. 
The function s; (XK) is not defined if 7 is inapplicable to 
K. By w7 (K) we denote the number of changes in the di- 
rection of the head displacement, and by r; (K) the maxi- 
mum number of passages of the head across the boundary 
between two adjacent squares of the zone during compu- 
tation (the maximum is taken over all pairs of adjacent 
squares). The functions w,(K) and r;(X) are not defined 
if 7 is inapplicable to A. If for K we take the initial 
configuration for the word P, the complexity functions 
are denoted by tr (P). s7(P), wr(P) and r7(P) respec- 
tively. If gy is a complexity function, then gy (n) = 

max qr (P). 

Pi MP)an 

7.3.1. Prove that a function that is universal for 
primitive recursive functions of one variable 

(a) assumes all the values in MN = {0,1, 2, ... 3}; 

(b) assumes each value in N an infinite number of 
times. 

7.3.2. Provethat each primitive recursive function of 
one variable in a Gédel numbering has a countable set 
of numbers. 

7.3.3. Prove that there is no partial recursive univer- 
sal function for a family of all general recursive functions 
of n variables. 

7.3.4. Prove that there exist partial numerical func- 
tions that are not partial recursive. Give the proof based 
on a comparison of powers of two sets: that of partial 


16* 
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recursive functions and that of all partial numerical 
functions. Give also the other proof based on “diagonali- 
zation”. 


7.3.0. Give an example of a partial numerical func- 
tion which assumes exactly one value and which is not 
partial recursive. 


7.3.6. Prove that the function f is not a partial recur- 
sive function: 


; 1 if the value of ,(y) is defined, 
a O otherwise; 
1 if o,(z) is defined, 
a Q otherwise; 
px (y) if g,(y) is defined, 
0 otherwise; 


(3) Hen={ 


1 if o,(y)=z, 
(4) | (*> Y, 2) =| : _ 


Q otherwise; 
1 if there exists y for which 
(9) f(z, y, =} @x (Y) = 2, 
() otherwise. 
7.3.¢. Is the function f partial recursive in the fol- 
lowing cases: et (a) =1 
if o,(z)=1, 
(1) f (2)=| QO otherwise; 
is not defined if m,(z) is defined, 
2) 1 otherwise; 
1 if the unity belongs to the set of 
(3) Ha | values of function q,, 
Q otherwise; 
1 if g, is primitive recursive, 
0 otherwise; 


(4) #2) =| 
(9) f(z) 
1 if the decimal decomposition of the number 
= m contains an infinite number of zeros, 
0 otherwise. 


7.3.8. Let u (xo, 1, ..-, Zn) be a partial recursive 
function that is universal for a non-empty subset M of 
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general recursive functions, such that Kg ,\M is infi- 
nite. Using the “diagonalization” process, indicate a count- 
able set of general recursive functions not belonging 
to Al. 

7.3.9. Show that if a function f (x) is partial recur- 
sive, any function differing from f (z) on a finite set of 
values of the argument is partial recursive. 

7.3.10. Let U (xz, y) be a function that is universal 
for the set of all partial recursive functions of a single 
variable. Prove that the function f (x) = U (xz, x) +1 
does not have recursive extensions (in other words, a 
function defined everywhere, coinciding with f (x) where- 
ver f (x) is defined and arbitrary otherwise, is not a par- 
tial recursive function). 

7.3.11. Let a partial recursive function f (x) be such, 
that the function A (zx), defined by the condition 


QO at points where f(z) is defined, 
h (2) =| 1 


is recursive. Prove that the function f (x) has a recursive 
extension. 

7.3.12, Give an example of a binary sequence ap, 
Oj, -. +; @n, ... generated by an appropriate autono- 
mous deterministic operator and satisfying the following 
condition: the function f (x), that is defined by the equali- 
ty f(n) =a, for all n>O, is not general recursive. 

7.3.13. (1) Prove that if the sequence a, a, ..., &p,; 
...is the output for a certain autonomous b.d.-operator, 
the function f (x), defined by the relation f (n) = a, for 
all n> 0, is general recursive. 

(2) Is such a function always primitive recursive? 

7.3.14. Give an example of an infinite binary sequence 


hd = A, &, .-., an, ... Satisfying the following con- 
ditions: | Y 
(1) there is no autonomous b.d.-operator for which « 
is an output sequence; 
(2) there exists a Turing machine which starts operat- 


at points where f(z) is not defined, 


ing on a blank tape and constructs the sequence a, 
moreover, for each n there exists an instant of time t, = 
t, (mn), such that for t> ty, the head of the machine does 
not scan the squares of the tape to the left of the square, 
where the symbol a, is recorded. 
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7.3.15. Give an example of transformation of finite 
words which may be carried out by a suitable Turing 
machine, but cannot be carried out by any deterministic 
operator. 

7.3.16. For a given function f, construct a Turing ma- 
chine 7 which can correctly compute / with an upper es- 
timate for its time complexity, and majorize the remain- 
ing complexity functions. The input data are given in 
a unary form. The external alphabet is given by A= 
{0, 1}. 

(1) f@y)=at+y, tp (n)Sen; 

(2) f (x) = Qz, tr (n)< cn’; 

(3) f(z) =|r2—yl, tr (n)< en’; 


(4) f (2, ) = [= | , tp (n)< en’; 


(5) f (x) = J logy al, ty (n) < en’. 

7.3.17. Construct a Turing machine 7 transforming the 
unary notation of a number into a binary notation with 
given restrictions on the complexity function: ty (n)< 
en®, Sp (n)~ n, Wr (n)<cyn, rp (n)<cgn, where c,, 
C, and cg are constants. 

7.3.18. Construct a Turing machine 7 which transforms 
a binary notation into a unary notation, and such that 
tr (n)< ¢,n2”, Sp (n)~ con + 2", Or (n)< cgn2”, 
rr (n)< cyn2", where c,, c,, Cc, and c, are constants. 

7.3.19. Construct a Turing machine 7 with an input 
alphabet A of m characters, transforming a word P 
into P*P, where the symbol * does not appear in P, 
and such that tp (n)<.¢,n’, sp (n)< con, Wr (n)<cgn, 
rp (n)< e4n. i 


7.3.20. (1) Construct a machine 7, recognizing the li- 
nearity® of an arbitrary Boolean function f (z"). The 


function f (z") is defined by a binary vector a, of length 
N = 2". The input alphabet of the machine is A = 
{0, 1, A}. The functions t; (V) and sy; (NV) must satisfy 
the inequalities tp (V)<cc,N*, sp (N)<c,N. 

(2) Construct a machine 7, recognizing the self-duality 


of an arbitrary Boolean function f (x"), and such that 
tr (N)< c\N®, sp (N) < €,N. 


8 A machine recognizing a property of an input word has two 
final states, g, and g;. The machine stops at the state q, if the 
property is observed, and at the state qq if it is not. 
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(3) Construct a machine 7, recognizing the monotoni- 


city of an arbitrary Boolean function f (z"), and such 
that tp (VN) < ¢,N*, sp (N) <Q N. 

7.3.21. Show that for any Turing machine 7 and for 
any word P 

(1) sp (P)S tp (P)+1P 15 

(2) there exists a constant c, such that t7 (P)< err 


Chapter Eight 


Elements of Combinatorial’ Analysis 


8.1. Permutations and Combinations. 
Properties of Binomial Coefficients 


The tuple of elements a;,, ..., ai in the set U = 
{a,, .--, Gn} is called an r-multisubset of n-set U, or 
an (n, r)-multiset. If the sequential order of elements in a 
multiset is specified, we call it an ordered multiset. Two 
ordered multisets, differing only in the sequential order 
of their elements, are assumed to be different. If the se- 
quential order of elements is not signilicant, the multi- 
set is called a disordered multiset. Elements may, or may 
not, repeat themselves in a multiset. An ordered (n, r)- 
multiset in which the elements may be repeated is called 
a permutation of n elements with repetitions taken r at a 
time, or an (n, r)-permutation with repetitions. If an ordered 
(n, r)-multiset has pairwise different elements, we cal] it an 
(n, r)-permutation without repetitions, or simply an (n, 
r)-permutation. The number of (n, r)-permutations will 
be denoted by the symbol P (n, r), while the number of 
(n, r)-permutations with repetitions will be denoted by 


P (n, r). A disordered (n, r)-multiset, in which the ele- 
ments can be repeated, is called a combination of n ele- 
ments taken r at a time, or simply an (n, r)-combination 
with repetitions. If the elements of a disordered multiset 
are pairwise different, it is called a combination (without 
repetition) of n elements taken r at a time, or an (n, r)- 
combination. Each such combination is a subset of power 
rin the set U. The number of combinations of n elements 
taken r at a time will be denoted by C (n, r), while the 
number of combinations (with repetitions) of n elements 


taken r at a time will be denoted by C (n, r). 

Example 1. Let U = {a, b,c}, r = 2. In this case, 
we obtain: 

nine permutations with repetitions, viz, aa, ab, ac, 
ba, bb, bc, ca, cb, ce, 
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Six permutations without repetitions, viz., ab, ac, ba, 
be, ca, cb, 

Six combinations with repetitions, viz., aa, ab, ac, 
bb, bc, cc, and 

three combinations without repetitions, viz., ab, 
ac, be. 

The product n(n — 1)...(n—r-+ 1), where n is 
real and r is a positive integer, will be denoted by (n),. 
By definition, we put (n), = 1. If n is a natural number, 
(nr), is denoted by the symbol n! and is called n-factorial. 
For n = O, we assume that 0! = 1. For any real n and 
a non-negative integer r, the quantity (n),/r! is called a 


binomial coefficient! and is denoted by the symbol (” ), 
Let ri, ry, ..-, T, be non-negative integers and let 
r,+ret...+tr,=n. The quantity a 
called a polynomial coefficient, and is denoted by 


V4; Py, ooey Tp 


The following two rules are taken into consideration 
while counting the number of different combinations. 

Multiplication rule. If an object A can be chosen in m 
different ways, and if after each such choice an object 
B can, in turn, be chosen in n different ways, the choice 
“A and B” in this order can be carried out inm X n ways. 

Summation rule. If an object A can be chosen in m 
different ways and an object B in n other ways, and if 
the choice “A and B” is not possible, the choice “A or B” 
can be made in m + n ways. 

Example 2. Two dice (with six faces each) are cast. 
In how many different ways can they be cast so that 
each of them shows either an even number, or each shows 
an odd number. 

Solution. Let A be the number of ways in which an even 
number is shown by each die, and let B be the number of 
ways for an odd cast. Then, according to the sum rule, 
the required number is A + B. Let C be the number of 
ways of an even cast by the first die and D the number of 
ways for an even cast by the second die. Obviously, 


is 


1 The notations Ch, nC,, and (n, r) are also encountered in the 
literature. 
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C-=-D=3. According to the multiplication rule, 
A=CxD2=49. Similarly, B = 9. Hence the total 
possible number of ways is equal to 18. 

Example 3. Show that the number of (n, r)-permutations 
without repetitions is equal to n’. 

Solution. Induction on r. For r = 4, the number of 
ways in which one object can be chosen from n is equal 
to n'. Suppose that the equality P (n, r) = (n), is satis- 
fied for a certain r-> 1. We shall prove that an analogous 
equality also holds for r + 1. Each set of r + 1 objects 
can be obtained by first choosing r objects comprising 
the (n, r)-permutation, followed by the addition of 
the (r + 1)-th object to it. If r objects are chosen, there 
are n—r waysin which the (r + 1)-th object can be 
chosen. According to the multiplication rule, we obtain 


P(in,r +1) =P(n,r) X (n—?1r), 
Using the induction hypothesis, we can write 
P (n,r + 1) = (n), X (n — 1) = (Nn), ay. 


A large number of combinatorial problems can be re- 
duced to a computation of the number of binary vectors. 

Example 4. In how many ways can the number n be pre- 
sented as a sum of k non-negative components (represen- 
tations differing only in the order of the components are 
assumed to be different)? 

Solution. Each decomposition of the number n into 
k non-negative integral components is assigned a vector 
of length n-+k—1 with n unities and k—1 zeros, 
such that the number of unities just before the first zero 
is equal to the first component, the number of unities be- 
tween the first and second zeros is equal to the second com- 
ponent, and so on. This is a one-to-one correspondence. 
It should be noted that each binary vector with n + k — 
1 coordinates and n unities can, in turn, be associated 
with an n-clement subset A of the set U ={a,,a,,..., 
An+h-1} aS follows: the i-th coordinate of the vector is 
equal to 1 if and only if a; €A, i=1,2,..., n+ 
k — 1. But the number: of such subsets is C (n.r). 

8.1.1. In how many ways can three tickets be distrib- 
uted among 20 students if: 

(1) The tickets are for different theatres, and each stu- 
dent can get not more than one ticket? 


8.1. PERMUTATIONS AND COMBINATIONS 251 


(2) The tickets are for different theatres and for differ- 
ent shows, and any student can obtain any number of 
tickets (not exceeding three)? 

(3) The tickets are for the same show, and each student 
can get not more than one ticket? 

8.1.2. In how many ways can nine persons be lined up 

(1) in single file? 

(2) in threes, if they are formed in each rank according 


to height, and no two persons have the same height? 
8.1.3. Prove that 


(1) P (n,r) =n’, 
(2) C(n,r)=("), 


(3) Ei n= ("FF"). 


8.1.4. Find the number of vectors a = (a,, ..., @y) 
whose coordinates satisfy the following conditions: 

(1) a, € (0, 1,...,4 —41}, t=t,..., 0: 

(2) 0) 6 40, Tose Realy bee dy wae 

(3) a, € {0,1}, = 1,..., mn,anda, +... +a, =r. 


8.1.5. (4) Find the number of matrices having n rows 
and m columns with their elements in the set {0, 1}. 

(2) Find the same, provided that the rows of the matrix 
are pairwise different. 

8.1.6. Given n objects of one type and m objects of 
another. Find the number of multisets containing r objects 
of one type and s objects of the other type. 

8.1.7. Words are formed by using n letters, of which a 
and b appear @ and f times respectively, while the re- 
maining letters are pairwise different. How many differ- 
ent r-lettered words can be formed, so that the letters a 
and b appear h and k times respectively? 

8.1.8. A deck containing 4n (n> 5) cards has n cards 
each of four different suits, numbered 1, 2,..., 7. In 
how many different ways can five cards be chosen, so 
that they contain 

(1) five consecutive cards of the same suit? 

(2) four of the five cards with the same value? 

(3) three cards with one value and two cards with 
some other value? 

(4) five cards of the same suit? 

(5) five successively numbered cards? 
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(6) three of the five cards with the same value? 

(7) not more than two cards of the same suit? 

8.1.9. Solve the following problems by using the sum- 
mation and multiplication rules: 

(1) In how many ways can two chips be chosen from 
among 28 in a game of domino, such that they can be put 
next to each other (i.e., the same number is encountered 
on both chips)? 

(2) Three dice are cast. In how many ways can they 
show the same number or pairwise different numbers? 

(3) It iscustomary to give more than one christian name 
to the newly born baby in England. In how many differ- 
ent ways can a baby be named if he is to be given three 
names from a total of 300? 

8.1.10. (1) In how many ways can the number 7 be 
presented as a sum of k natural components (representa- 
tions differing only in the order of components are as- 
sumed to be different)? 

(2) In how many ways can the number 7" be presented 
in the form of a product of three cofactors (representa- 
tions differing only in the order of cofactors are assumed 
to be different)? 

(3) The same, provided that representations differ- 
ing only in the order of cofactors are assumed to be iden- 
tical, and n= 3s? 

8.1.11. In how many ways can n zeros and k unities be 
arranged so that each two unities are separated by not 
less than m zeros? 

(2) Find the number of non-negative integers not ex- 
ceeding 10” whose digits are arranged in non-diminishing 
order. 

(3) A rectangular city is divided by streets into 
squares. There are m such squares from north to south, and 
kt squares from east to west. Find the number of shortest 
walks from the north-eastern end of the city to the south- 
western end. 

8.1.12. Let mn be the product p% x... X p,? of 
powers of pairwise different prime numbers. Find 

(1) the number of all natural divisors of the number 
Nj, 

(2) the number of all divisors that cannot be divided by 
a square of any integer other than 1; and 
(3) the sum of divisors of the number n. 
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8.1.13. Prove the following properties of binomial 
coefficients: 


() (7 )=( ara} 


6) (F(R) =e | 
(7) )/ (=a 


f‘r\ _{n+1 
(8) > (ie) =(eya)- 
8.1.14. Prove that 
(1) ( ) increases with n for a. fixed k; 
(2) (7) decreases with r for fixed n and &; 


(3) if m is fixed, then ( : increases with k for 
k <]n/2[—1 and decreases for k>]n/2{; 


(4) max (2 )=( nay) 


(5) the minimum value of the sum & )+/( : )+ 


a +("; provided that > n; =n is equal to (s—r) x 


(2 )+r(77") , where g= am r=—n—s{n/s}; 
(6) the maximum value of the sum Gs )+-( : )4- 
ea ll provided that O<hk, <<... <k<njics< 
n+41 is equal to > co 


] 
N-$ ~. n+8 
3 SIS 
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(7) for a prime p and for any p>k>1, the number 
(5 is a multiple of p; 


(8) I] me) where the product is taken 
n<p,e2n 
over all prime numbers p; (n< p;<2n). 
8.4.15. (1) Let m be a non-negative integer, and let 


n = n(m) be the minimum integer, such that m < nl. 
Prove that there is one and only one way in which the 


number m can be associated with a vector a (m) = 
(1, Qy, .. +, &n-,), such that m =a, X i! +a, X 2! 
t+. Oni X (n—1)!, OS a; <i, i= 1, ..., n—1. 


Let p (a) be a number, such that a = a (pL (a). 

(2) Find the vector a (m) for m = 4, 15, 37. 

(3) Find p (a) from the following values of cL: 

(a) @ = 0, 2,0,4); () @= 0.2.1); (a= 1,2 


(4) The permutation of a set Z, = {1, 2, ..., n} 
is defined as an arbitrary mapping of Z, onto itself. Any 
permutation nm can be put in a one-to-one correspondence 


with the vector a = (n (1), ..., a (m)), in which the 
nm (i) coordinate indicates the position of the element i. 
Each permutation mis put in correspondence with a 
number v (x), O< v (x) < n!, called the number of the 
permutation. For this purpose, we first construct a 


vector Gy = (@,, Hy, ..., Gp_,). We put a,_, = nm (1) — 
1. If a,-,,.. .,@,-; are already defined and s (j) = 
{i<j ] nl) <x()}), we put an. =" (i + 1)— 
s(j +1)—1. The number v (x) is defined as wp (az). 
For example, if x = (3, 4, 2,1), then a, = (0, 2, 3), 
v(x) =O x 1! 4+ 2 x 2! 4+ 3 x 3! = 22. From the 
permutation x defined by the vector n, find the number 
v (x) in the following cases: 

(a) x = (2,3, 1,4), (b) a = (3,5,2,4,4), ()a = 
(1, 4, 3, 5, 2). 

(5) Find the algorithm for constructing the permuta- 
tion = from its number v (x). 
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(6) From the number m, find the permutation m on the 
set Z,, n! > mB (n — 1)!, such that v (1) = m: 

(a) m = 7; (b) m = 18; and (c) m = 28. 

8.1.16. (1) Let & and nx be natural numbers. Prove 
thal any integer mm [ 0<m<( : } | can be uniquely 
associated with an integral vector 6 (m) = (By, Bo, woes Bp), 
satisfying the condition n>6,>B, >... > 5, 50, 
m= ( A \+(, Pt). + we . In this case, the num- 
ber m is called the number of the tuple B (denoted by 


m == (B)). 


(2) For given m, n, and k, construct the vector B (m): 
) 


(a) m=19, n=7, k=A4; 
(b) m = 25, n=T7, k = 3; 
(c) m= 32, n=8 k=A4. 


ow 


(3) From a given vector B= (f,,.. ., Bx), find a num- 
ber m satisfying the conditions of Problem 8.1.16 (1): 


(a) B = (6, 3,0); (b) B = (5, 4, 3, 1); (©) B = 6, 4. 
Se laed i 

(4) Let By be the set of all vectors of length n 
having A wunities and n--k zeros. Using Problem 


8.1.16 (1), enumerate all tuples in B, from 1 to eae 


i.e. construct a one-to-one mapping v of the set B; onto 


the set ie Des cen A 


8.1.17. Using the relation 


wees 


prove the following identity by induction on n: 


n 


(1+t)"= >) eae (1) 


k=0 


8.1.18. Let n and m be positive integers. Using the iden- 
tity (1) or some other method, prove the following 
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equalities: 
wo 3 (n= 
h=0 


(2) (—1)" (7) =0s 


= 
Sl 
jens) 


(3) Dee (7p ) Snr; 


hot 
(A) 3 k=) (f) =n 
(5) 3 e+) (7) =~ 402 

© Date (t)=sr en 
© 3-0 se (= 

0 SUE Gabe 
OD (TL ACE) 

ao) & (2) (2) 


(2n)! 2a 
() 3 reo ln) 


(12) 3D (a) = 


(13) 3) (—- 1" (7 => (—ty er" (7); 


r=-k 7=0 
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wy ete y= (TE) 


wo Zeor(Y(T=( ke IAT 
k=n 


for m=n. 


8.1.19. Prove the following identities: 


(1) a (2) = 2 (ont ) =o" 


n +! 1 : 
(2) 45) (7,)=2 +27" cos; 
k 
(3) if O<r<m, then 


2nirv 


" a. s 2niv 
m 2 (mite) = e ™ (1+e ™ )", where ? = —1; 
v= 


(4) >) Ce ) == (on 422" cos (n—2r)) 
R 


0<r<3; 
Pai if O<r<m, m>1, then 


~ — (1 —(m—1) cos” = )<2 ea, 


<= (4 + (m—1) cos” =.) , 
8.1.20. Prove that 


(1) m3 ameer( om = Sem 
k 


v=0 


Using the identity (*), calculate 
(2) 2 3 (53); 
h 
@) SO (yh) 
h 
Ay Dias (oi 41 Ges ). 
h 


17— 0636 
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8.1.21. Find the number of rational*terms in the ex- 
pansion 

(1) (W24-73)" (2) V384+ 75)"; 

(3)(WO+ V2) (4) (W124 V3)". 

8.1.22. Find the coefficient of ¢* in the expansions 

(14) (4 + 2t — 3t?)§, hk = 9; 

(2) (1 —ét + 287), k=7; 

(3) (2 + ¢ — 2t%)*9, =k = 10; 

(4) (2+ #44 t)5, k= 147. 

8.1.23. Show that the following identities are valid for 
integral m>0O and n> 0: 


(m),  m—n+i ' 


(1) > Ye met omen: 
k=0 


(2) » peat. 5 pe 
k=0 = 


8.1.24. Let a@ and b be real, and let k, m, n and r be 
non-negative integers. Prove that 


w (f)+(ee)=(%) 


ao 


(2) (44+e°=D (G)e lel<ts 


=0 


(3) (~f)=(-a (AT), a>; 


4) S(O) =O) (ea) 


a ( — i iF 
n 
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® D (ele) (ater eC) 


O<ck, r<n 


(9 (3) (4) a3: 


k=0 


8.1.25. (1) Find the number of all words of length mn 
in an n-lettered alphabet, in which each letter is encoun- 
tered m times. 

(2) In how many ways can a set of n elements be decom- 
posed into s subsets the first of which contains k, ele- 
ments, the second k, elements, and so on? 

(3) With the help of combinatorial analysis, prove that 
the following equality holds for any non-negative inte- 
gers k,, k,, ..., ky, n, such thatk, +k, +...+k, = 
n: 


( n a) (Gime i) n!} 
ky ko ae ks Key! ke! eee k,!* 


(4) Prove the following identity by induction on s: 
(t,t. + wee fb) = > n! ky,Rs 


hi, ..-, kgs ky! ko! ... k,! 
Rit..etRs=n 


8.2 Inclusion and Exclusion Formulas 


Let us consider NV objects and 7 properties A,, ..., An. 
Each object may, or may not, possess any of these prop- 
erties. We denote by N,;,,..., ip the number of objects 


having the properties A;,,..., Ai, (and perhaps some 


other properties as well). In this case, the number N . 
17* 
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of objects not possessing any of the propesties A,, ..., Ap, 
is defined by the equality 
No =Sp— 8,4 Seo—--- +(—1)" S,, (2) 
where S,=WN, and 
S,= > i. ne k=, coey Ne 


{1<i< o <p 


Formula (2) is called the inclusion and exclusion formula. 

Example 1. Suppose that a deck contains n cards, num- 
bered from 1 to nm. In how many ways can the cards be 
arranged in the deck so that card number i does not 
occupy the i-th position for any value of i(1<— i<cn)? 

Solution. We have n properties a; of the form: “the 
i-th card occupies the i-th position in the deck”. The 
number of possible arrangements of the cards in the deck 
is equal to n!. The number of arrangements N;, ct 


for which a card with number i, occupies the 
position iv (v=1, k), equal to (n — k)!. This gives 
Syo= nl, S,= >, Ni,, o 


1<i,< ae -<ip<n 


oy Op 


Using formula (2) we find that the number N, of the 
arrangements for which none of the properties a; is satis- 
fied, is equal to 


n n 
Dd) (1) S,ant D (—aZ. 
h=0 h=0 

If the number of properties is not very large, such prob- 
lems can be conveniently solved with the help of Venn’s 
circles. 

Example 2. In a group of 25 students, 20 have successful- 
ly passed their examinations. Out of the 12 students en- 
gaged in sports, 10 have passed their exams. How many of 
the unsuccessful students do not take part in sports 
activities? 

Solution. We represent the group of students who have 
successfully passed their examinations by a circle 
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marked A (see Fig. 40), and the group of students participat- 
ing in sports activities by a circle marked B. The intersec- 
tion of the circles corresponds to the group of successful 
students who participate in sports, while the union of 
the circles corresponds to the group of students who have 
either passed their examinations or take part in sports 


activities. The number of such students is equal to 20 + 
12 — 10 = 22. The number of unsuccessful students 
who do not take part in sports, is equal to 25—22=3. 

Venn’s diagrams are used for solving problems involv- 
ing the counting of number of elements in the set U = 
{a,, ..., @y} having given properties. Venn’s diagram 
for n properties has the form of a rectangle divided into 2” 
squares. Each square corresponds to one type of elements. 
The type of an element is determined by whether or not 
the i-th element possesses the i-th property for each i, 
1< i<n. Hence it is convenient to encode the type 
of an element and the cell corresponding to it by a binary 
vector (a,, ..., @,), in which a; = 1 if the i-th property 
takes place for a given type of elements, and a; = 0 
otherwise (i = 1, ..., n). 

Example 3. Let X, Y and Z be the subsets of the set 
U = (a,,..., dy), satisfying the conditions X < (Y f] 
ZPUUNY, Ze(XNYuUX, Yo (X NZ) UZ, 
A = U\A, A € {X, Y, Z}. Find the number of such 
triads. 

Solution. For each a € U, three properties are defined: 
a€X,a€Y, a€Z. Each element belongs to one of the 
eight types depending on its affiliation to the sets X, Y, 
and Z. Apparently, the inclusion A < B is equivalent to 
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A B= @. Hence the condition X @<{Y NZ) VU Y is 
equivalent to X N(Y NZ)NY=xXn((Y UZ) nY)= 
X N(Z NY) = @. The remaining two conditions are 
equivalent to the equalities Z ()/(Y (1X) = @ and Y 
(X (|Z) = @. These conditions are presented in the 
diagram below as empty squares. Hence X, Y, and Z 


satisfy the conditions of the problem if and only if the 
elements of the set U = {a,, ..., uy} do not contain 


the elements of three types, viz. XYZ, XYZ, and XYZ. 
Any element in U can belong to any of the remaining 
five types. Hence the number of the required triads is 
equal to 5”, 


Z Z ZZ 
8.2.1*. (1) Prove formula (2) by induction. 


(2) Let Nm be the number of objects possessing exactly 
m properties from among n. Prove that 


Kia= 3 (— 1) (7 *) San: (3) 
k=0 


(3) Let Nm be the number of objects possessing not less 
than m properties from among n. Prove that 


Nin = > (Ay Since (4) 

(4) Prove that ~ 
Se= > (EN (5) 
Se= Di (Toy ) Nw (6 


3 
I 
a 
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(5) Prove that 
Sm— (m + 1) Sm+t1sNm<Sm: (7) 


Sim— 8 ma1< Nim <S my: (8) 


8.2.2. Four persons deposit their hats in the cloak- 
room. Assuming that the hats are returned at random, 
find the probability that exactly / persons will get their 
hats back. Consider all the values of k O< k< 4). 

8.2.3. Let E (r, n,m) be the number of ways in which r 
different objects can be arranged in n boxes of which m 
are empty. Let F (r, n,-m) be the number of arrangements 
for which at least m boxes are empty. Show that 


(1) E(r,n, 0)= Xi —1)*( 5) @—hy 


(2) E(r, n, ma(? yr (—1)F ("7") (nm — hy 
(3) F(r, n, m) 


=(m) SC-08("7") mr ate 


8.2.4. A survey into the reading habits of students 
revealed that 60% read magazine A, 00% read magazine B, 
00% read magazine C, 30% read magazines A and B, 
20% read magazines B and C, 40% read magazines A 
and C, while 10% read all three magazines. What percen- 
tage of students 

(1) do not read any magazine, 

(2) read exactly two magazines, 

(3) read at least two magazines? 

8.2.5. A university department has thirteen staff mem- 
bers, each of whom knows at least one foreign language. 
Ten know English, seven German, and six French. 
Five know both English and German, four know English 
and French, and three know French and German. 

(1) How many know all three languages? 

(2) How many know exactly two languages? 

(3) How many staff members know only English? 

8.2.6. (1) Show that the number of positive integers 
that are divisible by m and that are not larger than z is 
equal to [z/n]. 
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(2) Find the number of positive integers not exceeding 
4000 that are not divisible by 3, 5, and 7. 

(3) Find the number of positive integers not exceeding 
1000 that are not divisible by 6, 10, and 15. 

(4) Show that if n = 30 m, the number of positive in- 
tegers not exceeding n and indivisible by 6, 10, and 15 
is equal to 22m. 

(5) Let p,,..., p, be all prime numbers not exceeding 


Yn. Show that the number of prime ss p such 
that Vn<p<n, is equal ton—1-+ 2 (— 1)*S,, 


where the sum 
raed 
pvt... ppt 


r 
is taken over all possible ( 7) tuples of powers @,,...,Q%p, 


of which exactly k powers are equal to 1, while the re- 
maining powers are equal to zero. 

(6) Find the number of prime numbers not exceeding 100. 

8.2.7. Let U be a set of n (n> 3) elements. 

(1) Find the number of pairs (X, Y) of subsets of the 
set U satisfying the condition X (| Y = @. 

(2) Find the number of pairs (X, Y), such that X < U, 
You; | (XY) UY A) | =14. 

(3) Find the number of triads (X, Y, Z) for which 
XG2U,YCU,Z26U, XUYNZ=xX UY. 

(4) Find the number of pairs (X, Y) of subsets of the 
set U for which X NY = @, |X |>2,|Y |>s. 

(5) Find the number of pairs (X, Y) for which X < U, 
YcCU, I(XNY) U (YN X) | = 4, |X |> 2, 
|Y |B 2. 

(6) Find the number of triads (X, Y, Z), such that 
XG@U, YCU, ZeUu, XUYANAZA=X UY, 
[|X |>14, |Y loi, |Z\|<1 

8.2.8. Butler's problem. n pairs of warring knights 
(n> 2) are invited to dinner. Show that there are 


>») (= 1)* ( : 2" (2n — k—1)! ways of seating them by 
h=0 
a round table, so that no two enemies sit side by side. 
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8.2.9. Married couples problem. In how many different 
ways can nm married couples be seated around a round 
table so that men and women occupy alternate positions, 
and none of the couples is seated side by side? 


8.3. Recurrent Sequences, Generating Functions, 
and Recurrence Relations 


The sequence day, ad,...., @,, ... is called recurrent if, 
for a certain & and all n, a relation of the following type 
is satisfied: 

Qntk + Pi@ntr-rt--+ + Prdn = 9, (9) 
where the coefficients p;, i = 1, & are independent of n. 
The polynomial 


P (x) = x* + pyx?-2 t+... + ph (10) 


is a characteristic polynomial for recurrent sequences {a, }. 

8.3.1. (1) Prove that a recurrent sequence can be com- 
pletely defined by specifying its first /# terms and the 
relation (9). 

(2) Let 4 be the root of a characteristic polynomial. 
Prove that the sequence {A"} satisfies the relation (9). 

(3) Prove that if A,, ..., A, are prime (not multiple) 
roots of the characteristic polynomial (10), the general 
solution of the recurrence relation (9) has the form 


An = COM +... + Cran. 
(4) Let A; be a root of multiplicity r; (¢ = 1. s) of 
the characteristic polynomial (10). Prove that in this 


case, the general solution of the recurrence relation (9) 
has the form 


Qn= >) (Ci, +Cin+... +, ni~*) Mi 
i=1 i 

where C;; (i=1, s, j=1, r;) are arbitrary constants. 

8.3.2. Find the general solutions of the following 
recurrence relations: 

(1) dn42 — 44n41 + 3a, = 0; 

(2) Qn+2 + 3a, = 0; 

On+e— Ant+1 — an = DO; 


(4) Qn¢e + 2dngy + dn = 9; 
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(5) @n43 + 10an+, + 32an4, + 32a,+= 0; 

(6) Qn+3 + Sanze + 3an+1 + an = 0. 

8.3.3. Find a, from the following recurrence relations 
and initial conditions: 

(1) @n+_ —- 4€n4, + da, = 0, 


Q, = ‘ Qo = ; 

(2) Qnty — 3dn+e + On+1 — 3a, = 0, 
a, = 3, a, = 7, as = 27; 

(3) Ants — 3An4, + 2a, = 0, 
em 6 a 


(4) Ante — 2 COSA Any, + a, = O, 
a; = cosa, a, = Cos 2a; 


Gp 2, ay. == 0; 
(6) an+2 — OAn+1 a: Jan = 0, 
Qa, = 9 Ay — 27 


8.3.4. Show that 
(1) if z = 1 is not a root of the polynomial zx? -+ pr + 
q, the partial solution of the recurrence relation 


Onte + Panty + an = an + B, (11) 


where a, B, p, g are given numbers, is the sequence a, = 
an + b; find a and b; 

(2) if 2 = 1 is a simple root of the polynomial zx? + 
px + q, the partial solution can be obtained in the form 
ay, = n(an + b); find the values of a and ); 

(3) if = 1 is a multiple root of the polynomial x? + 
px +q, the partial solution may be obtained in the 
form a, = n? (a, + 0); find a and 4; 

(4) in each of the above cases, find the general solution 
of the relation (11). 

8.3.5. Solve the following recurrence relations: 

(1) Qnti— an =r, a, = 14; 

(2) Gn+, + 2€,4,; — 8a, = 27 X 5", 


ad) = 9).. -@). = 409; 

(3) Ante — 2An4, + 2a, = 2", 
Qo — 1, aA = 4, 

(4) An+2 1 An+y) — 2a, = Nn, : 
i=: GSS 

(9) An+e2 — 4Qn +1 = 42, = 2”, 
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9.3.6. (1) Let {a,} and {b,} be two sequences whose 
terms are connected through the relations 


Anti = Pay + q,5,, 
On4+1 = Poly, + G20 n, 
A = P19. — Po 9, 


where P;, 41; Po: G2 are given numbers. Find the expres- 
sions for a, and 0,, assuming a, and J, to be given. 

(2) Find the solution of the following system of recur- 
rence relations: 


Qant+1 = 3an + bn, On+1 = — a, + On, 
a, == 44. b, =—- 6. 


(3) Find the general solution for the following system 
of recurrence relations: 


Any, = O+9, Ona = —a, +3. 


8.3.7. Fibonacci’s sequence {F,} is defined by the 
recurrence relation F,,, =F,4, + F, and by the 
initial conditions fF, = F, = 4. Prove that 

(4) Fotm = FPa-yFm + FrF m+, for any natural num- 
bers nm and m; 

(2) the number F, is divisible by F,, for any m and 
n = km; 

(3) two adjacent numbers F,, and F,4, are mutually 
prime; 

(4) any natural number N (N > 1) may be uniquely 
presented as a sum of Fibonacci’s numbers, such that 
each number enters the sum not more than once and no 
two adjacent numbers enter together; 

1 {+5 \n 1—V5 \r7. 

(9) Fh=>z[(3- io Goa 

(6) Fy + Fy t+... + Ponti = Fantai 

(7)1+F,+ Fat... + Pon = Pansis 

(8) Faas + Pa — Pa-i = Fan. 

Each sequence dy, @,, ..., @n, ... can be associated 
with a series A(t) =a, + at+...+a,t° +... 
called a generating function for the sequence {a,,}. If the 
series A (t) converges to a function f (¢), the latter is 
also a generating function for {a,}. The exponential 
generating function for {a,} is the series E (t) = ay + 
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a,(t)-+...4 one + .... The operations of addi- 


tion, multiplication, and multiplication by a constant 
can be defined for generating functions by treating them 
as formal series. Let A (t) and B (t) be the generating 
functions for the sequences {a,} and {b,} respectively, 
and let « and £ be constants. Jn this case, 


aA (t) + BB (t) = aay + Bby + (aa, + Bd,)t 
+...+(aa, + BO,)t7 +..., 
A (t) B (t) = aqby + (aod, + a,bo)t 
+... (ob, + abn. +... +2and,t74+.. 


If £, (t) and £, (t) are exponential generating functions 
for the sequences {a,} and {b,} respectively, the opera- 
tions of addition and multiplication by a constant are 
defined in the same way as for normal generating func- 
tions, while their product is defined as 


E,(t) Ey (t)=eq+et+...t=+..., 


where c, = dy bo+(t ) abn. + a(t Neto cee ct 
An0p- 

8. 3.8. Find me generating function f (t) for the se- 
quence {a,} if 


(1) a, =1for all n>0O; 

(2) a, =1 for O< n<WN and a, = 0 for n>N; 
(3) an = a”; 

(4) a, = a™/n!; 

(0) @n = (— 1)"; 

(6) an = NN, 

(7) a, =n (n — 1); 

(8) a, = ("), m is a natural number; 
(9) a, = Ga? a is a real number; 
(10) a, =n’; 

(141) a, = sin an; 

(12) a, = Cos an. 


8.3.9. "Find the exponential generating functions E (t) 
for the sequence {a,} if 

(1) a, = 1; 

(2) a, = a”; 
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(3) an = 2; 

(4) a, =n (n — 1); 
(9) ay = (M)q; 

(6) a, = n’. 


8.3.10. Using the identities connecting generating 
functions, derive the following identities for binomial 
coefficients: 


(1) 4+a"(1 2] ty = (1+ ern; 
B(2) 2 )=(%") 
(2) (1—eye (4 — tym (1-1 
ee | taka orale 
(3) (1 +H “(1 -Iye=(1-- ee, 
B—ae(2) (MCI ("a") 


s=0 


(4) 4-49? (14a "= (1-P 
2k 
») (= ates ) ae ee 
s=(0) 


(5) 44+2"—#)y"= (1-25 
ee n n-+s—1 n+k—1 
2X (1724) ( ee ); 


(6) (1+4)"(4-4)"=(1 8)"; 
h —_ | 
2a) (0) = _|( oe Fae k is even, 


| 0, k is odd. 


8.3.11. Find the general term a, in the sequence for 
which the function A (t) is a generating function. 

(1) A) = @ + pb), 

(2) A(t) =(—t)7; 


(3) A(t) =V1—-t 
(4) A (t) =i™(4 — ft)”; 
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6) A@=Httet... +H)" + 
(6) A()=(14+5)"; 

(7) A(=(t+22 (1-5); 
(8) A(t) =# (4 — t) (A + 2t); 
(9) A (f) = In (4 + #); 

(10) A (t) = arc tan f¢; 

(11) A (t) = arc sin ¢; 

(12) A (ft) =e; 


(13) A(t)= \ e-8* dr 


0 
—t \m 
a Arey 
8.3.12. Derive the following identities’: 


1 aa nee Oe | aire La Fire | 


@) S97) (a) —ar()) 
@) 3-9" (4 4a) (“E)=( Es 


4) 2353.) (oman) = (am )+C— 2" (5 


(5) 2> ene (uaa gai aurea 


(8) Dy (—Ayrna ("TE ant. 


8.3.13. Let A (¢) and £ (t) be a generating and an ex- 
ponential generating functions of the sequence {a,} re- 
spectively. 

(1) Using the equality n!= \ ez" dz, show that 


A(t)= oF (xt) dx. (x) 
0 


2 Summation is carried out over all s for which these expres- 
sions are meaningful. 
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(2) Verify that formula (*) is valid for generating func- 
tions A (t) = (1 — t)-! and E (t) =e’ of the sequence 
ang, = a, = a,=. a 


(3) The same, for a sequence with a general term 


; { 0, n<j, 
: (n);, nD>j. 


8.3.14. (1) Let (a), =a(a—i1)... (a—n-+1). 
With the help of exponential generating functions, prove 
that 


n 


(a+b)n= >) (5) @n-n On: 


k=0 


Hint. Use the identity (4 + #)**? = (4 + t)? 14+ 2)°. 
(2) Let (a),,, =a(a+h)... (a—h(n—1)). 
Prove that 


n 


(A+B)nn= >) (5) @)n-nin (Oe, m 


k=0 


8.3.15. Let {a,} and {b,} be sequences, and let A (é) 
and B (t) be their respective generating functions. Prove 
that if 


(1) d,=6,—6n-,, then A(t)= B(t)(1—2d); 

(2) dn =Dn4y—Ony then A (t)= B(t)—* — dts 
B(i)—Bit 

(3) @,=On4,t0ngo+..., then A(t)= son" ; 

(4) a,=nb,, then A(t)=t— B(t); 


d d. 
(5) a,=nb,, then A(t)=t-—— (t+ B(t)); 


(6) we define the operation S" (k > 0) on the sequence 
{b,} with the help of the relation ' 


S* (Pn) =On+( fF) Prati. t(OT I) ony | 
re ene 
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and we put a,=S"(b,), then A(t)—(4—t)" B(é); 
(7) dy == Dyn, then A (t) = (B(t/2) +B (— t1)); 


(8) ash bids, be aj=—0, then A(t)= 
B(t)t (4 —t)"! 


8.3.16. Let A (t) and B (t) be the generating functions 
of the sequences {a,} and {b,} respectively, and let 
A (t) B (t) = 1. Find {6,} and B (t) from the given se- 
quence {a,,} if 

m 

(1) a, = (2) a, =a"; (8) a, =n4+ 1; 

(4) a,=a,=1, a, =0 for nO, 2; 

(5) an=(—1)" (6) an=(—1)" (") 4. 

8.3.17. Suppose that the sequence {a,} satisfies the 
recurrence relation @n;4.5 + P@n+, + Gan = 0 


(1) Prove that A (t)= See 
(2) bo is Ay KE Ao. 
rove a 


== (0, -+ Pay) Ae Eta a 
(3) Write an expression Fn a, for the case when 
1+ pt + gt? = (1 — At)? 
8.3.18. Let 


D(H) m= D(H). ma 2 
; /  j=0 


and let A (t) and B (t) be the corresponding generating 
functions. 


(1) Prove that a, and b, are connected through relations 
of the type 


Andy = An + Ons, 


(2) Prove that A (t) and B (t) satisfy the system of equa- 
tions 


A(t) —1 =tA (t) +B (0), 
B (t) =tA (t) + tB (t). 
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(3) Find A (¢) and B (t). 
(4) Show that 
2 n 1+Y5 . 2 n 1 
] _ ——r* ae aes goes 
lim (=) ve 2V5 | lim (Sy) on 1/5 
8.3.19. Suppose that the terms of the sequence {a,} 
satisfy the relation 


(1) Prove that the generating function A (d)= >) a,t” 
n=V 
satisfies the equality tA?(¢) =A (t)— a, or, if the initial 
1—V1—4t 
at ° 
(2) Expanding a) into a power series in ¢t, show 


that an aes ‘ 


(3) Find the sequence {a,} whose terms satisfy the re- 

lations 
ApAn-y + Ano +... +. 47-145 = 2"a,, 
G5 = 4; = 4. 

8.3.20. Derive a recurrence relation for the sequence 
{a,} and solve this relation if 

(1) a, is the number of ways in which a convex (n + 2)- 
gon can be divided into triangles by diagonals that do 
not intersect within this polygon. 

(2) a, is the number of ways in which parentheses can 
be arranged in the expression 6, : b,: ... : bn 4,, 80 that 
the resulting expressions are meaningful. 

8.3.21. Using the method of mathematical induction, 
find the sequence {a,} from the following recurrence re- 
lations and initial conditions: 

(1) Qn = (M+ 1) an, a = 4; 

(2) NQn4, ta, =9, a, = 1; 

(3) (n + 2) (n + 1) dni, Tans a,=0, a, =14; 

(4) (0 +2)? an4e +a, =0, a =1, a =0; 

(5) anes + (nt 2a, = 0) a : 


(6) Dray — @ant+e = se yn ao 
8.3.22, Let A, (t) = s a(n, k)t® be an arbitrary 
h=0 


function for a sequence satisfying the relation 
a(n, k)=a(n, k —1) + a(n —1, &) 


conditions are taken into account, A(t)= 


18— 0636 
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with initial conditions a (nm, 0) = 1,*a (0, k) = 0 for 
k > 0. Show that 

(1) (1-- ¢) A, (2) = An- (4); 

(2) A, (t)=(4—-2)""5 

(3) a(n, y= ("TE"). 

8.3.23. (1) In how many ways can a 10-kopeck coin be 
changed into 1, 2, 3 and 5-kopeck coins? 

(2) The same, but each coin must have a duplicate. 

(3) The same problem under the condition that the 
change is to be made from four 1-kopeck coins, three 
2-kopeck coins, two 3-kopeck coins, and one 9-kopeck 
coin. 

8.3.24, Find the generating function A (¢t) for the se- 
quence {a,}, where 

(14) a, is the number of solutions in non-negative inte- 
gers for the equation 


2x + dy + 52 = 7. 


(2) a, is the number of solutions of the same equation 
given that x, y, z assume values in the set {0, 1}. 

(3) a, is the number of integral solutions of the same 
equation given that O<zr<p,0OSyxr,0<z<s. 

8.3.25*. Find the value of a, using a given generating 
function A (¢) for the sequence {a,}: 

(1) A()= I] (ta), lal <t. 

Hint. Show that A (t) = (1 — qt) A (qt), and compare 
the coefficients of ¢” on the left- and right-hand sides of 
this equation. | 


(2) A()= I] (1+). 


Hint. Prove that a, = q°", where 0, is the number of 
unities in the binary expansion of the number n. 


8.3.26. Let 
S(n, k, N= dy (—1)"-9(") wh. 


v=0 
Prove that 
(4) Sam+1,k, ) =S(n, ky 14+ 1) — S(n, k, D; 
(2) S(n, kj /+1) =S(n, k, |) —S(n +1, k, D; 
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3) SQ k+1,)=M+)S (k,l) +8 n—1, 


(4) S (n, k, ) =Oforn>k; 

(5) S (n, n, Ll) = nl; 

(6) S (n, k, ) >O for n<k; 

(7) S (n, k, l) is an increasing function of parameters 
k andl forn<k; 


(8) S(n,n+4,l)= Py (k++ 1) ki; 
(9) S(4, k, 0)=14 for tee 
8.3.27. Let S(n, k)=S(n, k, 0)= >) (—1)"~” f vi 


? 


and o, (t)= >) S(n,k)t*. Prove that for |t|< 1 
k=0 


n! t” : 
(1) On) = gpa a 


(2) on (t)=t Dy (Ae ( 4p) (Ley 
k=1 


8.4. Polya’s Theory 


The permutation on a set Z, = {A, 2, ..., n} is the 
mapping of Z, onto itself?. The permutation a = 


1, Qo vecigh 

( } will be frequently specified by the 
49 99 2609 Yn 

line (i,, ig, ..., in)» A permutation is called cyclic (or 


a cycle) if a certain number j, is substituted for j,, j, 
for jz, and so on, j,-_, is substituted for j,, and j, for jj, 
while all the other numbers remain unchanged. Such a 
cycle is denoted by (ji, jo, .--, jp). The number k is 
called the length of the cycle. Any permutation can be pre- 
sented as a product of cycles. For example, 
1, 2, 3, 4, 9 Ase 
(; 1 4.5, | == (1, 2) (3, 4, 5). A cycle of length 2 
is called a transposition. The permutations on the set Z, 
form a group relative to the multiplication operation. 
The multiplication operation of the permutations nx, 
and x, involves their successive application. For example, 


3 Any set of n elements can be taken as Z,. 
18* 
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| 1,2, 3, 4 6 23, 4 . 
v me=(o; oat MeN GH oe Dye: RED 


1523. By. ; 
t= ? 9 3 ae It can he easily verified that 


the multiplication operation is associative: m (oT) = 
(no) t. The unit element of a group is the identity per- 


(ne eenmrr /) 
mutation 
te eae 


& TT ( ; . b i. bay wees tn 
ly, lo, mee = ace y 1, 2, 2+, ). 
The permutation group on the set Z, is called a symmetry 
group of n-th degree and is denoted by S,. The order of 
a symmetry group of n-th degree (the number of its 
elements) is equal to nl. 

If the permutation on a set NV” is represented as a prod- 
uct of 6b, cycles of length 1, 6, cycles of length 2, and 
so on, and b, cycles of length n, the permutation is said 
to be of the type (b,, by, ..., b,). For example, the per- 

4 


. The permutation inverse to 


mutation & 24. 1 is of the type (4, 0, 1, 0). 


If G is a subgroup of the group S,, the polynomial 
Pee? Atiosct SV Gl Dr west 
T1EG 


where (b,, ..., 56,) is the type of permutation x, is 
called the cyclic index of the group G. Let G be a group of 
permutations on Z,. The elements a and b in Z,, are called 
G-equivalent (notation a ~ b), if there exists a permutation 
nm €G, such that na = b (or, which is the same, nb = a). 
The classes of G-equivalence are called transitive sets or 
orbits. 

Bernside’s Lemma. The number of orbits v (G) in the set 
Z,, defined by the group G, is given by the equality 


v(G) = |G | 2 by (zt). 


Let M and N be finite sets, and let G and 77 be the per- 
mutation groups of M and N. The power group H° 
consists of all possible pairs (m; co), where xn €G, o € H, 
and acts on the set N™ of all functions f: M WN. More- 
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over, by definition, (x; 0) f (x) = of (n (z)) for alla EC M 
and f € N™. Suppose that a weight function w: N > 
{O, 1, ...} is defined on the set NV, and that q, is the 
number of elements having a weight n in N. The generat- 


ing function Q (t) = a q,t” is called a figure counting 
n= 


series. The weight of the function f in N™ is determined 
from the equality w(t) = >) w (f (x)). The functions f, 
x€ M 
and f, in N™ are called equivalent (notation f, ~ f,) 
if there exists an element x € G, such that f, (mx) = f, (x) 
for all zé€ M. If f, and f, are equivalent, they have the 
same weight. Hence we can determine the weight w (F) 
of the equivalence class F as the weight of any element 
j in F. Let @, be the number of equivalent classes of 


weight k in N™. The generating function ® (t)= >) g,t* 
k=0 


is called a function counting series. 
Polya’s Theorem. 


@ (t) = Pe Q(t), OH), -.-, QE), 


where n = |G |, Po (t,, t2, ..., ty) is the cyclic index 
of group G, and Q (t*) is substituted into P, in the place 
of variable t,, k = 1, 2, ..., n. 


8.4.1. Find the type of permutation 2m: 

(1) ~ = (2, 3, 4, 1); (8) a = (3, 4, 5, 6, 4, 2); 

(2) xn = (4, 2, 3, 1); (4) m = (, 2, 1, 7, 4, 6, 3, 5). 

8.4.2. Represent the permutations in Problem 8.4.1 
in the form of a product of transpositions. 

8.4.3. Find the cyclic index of the group G, where 

(1) G is a group of permutations of the vertices of a 
square, which are obtained by rotating the square in 
a plane; . 

(2) G is a group of permutations of the vertices of a 
square, which are obtained by rotating the square in 
space; 

(3) G is a group of permutations of the vertices of a 
tetrahedron, which are obtained by rotating it; 

(4) Gis a group of permutations of the edges of a tetra- 
hedron, which are obtained by rotating it; 

(5) G is a group of permutations of the faces of a tetra- 
hedron, which are obtained by rotating it; 
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(6) G = 83; i 

(7) G = A,, where A, is an alternating group of power 
4, ice. a subgroup of group S,, formed by permutations 
representable as products of an even number of transposi- 
tions; 

(8) G is a group of permutations of the faces of a cube, 
which are obtained as a result of rotation; and 

(9) G is a group of permutations of the vertices of an 
octahedron. 

8.4.4. (1) Prove that the group G, defined in Prob- 
lem 8.4.3(1), specifies one orbit on the set NV,. 

(2) Find the number of orbits in the set V,, which are 
defined by the group G and formed by the permutations 
t= (4, 2; 3,4), ts. = 0, 2; 4,9), tg = (2, 1, 33. 4) 
and x, = (2, 1, 4, 3). 

8.4.5. Prove Bernside’s lemma. 


8.4.6. Let b = (b,, by, .... 6,) be a vector corre- 
sponding to the decomposition of the number-n, i.e. 
b, + 2b, + ... + nb, = n. where b, are non-negative 


> 


integers (1 < k <n). We denote by H (6) the set of all 
permutations of the symmetry group S,, whose type 


> => 


coincides with 6, and let h (6) = | H (b) |. Prove that 


(1) h(b)=n! a ke kb, \)-1s 
(2) Pe Ailes cine tyes > h(b) Il pr. 
> ket 


(3) the cyclic index Ps, is equal to the coefficient of 
xz” in the expansion of the function 


exp (t,2+t,27/2+ ...+¢,2¢°%/k+...) 


into a power series in 7z. 

8.4.7. Let A, be an alternating group of power n, i.e. 
a subgroup of the group S,, consisting of all its permu- 
tations, which can be represented as a product of an even 
number of transpositions. Prove that 


Px, (ts ee eg i eae! ogee Ce or eg tn) 
+ Ps, (ty, — ts, es ey (—4)" th) 
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8.4.8. Let G be a group of permutations of the set X, 
and H a group of permutations of the set Y, X VY = @. 
Any pair of permutations x €G, o € # is put in corre- 
spondence with the permutation m X o of the set X UY, 
defined as z > azfor z € X, z ~ 02 for z € Y. Prove that 

(1) the permutations x X o form a group of the order 
|G || |. This group is called’ the direct product of the 
groups G and H, and is denoted by G X 4H; 

(2) if the permutations nm €G and o € H, are of the 
type (b,, ..., 0,) and (c,, ..., c,), then x X o is of 
the type (6, + ¢,, ..., bn + ¢,); 

(3) Pexa = Pg X Pu. 

8.4.9. (1) Find the number of necklaces that can be 
made from beads of two colours, if each necklace contains 
seven beads. If one necklace can be obtained from the 
other by turning it, the two are assumed to be identical 
(mirror reflections are not allowed). 

(2) Using Polya’s theorem, find the number of necklaces 
from beads of k colours, if each necklace consists of n 
beads. The necklaces are considered to be identical if 
they can be obtained from one another by rotation (with- 
out reflection). 

8.4.10. (1) Find the number of different colourings of 
a tetrahedron vertices in two colours. Two colourings are 
assumed to be different if the colours of the vertices cannot 
be made to coincide through a rotation of the tetrahed- 
ron. 

(2) Find the number of different colourings of the ver- 
tices of a tetrahedron using three colours. 

(3) Find the number of different colourings of the 
faces of a cube, such that three faces are painted in red, 
two in blue, and one in white. 

8.4.11. Let G be a group of permutations of the set 
Z,, and E be a unit group acting on the set N and trans- 
forming each element z € N into itself. Find the number of 


orbits defined by the power group E¢ on the set N“». 
8.4.12. (1) Let 7, be the number of pairwise non-iso- 


morphic rooted trees, and let 7 (x)= >) T,2* be the 
h=1 
generating function for the sequence {7,}. Prove that 


T@s=2+2 z Ps (f(z), ..., TF (2")). 
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(2) Prove the validity of the following recurrence rela- 
tion: 


nr 
1~ 
Pri = > > > rT Tyra, T= 1. 
k=irl|k 


8.4.13. Let g, be the number of pairwise non-isomor- 
phic graphs with n vertices, and let I, be the number of 
pairwise non-isomorphic connected graphs with n ver- 
tices. Let 


g(t)= >) ent”, U(t)= 2d) Int” 
n=1 ’ n=1 
be the corresponding generating functions. Prove that 
g (t)= x, G, (I(t), .-., L(t"). 


8.4.14. Let p (n, k) be the number of permutations of 
the group S,,, which consist of k cycles, and let p, (t) = 


S) p(n, k) t® be the corresponding generating function. 


n=0 
Prove that 
n—-1 


(1) pa()= Lt @+9; 


° 


(2) p(n, k)= p(n—1, k—1) + (n—1) p(n—1, 


8.5. Asymptotic Expressions and Inequalities 


The following notation will be used while estimating 
the growth of functions. The notation @ (rz) = O (p (2)) 
for x € X means that there exists a constant C such that 
| (x) |< C | (2) | for x € X. If @ (xz) = O ( (z)) and 
(xz) = O (g (z)) for x € X, we can write @ (x) XX v (2) 
for x€X. The notation g (z) = O (p (z)) for xz >a 
means that lim 2 = (0. The functions @ (x) and 
(x) are said to be asymptotically equal (notation @ (rz) ~ 
wp (x)) for « >a, if @ (x) = p (x) + O ( (x)) for z —a. 
For different types of estimates it is convenient to use 
Stirling’s formula 


ni ~ V Inn ne. (12) 
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For more accurate estimates, the following inequalities 
are used: 


oe 1 
TN aw 
V 2nnn exp (—n+75-— ser) <n! 


< V 2am n” exp ( n+) » (13) 
8.9.1. Prove the following inequalities: ¢ 
(1) nr? <nl< (73 aa )" for n> 2; 
(2) aan (n+ yp 
(3) (14+—)"<3; 
(4) (=)"<nl; 
(5) (pp (4SFP)", n>4; 


n(n+1) 
(6) 1x 22x 38 «kL... xnt< (Ah) * 
2n—1)!! 1 n 
(7) om < Tez (10) Wtay Sl tan, aS —t; 
c oe n>1; (n+ 2/n+1)"*!>(n- 4 1/n)". 
n >e —nN nN 


8.5.2. Prove the following inequalities: 
(1) (2 i) < =—()5(4) > nes 
a (2)'<(i)<mgtyr a> 


2n 4” 
<——— ; 1. 
Vi <| n )< V 3n+14 a 

8.9.3. Using Stirling’s formula, show that for n — oo, 
the following asymptotic equalities are valid: 


(1) (2n— 1)! ~ V2 (2n)" en”: 

(2) a an 

Cope ee ers 
(($}')(2ts])) 

4 sr) Miar: a) et OT 5 I m-k 

“) (k-+1) (k+2)... (km) ~ mi! 


4 The symbol (2n — 1)!! is used to denote the number 1 X 
3xX5xX... X (2n— 1), while (Qn)!l!=2x4xX6xX...™X 
(2n). 


for integral 
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non-negative k and m; : 


(an) it 
(9) Gent ~ ~YV en x 


8.5.4. Prove that for nm — oo, the following asymp- 
totic equalities are valid: 


Dai) ~s 
(2) 3 (ow) ~ Ee O<r<k; 


(3) > (lor ~ Etta)", O<r<k, a>0; 
iy 3 EP (8) tn 
k=1 


: n\2 1 ae 

” Dk) MoV ae 
8.5.5. ‘Let by, 0,, ..., 6, be such numbers that 0< 
at'<b,<ck <1. hai the following inequalities valid? 


(1) (1++a)"< 2 (7) ae<d+e)", 


(2) (1—"< Dirt ) b,<(1 —a)”. 


8.9.6. (1) Brave the Chebyshev inequality in the 
following form. Let A= {a,, az, ..., @,} be a set of 


numbers, and a= a > a;, D =+ 5 (a; — a). Then the 
i= i=l 


i=1 
fraction 5, of those a; for which |a,;—a|>>t, does not 
Da 
exceed 7 


(2) Using Chebyshev’s inequality, prove that 


S(t 2 (t)<aar- 


<h< 5 -tVn 3 +tV n<h<n 
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(3) Prove that 
é 1 fn ote 
ps ra k oar ae 
h=1 
8.9.7. Using Stirling’s formula, show that 
(1) if k—oo and k— = =0 (ni/') for m—oo, then 


n gett 
( r~ e- (2h—n)?/2n- 
k V 2nn 


(2*) if a>0, ko and k— 


7 = O(n?/3) for n— oo, 
(A(a+ 1)—an)? 


then (te Se Zan (14+0(—+ 
Cera )): 
7 


(3*) if a>0, k<m, k-> oo and k, m= 7 +0 (n*?) 


as m—»>oo, then 


5 ( n )av~ (a1) V na 
ae ¥ V 2x 
_ ((a+1)m-—an)? 7 ((a+-1)k-an)? 
x m (a-+1)—na k(ati)—na /’ 
(4 am = O (n?/3) as n> 0, 
12 
n a 1 -—> 7 
then > ("\av oa (1 +a)”. 
ve —— +t ve 
8.9.8. Let O<A<1, A, be an integer, p=1—A, and 
ry 
let G(n, A)= es, Using formulas (12) and (13), 
V 2nApn 
show that 


(1) (.. ~G(n, 4) as n—-> oo; 
2) Gin, Nex (~ abe ($4-4)) <(f,) <eem m 
(3) HE Gin, <(Z,); 


() (i) < 3 (pact M> 
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(5) Dy (5) <a pwn for rot, n>3. 


k=An 
8.5.9. Let & and n be natural numbers (k <n). Show 
that 
0 k-1 


(1) (n)e=nrexp( — 3) 4. Se’): 


v 
n 
v=1 is i=1 


(2) if for noo k=-0(Vn), then (n), ~ n'*; 
(3) if k=o(n) as n> oo, then for any m>1 


m—1 
ss 2a _ Rvti 0 Kmri } 
(n), = 7 exp( 2 v (v-+4) nv oe ( nm ’ 
(4) for noo and k=0(n3/*) 
k k? 4 ‘ 
(7), =7n exp (—3-—- gr 0 ( )); 


. r n m 
(9) if Pera Wan Oe pacii ua and hx (k— 
rp)—zx for m+n—-> oo, then 


Cr) (ale ") =e), 


where h=((n-+m) pqt(1—1t))'/2,) ¢ (z) = (2n)71/2 e-**/2, 
8.9.10. (1) Let k=k(n) and s=s(n) be such that 


for n-+ 0 s=o(Vk). Show that GG) ~ (7) 


(2) Show that if sao (KFT), then 


(= (2) ~ (tYe0(- 3 seen (e-4)). 


8.5.11. Let s=s(n) and k=k(n) be non-negative 
integral functions of a natural argument. Show that 
(1) if s+-k=o(n) for n— oo, then 


YG ae (-= __ stk-+sk? = | = )* 
k ff re er gaan aa 
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(2) if or for n—> oo, then ("2 )/f 7.) ~ 1; 


(@) exp(— (t+ spt opcpcea)) < 
C5) ceaa( 24) n>k-bs. 


n 
(i) 
8.9.12. Let f (xz) be a continuous, monotonically in- 


creasing function on the segment [n, ml. Show that 


F(m< >, f(H—\ f(a) dx<f(m). 


hk=n n 


8.5.13. Using the previous problem, show that for 
m—oo, the following relations are valid: 


(1) Pa Ink~mlnm—m-4O (In m); 


o Se 


pm +O(m"), n>1; 


1 


1 
(3) >; akin Inlnm+c+0 (=|, 
h=2 


c is a constant; 


m 

(4) > ee = 5 z log 2m+etO(2™), ¢ is a constant; 
- 

(0) ag et pe tO (apa) , ¢ is a constant; 
oa 

O 2 eer peer ae 
=n 


8.5.14. The poavene: {Pn} is defined by the recurrence 
relation Pr=Pp1y~—@p?_,, Po=l, O<a<i, Pot. 
Show that 


(1) O<p,<il1, n>1; 
(2) p, decreases monotonically with increasing n; 


(3*) pr ~ (a (B—1) n)i-B, N—> oo. 
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Hint. Use the inequalities * 
Pn n+i 
Pk — Ph-1 Pk — Pk-1 
na 3) ret MP nt, 
b» —aph | 1 pa 2 2 — api 


8.5.15. (1) Show that the aii of the equation 
xe* = t has the form 


c=Int—Inint+ Set 40((32*)*), t—> oo. 


(2) Prove that the solution of the equation e* + Inz = 
t for t oo has the form 


z=Int—2™'+0((4*)° ye 


8.5.16. Let f(t)>>O and e*MO—F(t)+t¢+0(1) for 
0<t<oo. Show that f(t)=24+0(r) for t+ov. 
8.5.17. Suppose that the generating function A (t) 
of the sequence {a,} has the form A (t) = 35 , where 


Q (t) and P(t) are polynomials with real coefficients. 
Let A, be the smallest (in magnitude) root of the poly- 
nomial P (t). Prove that: 

(1) if A, is a simple (not multiple) real root, then for 


n—> co 


A -—n- , d 
hei ae Ai”*, where P’ (Ay) = P (2) [ras 


(2) if A, is a real root of multiplicity r, then for n — oo 
(=1)"rhQ (Ax) [r-tn—1) (4 \ntr 
an ~ ~~ Br (Ay) ( r—1 (=~) 

where P” (A,) is a derivative of P (t) of the order r at 


the point t = A). 
8.5.18. Let A (t) be the generating function of the 
sequence {a,}. Find the asymptotic behaviour of a, 


for n > oo: 


(1) A(e)= wart 
(2) A(t)= 


1 
62? + St — 


12t3 a 
(3) A(t)= aoa 
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(4) AQ) =pa53 
(5) A) Se 
6t4 — 17#3-+ 35¢2 — 22t + 4’ 
1—3t 
©) AO = gery ery 
4 e 
(1) A) = ara 
3 
(8) A(t)= a 


(2t? + 1) (t?4-1.4¢-+ 0.49) ° 

8.5.19. Find the asymptotic behaviour of a, for n — co 
from the following recurrence relations and the corre- 
sponding initial conditions: 

(1) Qn+e + Sang, + 2a, = 0, ay = 1, a, = 2; 

(2) @n = any +t p(t—az4), =1, p+q=1, 
P, q>0; 

(3) Qn+e + 20,4, + 44, = 0, a, = 0, a, = 2; 

(4) Qn+3 — 9@nie + 26,4, — 24a, = 0, ay = a, = 
1 Qi. = 3: 

(9) Qnty — 4Ante + 4€, = 2", Ag =1, a, = 0, 
is — 2, as = 0. 

8.5.20*. Find the limit of the sequence {a,}, given by 
the recurrence relations 

(1) Qn4, = (an + b/a,)/2, b>O0, ayg>OdO. 

(2) ana, = (2a, + b/a?)/3, b>O0, ayg>QO. 

(3) dns, = (0 — a2), O<b<l, a, = D/2. 

8.5.21. Suppose that a, satisfies the relations 


On De 2! 4 (n—1)4-", (14) 
Onsg Seo" 34 (n+1)4"% 
tan (($)" +42) 2"7+44an), (15) 


a,=:0, a, = 1/16. 
Show that 

(1) a, < 1/8; 

(2) an < 9 (3/4)"; 

(3) a, = 2" (1 + O ((3/4)")). 

8.5.22. Suppose that the sequence {a,} satisfies the 
condition @,4m —@n, + 4m, a4, > 90. Prove that a, < 
a,n for n > 1. 

8.5.23. Let k and n be integers. Calculate k = k (n) 
to the nearest integer, for which the function f (n, k) 
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assumes the maximum value: * 
n \ aOF. 
(1) f(m, R= (5 2"; 
(2) f(n, k) aes (<; gn-h-2F (1 - g-Bnk 
8.5.24. Find the minimum and maximum values of the 


ex pression 
fmm = (5) (Gap) 


as a function of r(O<rak<n;r, k, n are integers). 
8.9.29. Find the asymptotic behaviour of the quantity 
g(n) = min _ f(n, k) (K is an integer) for n — oo, if: 
0<k<n 
(1) f(r, ke) = 2-* 49"; 


(2) f (n, kh) = 2" 4 4 Qer-k, 


Solutions, Answers, and Hints 


CHAPTER ONE 


14. 
1.4.4. (4) a (2) 2%, 4.4.2. (4) 9, 43, 50; (2) (010041). 


1.1.3. Ea 1.4.5. (1) n2"-1: (2) ee 1.1.6. (4) 2; 
m n—m h m 
on mr | [xZatis (3)? 2 (4 iim | x 
3 2 
n—m 
[iss : 
3 


1.1.9. Hint. Prove that the number wp (n) of vectors a € Be 


m 
such that > a; <m/2 for all m=1, 2n satisfies the recurrence 
i=1 


nr 

relation p(n)= >) p(i—1) p(m—i), Y (0) =p (1) =1. Using this 
i=1 

relation, prove that wp (6) = 132. 


1.4.10. a 
k 


1.1.11. (1) Hint. Consider the stratum B/),,.). (2) Hint. Among 


n-+ 2 tuples in B”, there always exist two niple: of the same 
weight. 


—I k 

1.4.12. (1) (; ar (2) (7): (3) Qh--.9n-k 4, 

1.1.13. Assuming that 0<l1<k <n, we calculate the number 
p(n, k, l) of pairs (cx, B) such that a € A, BE B. On the one hand, 


—l 
p(k, l, n)=|Al : 7) while on the other hand, p(n, k, )< 


n 
1 For a non-integral a is assumed here to he equal to 0. 
a 


19— 0636 
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B (' Using the identit (” he = oe es e obtai 
| ). sing e 1aentity | a . ar we oO in 


the required inequality. For 71> 4, the result will be the same. 
1.1.14. (1) An ascending chain of length n contains one vertex 
in each stratum. Ina stratum B™, a vertex can be chosen in n differ- 
ent ways. After a vertex of the chain has been chosen in B%, 
the vertex of the chain in the second stratum can be chosen in 
n — 1 ways, and so on. 
1.1.15. (1) Let A be a set of pairwise incomparable tuples in 


B", A; =A 0 Bi and Z (a) be the set of ascending chains of 
length n, that contains the vertex a. We have 


=>) 1Z@)l=>) |4i| d(n—a! 


i=0 


U Z(a) 


ae A 


[$< BE Bara} ef: 


Hence |A| <| i ) (2) Hint. For ick <n/2, the inequality 
n 
i! (n— i)! > k! (n—k)! is valid. 


1.1.16. Hint. We associate each number of the form p*'p%? . .. 
an 


py” with a vector (a), @, ..., @,) in B”. Then the set A 
corresponds to the set A’ < B” consisting of pairwise incomparable 
tuples. Using the solution of Problem 1.1.15 (1), we obtain the 
required statement. 

1.1.17. Let i;, i,, ..., u, be the numbers of those cvordinates 


at which @ and 6 are different. Any vector y such that a< y<B 


can be obtained from a by replacing 0 by 1 in some of the above- 
mentioned coordinates. The number of ways in which such a sub- 
stitution can be made is 22. 

1.1.18. ie the cube B!, the partition consists of a single chain 
Z= {(0), (4)}. 2) = {(10)} and Z, = {(00), (01), (141)} can be 
taken as a Seiten chains for B?. The properties (A) and (2) are 
satisfied for these partitions. We assume that the statement is 
proved for cubes with a dimensionality not exceeding n and then 
prove the statement fur B"+}. By hypothesis. there exists a parti- 
tion of faces BYt1,7+! and B"+1,"+1 into a chain, which satisfies 
the conditions (1) and (2). Partitions in BZ+1,"+1 and Br+1,2+1] can 
be chosen in such | a way that _they are isomorphic, i.e. such that 


the chain Z, = = (4, Che, re 2.) belongs to a partition | of the cube 


BP+1,2+1 if and only if the chain Z, = fa’, ai, .. +, &} obtained 
from Z, by substituting unity for zero at the (n + )- “th coordinate 


in each tuple aj in Z, belongs toa partition of the face Brti,n+, 
Let Z) = = {Qy, Ops te ag a} and Z, = (a, ai, th ais a} be two iso- 
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morphic chains in partitions of the laces By}, N4+l and Br+i,n+1, 
a a, a4} and 
z= = fa’, a, Bios ae) The chain Zz is obtained from Z, by 
adding the vertex cu € Zy, while the chain Z. is obtained from Z, 


by omitting the vertex au. We proceed in this way with each pair 
of isomorphic chains. As a result, we obtain a partition of the 
cube B+! into non-intersecting chains. The fulfilment of conditions 
(1) and (2) can be easily verified. 


: 
—k 
1.1.19. 24 >) (" | }. 
l 
i=0 


1.1.20. (2) We prove that the stratum B” is a complete set for 
n>» 2. Let a, be a vector in BP, in which the i-th coordinate is 
equal to unity. Let the distances 0 (a,;, B) = =r;,i= 1, n be spe- 


cified. Let us demonstrate how fi can be reconstructed. If || 6 || = 
k > 0, we obviously have r; € {k — 1,4 + 1}. Let max r,; > 2 
i<i<n 
and A (B) = {i: r; = min rj}. Then the i-th coordi- 
1<j<n 


nate of the vector B is equal to unity if i € A (B) and equal to zero 


otherwise. If max r; = 1, then 8 — (0. For n= 5, the 
t<qj<cn 

stratum B? is not a basis set since the set {(00001), Manes (00100), 

(01000) } is complete. (3) For an even n and k = n/2, for any n > 1 


We construct two new chains Z, = = {a4y, Cho, oes 


and k = 0, n. (4) Let A = {O,, a 8 a} be a complete set. Let 
us consider the set of equalities p (a,;, B) a a ve A 
Obviously, r; € {0,1,..., n}, i = 1, k. Bach tuple (r,, r., . . -, rp) 


for which the set has a solution uniquely determines a certain 


vector 6 € B”. Hence it follows that (n + 1)* > 2". Hint. The 
upper bound for the number of vectors in the base system | can be 


obtained from the fact that the set of equations p (a; B) = ri, 


i = 1, k, can be reduced to an ordinary set of linear equations. 
For k > n, some of the equations of this system can be expressed 
as linear combinations of remaining equations. Such equations, and 
hence the vectors corresponding to them, can be omitted. 

1.1.21. Sufficiency. The commutation of coordinates of all 
vectors in B”, as well as the inversion of the coordinates i,, ig, .. ., 
i, of all vectors in B’ do not change the separation between 
the vertices. Necessity. Let ~ bea mapping of the cube B” into itself 


such that for any a 2 and 8, e (@ (a), © (p)) = =p (a, 6). Let us con- 
sider the set D = BP U BY whichi is “complete in B” (see the pre- 


vious problem). Let @ (D) = {q (0), © (a), ey @ (a,,) )} be an 
image of the set D and a; bea vector in BP? whose i-th coordinate 
is equal to unity. We put £; = g (0) ® 9 (a,;), i= 1, n. We 
19* 
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have 118; =e ©, Bi) =e 0) ® 9, 9 0) © e@)) = 
e (Q (0), 1) (a, )) = e (0, aj) = 1. Let j (i) be the number of the 


coordinate of the vector 6;, which is equal to unity, i =f, n. 
Then the mapping 7: i— - (i) is a permutation on the set {1, 2, 


n}. For an arbitrary a = (Qs a xeg a) in J B", we put a are 

(u(r) > + - ++ An(n))- We show that for any y € B", the equality 
@ (y) = = I ) ® ? (0) is valid. Thus, the necessity is proved. In- 

deed, 0(9 (y), (0) = 0 0), P (@ (y), @ (ai a (Y, aj). 

the other hand, p (x (») ® @ 0), 9 (0) = p(y, 0), p(x (Y) OG é 

cc) (a.;)) = =p (y, & ;). Obviously, the s sets @ (D) ¢ and D are complete 

in B”, Hence it follows that @ (y) and x (y) ® (0) coincide. 


2n+1__ 4 

1.1.22. ( on __4 - 

1.1.23. (4) For n=1 and k=0,1, the statement is true. 
(we assume that ()=° for all k=0, 1, ... .] Let us suppose 
that the statement is proved for all dimensionalities which are 
less than or equal to n—1 and for all k=0, 1, ... . Let a be 
(41, ..., @p,), and a’ be (Gi, oe 0) Hy) = (Be, 2.) Hp). If a,=0, 
we obviously have |M} (a) | = |Mp-+(a') | = 4 oe 4 

n—41— (ip —1 [nity n—ip 

+( - ‘}=t4+{ ‘ J+. +f ; ). tart, 
then |MR(a)| = ae + [MRcot@)| = as +4 +4 
n—1—(ieg—1 n-—1-—(ip—1 n—i 
( ae cae : }=1+/ aetna 


n— ; wv ~v 
( i a (2) For arbitrary k& and a¢€ BY, the number py, (a) = 


| MP (a) | will be called the number of the tuple @ in the stra- 


tum BF. Let a€ B? be a vector whose unit coordinates are 
iy, «00, thy 1Qip< ... <ig<cn. Then in view of what has 


heen stated above, Up @=14(" A "\4 b aee +(" y *) 2 Fur- 


ther, let the tuple Bc B? be obtained from a by substituting zeros 
for the last k — 1 unit coordinates. We show that Z? (M} (a)) = 


M? (B) or, which is the same, Z? (Mk (a)) = = {y : a (y) < be (B)}. 
We first prove that for any y € By such that p) (y) < py (B), there 
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exists a tuple 3 € Br such that y < 6 and LLp (6) < Up, (a). We 
choose for 6 a tuple obtained from Y by substituting oe for 
the last : — 1 zero coordinates. We must prove that pu, (5) < 
Ly, (a). If pw, (5) => Up (a), there exists a ¢ such that a, = 6, for 
i<tl, Me = 0, 6, = 1. Considering the tuples a’ and 8’ obtained 
from a and 6 respectively by substituting zeros for the last k - —} 
unit courdinates, we have uw, (a )<Sp (8’), a’ = B, LL) (8) < 

i, (y). We arrive at a contradiction to the inequality Uy (B)> 

Ly (y). Similarly, we can prove that for any ¥y€ By such that 
Bi (y) > py ( (B) there does not exist a tuple 8€ Mh (x) such that 
y< 8. (3) It follows from (1) and (2). (4) Let A © Br and A be 
other than the initial segment of the stratum Br. We 
construct the set F < B? such that | F|=| A |, » Vv (x) < os Vv (a), 

aeF aeA 
| Zk_, (F) | <| Zk_, (A) |. Thus, the statement is proved. We 


denote by K (a) the set of the numbers of unit coordinates of the 
tuple a. Let a € BhNA_ and B € A be the tuples on which 
min | K (O)\K (t) | is attained, where the minimum is taken 
over all pairs (c, 7) such that o € BNA, 7 € A, wv (a) <v (t). 
Let M = K (a)\K (p), N = K (B)\K (a). Obviously, MN = 
D, a M{|={|{N\|. For arbitrary o and + in B”, we denote by 


2 


O\T the tuple of the form o ® (5 al ), and assume that a’ = 
a\p and 8’ = B\o. Clearly, v (a’) < v (B’). We put 
D={p:7€4,a' 0 y= 0, Bi < ys (Y\B) Ua’ € A}, 
E = {6:8 = (y\8’) Ue, yD}, 
F = E YU (AND). 


Obviously, F <= BR,| FL = |A { and > Vv (x) < ~ nV (a), 
ae F ae A 


since v ((y\B’) U a’) <v (y) for all ye D. It remains for us to 
prove that | Zk_, (F) | <|Zk_, (A) |. We shall just give a hint 


towards the solution. We must first prove that if o€ Zh_, (F)\ 
Zr—1(A), then o 1) B’ = 0 and a’ <o, and then show that the 


tuple e = (o\@’)U B’ is contained in Zk—1 (A)\Zk_1 (F).(5) Hint. 
Prove by induction on k — l. (6) Let k be the highest integer for 
which a, > 0. Then | = k — 4, the statement is reduced to (4). 
By taking an inductive | step (induction is carried out on k — l), 


k 
we assume that A; = A () B?, Aj=A ff ( U B}) and note that 


j=1 


Zj (A) = 27 (2h, 4 (Aj44)) UAL 
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It is clear that * 
min IZP()| < min |Z7 (C)|. 
c=pr, |\Cc|=m c=By,1C|>m 


By inductive hypothesis, min | Z7',, (Aj) | ig attained when each 
Z” (A), i>J1-' 4, is an initial segment of the stratum B?. But 
then according to (2), theset Z?,, (A},4) isan initial segment. By 
an appropriate choice of A;, the set Z? (A)=Z? (27, (Aj 44)) U Al 
can be made an initial segment of the stratum Bt. This 
leads to the statement. 


1.1.24. For each 1=0, n, we suppose that A;=A(\B7?. We 


denote by b(n, m, k) the number of pairs (cz, 8) such that ac = Am, 
B¢ A, Bla=-0, or BUa= p, Be BRUB™, ». By hypothesis, BEA. 


—m 
On the one hand, t(n, m, k) =apm (" 7 ). On the other hand, 


doom ne (at ea (9) at) 


leads to the statement. 

1.1.25, (1) Let a be the center of the set A. Then A’ = fa @ B, 
BE A} is the required set. (2) We can assume that in view of (4), 
0 is the center of A. In order to construct A’, it is sufficient for 
each i = 1, n to substitute the tuple at for each tuple a a in A‘ for 


which ai ¢ A. (3) Hint. Let A < B” have the center Oand possess 
the property (4). Let S*, 7bea transformation consisting in that 


for each aE Atyj such that ai./ ¢ A, the tuple a is replaced by 


aid. Let us arrange the pairs (i, j) suchthat 1<i<ij <n, as 
follows: 


(4, n), (4, n— 1), ...,°(4, 2), (2, n), (2, n — 1), 
, (2, 3), ..., (n— 1, n). 
Applying to A consecutively all] transformations Si;/ starting 


from (i, j) = (1, n) and finishing with (i, /) = (n — 1, n), we obtain 
the required A’. 


1.1.26. (2) For A such that | A | = 2”-1 we can take any 
(n — 1)-dimensional face containing 41. For an odd n, we can take 
the set fa: | a ||> (n + 1)/2}. On the other hand, if | A | > 
2-1, there exist in A two opposite tuples whcse intersection is 0 


mow k+4 
1.1.27. (1) Hint. Consider the set {ei Wa> ES [ 
a eB | 
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1.1.28. (1) The proof is similar to 1.1.25. (2) A={a: a€ b®, 
[| & |] is even}. 
) N, i4,. 


1.1.34. (1) Each face By’ 5” "R of direction J = {i;, ..., in} 
can be put in one-to-one correspondence with its code, viz. a vector 


(Yi. -- +s Yn) With coordinates y,; € {0, 1, —}, i = 1, n, such that 
Vip = On Vi, = the remaining coordinates being blanks. 


The fixed & places can be filled with zeros and unities in 2 ways. 
(4) The required number is equal to the number of vectors (y,, . . ., 
Yn) with & coordinates in the set {0, 1} and » — k blanks. The & 
places from n for significant symbols (i.e. for 0 and 1) can be chosen 


in ( ‘ ways, and the fixed k placescan be filled by zeros and unities 


in 22 ways. (6) The code of the k-dimensional face containing a given 
vertex (@, ..-, &,) can be specified by arranging k blanks instead 
of certain & coordinates of the vector (a,, ..., &,). (8) The inter- 
section of two faces is a face. A j-dimensional face can be chosen 


in the face of dimensionality J in (.) 2!-3 ways. Thus, J coordinates 


have already been fixed in the code of the k-dimensional face. 
Among the remaining n — I coordinates, we must arrange k — j 


blanks. This can be done in i ways. 


1.1.33. Let y,, y2, ps3 be the codes of the faces g,, g., g3 respec- 
tively. Two faces do not intersect if and only if there exists a coor- 
dinate at which the codes of these faces have significant symbols, 
and these symbols are oppesite. If, however, the faces g, and g, 
intersect, the code of their intersection contains significant sym- 


bols of coordinates at which at least one of the codes 71 and Ye 
has a significant coordinate, and significant coordinates of the 
code of the intersection coincide with the coorresponding coordi- 


nates of at least one of the codes v1 and yy. If 5 is the code of the 
intersection of the faces g, and g, and the face g, has no vertices 
in common with this intersection, there exists an i such that the 


i-th coordinates of the vectors 6 and ¥; are significant and do not 
coincide. Then the i-th coordinate of the vector 3 does not coincide 


with the i-th significant coordinate of one of the vectors y, or ¥,. 
This means that the corresponding faces do not intersect. We 
arrive at a contradiction. 

1.1.34. The problem can be easily reduced to the case when 


> "i = 2%. We shall carry out the proof by induction on n. 
i=1 
For n = 0, 1, the statement is obviously true. We make a transi- 


tion n>n+1.Let min n;> 1. We put rn; = n; — 1. Then n; 
1<i<s 
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S x 
are non-negative duinbers: and 2. ght = Qn, By inductive hy- 


pothesis, there exists a partition “of each of the faces Bere Oe 


and Be n+1 of the cube B’+! into the faces of dimonsionalitiee 
ni, ..., ms. We choose these partitions so that they are identi- 


cal, i.e. such that for each i = 1, s, the union of n,-dimensional 


faces forms an n;-dimensional face g;. We obtain the required 
partition. For ‘min n; = 0, let m be the number of those i 


i<i<s 
S 
e o,e Te e e 
for which n; = 0. The condition }) 2% = 2"+1 implies that 
i=1 
. . i 
m is even. Let us consider a new set nj, ng, ..., Ms_m/e obtained 


from the previous one by substituting m/2 unities for m zeros. 
As earlier, we partition the cube B"+! into faces, and then split 
certain m/2 faces of dimensionality 4 into mfaces of dimension- 
ality 0. 


1.1.36. (1) Majorization. Hint. Consider N = {a: a € B®, 


| a ||} is even. Minorization. Let N < B", | N | < 2"-1. There 
exists (see 1.1.31 and 1.1.34) a partition of the cube B” into nonin- 
tersecting faces of dimensionality 1. The number of faces in such 
a partition is 2%-!, Hence it follows that at least one of the faces 


does not contain vertices from N. (3) Hint. Consider N = = {a: a € 
Be. I| || = 0 (mod 3)} or VN, = {a: a € BY, v (a) = 3 (mod A)}. 


(4) Minorization. It should be noted that for a vertex a= (Cis ees 
Gn) to be contained in an (nm — 2)-dimensional face with a code 


) = = (V1, -- -> Yn) (see solution of Problem 1.1.31) with significant 
coordinates in the places i and j, it is necessary that a; = y; and 
a; = yj. Let VN < B",| N | =mbea set such that its each (n— 2)- 


dimensional face contains the vertex a from N. Let us consider 
a binary matrix 1 whose lines are vectors in N. The above remark 
implies that for each pair of numbers (i, j), 4 < i<j<n and 


each pair (0, 1); 0, TE : (0, 1}, there exists a line a = (Qasew 235s) 
such that a; = 06, a; = t. Hence any two columns of the mat- 
rix M are pairwise incomparable. The number of pairwise incom- 


parable binary sets of length m does not exceed ( nia) ) Hence 
‘ime n. Majorization. Let m be the minimum integer such 
that (rn /2)) = n. We construct a binary matrix M with m lines 


and n pairwise incomparable columns. We add the lines 0 and 4 to 
the matrix M. Then the obtained set of vectors-lines is “piercing” 
for the set of all (n — 2)-dimensional faces of the cube BY. 


1.1.37. For n = 1, 2, the statement is obvious. Let Or, a, # hiss 
oon be a cycle in B”. Let B,, where 6 € B", o € {0, 1}, denote 
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a vector of length n-+ 41, whose first n coordinates coincide with 
the corresponding coordinates of the tuple B, and the (n + 1)-th 


coordinate is o. Then the sequence a0, a. i ee nO, & oe are 


gn? 
Cel, ay1 is a cycle in B"+!, containing a}l its vertices. 
1.1.39. (1) Yes. (2) No. (3) Yes. (4) Yes. 
4.1. 43. Hint. It should be noted that if the tuples 6 = (O55 Gis 


Sn) and o’ = = (0), ---, On) are compara then one of the sums 


s (— 1)° ' a; and s (— 1)° a; is greater than unity in 
Fm] i=1 
absolute value. 


1.2. 


n-1 

1.2.4. 2% (n>). 1.2.2. 2(n>4). 4.2.3. €%, + Ch, + 
...¢ Ch-!, where m = 2" (n>>1, k> 1). 

4.2.7, (2) 2"°+1 (n> 1). 1.2.10. (1) In five ways. (2) In 
nine ways. 

1.2.12. (1) Basis of induction. If the complexity of a for- 
mula is unity (generated by the set of connectives M = {7, &; \V/, 
->}), this formula has one of the following forms: (zx), (x & y), 
(x V y) or (cz y) (within the notation of variables). Therefore, 
the statement is obvious for formulas of complexity 1. Induction 
step. Let the statement be valid for all formulas (generated by 
the set of connectives M) of complexity not exceeding a number 
lL (i> 1). We take an arbitrary formula Q@ (generated by M) of 
complexity J -}+- 14. We assume for the sake of definiteness, that 
W = (8 V ©) (remaining cases are considered similarly). The 
connective \/ between formulas 8 and € has an index equal to 
unity. Further, if the connective in formula 8 (or ©) treated as 
a connective of formula B (resp. €) has an index greater than 1, 
the index of this COT MEE LINE: in formula @ cannot be lower. If, 
however, the connective in § (or «) has an index equal to unity, 
its index in formula 9% will be equal to 2 (the index increases since 
formula % contains a left parenthesis before subformula %). 

1.2.15. (3) “ 100). 1.2. re Ae W~ B. 1.2.19. (2) f, (oy) = 
0, fa (a) = a, foe) = 1 y) = 2® y, 1.2.20, (1) ((@ | 
y) ¥ (x \ y)). (2) ((z 4 i / vc {z) ¥ (YY { y))). 1.2.24. (4) 
(ely) Le by), 2 (CV EV 2 OG No canner 

1.2.2 (2) The function represented by a formula generated 
by the a {+} assumes the value 1 on at least half the tupies of 
values of its arguments. The function zy does not satisfy this 
condition. 

1.2.23, In general, it is impossible. For example, for S = 


{1}, the function z cannot be represented by a formula of even 
depth generated by S. 

1.2.24. If only constant functions can be represented by a for- 
mula generated by the set S, the statement is obvious. Let a cer- 


tain function f (z”) s const be represented by a formula generated 
by S. Identifying all the variables in the function f (z") and in 
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the formula representing it, we obtain a function @ (z) (and the 
formula % (z) corresponding to it). We must consider the following 
three cases: (a) @ (x) is a constant, (b) @ (x) = z and (c) @ (z) = =. 
Having obtained (in cases (a) and (c)) a formula representing the 
function z (and having a depth not less than 1), we can construct 
a formula of an indefinitely large depth for each specific function 
represented by a formula generated by S. Let @ (x) =0. Then 


there exists a tuple a = (a,, a, ..., @,) on which the function / 
is equal to 1. Substituting z for all x; corresponding to a; = 1 
and » (z) = O for the remaining z;, we obtain a function tp (z) = z. 
If, however, @ (z) = 1, the function z can be obtained in a similar 
way. 

1.2.26. (2) rVy=(r>y)> y. B)t~ y=(e—> y) & (y>2). 

1.2.30. (2) In general, it cannot. For example, Y = y.—><z is 
a formula which is not identically true. However, the formula 
Syisyek | = Ye (vi Yo) is identically true. 
1.2.31. (1) If we assume that ¥ (0, 0) = 0, then putting « = y= 
z = 0, we obtain f (f (0, (0,9), ¢ 0,0), Ff. 0) = F(F 0,0), 
f (0, 0)) = 0, which contradicts the conditions of the problem. 
Thus, f (0, 0) = 1. Putting f (0, 1) = 0, we obtain (for zx = y = 
z = 0) (f (0, f (0, 0)), f F (, 9), # (0, 9))) =F F (0, 1), f (4, 1)) = 
f (0, f (1, 1)) and by hypothesis, the relation f (1, 1) = 0 must be 
satisfied. However, considering that z= 0, y= z= 41, we see 
that f (f 0, f (1, 4)), ff ©. 1), # ©, 1) =F & ©, 0), f (0, 0)) = 0, 
which is in contradiction to the conditions of the problem. Thus, 
f (0, 1) = 1. Finally assuming that f (14, 1) = 0 and putting z = 
y = 0 and z= 1, we get f (f (0, f (0, 1)), fF ¢ , 9), f (0, 1))) = 
fig, 1), f/(@, 1)) =f (1. 0). Taking into account the condition 
of the problem, we obtain f (1, 0) = 1. But in this case f (f (1, 
A(1, )), FF A, 0 £0, OI) =F 4,0, £0, 0) =F (1, 1) = 0, 
which contradicts the condition of the problem. Consequently, 
f (1, 1) = 1 as well. Thus, f (0, 0) = f (0, 1) = f (4, 1) = 1. Hence 
f(z, y) =x-—>y or f (xz, y) =1. The equivalences (a)-(e) are veri- 
fied directly (for example, by using the basic equivalences). (2) 
No, they do not. It is sufficient to consider the function f (z, y) = 
z~ y. 


1.3. 


1.3.6. 2”. 4.3.7. (1) 2"-1. (2) 2%—2. (3) 27-2. 1.3.8. 1) kX. 
(2) RX 2™+4+1x%2"9—kxl. (3) k(2™—D+41(2"—k). 1.3.9. (2) 


fi (x3) = xorg. R(D)= 24, fty3 (2) ay. 13.414, 20/°2"_ 4.3.40. 


hk 
as | 
12. 1.3.16. 4. 1.3.18. ("). 1.3.19, 2°"_o5n | gh ¥) 
r 


ne 


k 
(1101111011100110). 1.3.26. f (x)= 2,25 ... Zp. 


2 — f 
1.3.20. 0 if & is odd and ) if k is even. 1.3.23. p= 
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1.3.29. Hint, Using the decomposition formula, carry out the 
proof by induction on n. 


1.3.30. (1) 2"-k4+2h 2: (2) = (amet 4. (— 4)", 


1.3.31. For n = 1, the statement is obvious. We proceed by 
induction from n— 1 to n. Ifl < 2"-!, by inductive hypothesis 


rw 


there exists a polynomial P (z”-) of length < n — 1, for which 


|Np|= 1. Then the polynomial z,P (22-1) becomes equal to unity 
atl vertices of the cube B”. If 2.-!<1< 2", we consider the 
polynomial P(z"-1) which becomes equal to unity at 2" —1 


vertices of the cube B"™-!. Then the polynomial z, P (c?-1) ® 1 
is the sought one. 


1.4, 
1.4.4, Hint. Let Koa"! 20. 22", Daah!... 2h and let Kol 


n 


be an e.c. obtained from K by deleting the letters zi for which 


a; ~ B;. Note that each implicant of the function / (27) can be 
represented in the form KoL, where K and L are suitable elementary 


conjunctions from a perfect d.n.f. of the function f (2), which 
may coincide. 


1.4.5. (1) 2-1. (2) 2%-1. (3) 3x 2"-3, (4) 2%-*. (5) k+(n—k) xX 
(n—k—1). 


: i n—l 
1.4.6. (1) Pea al ' 


1.4.8. (2) 212_23\/ 112Xo \V #23 \/ 2424\V Fo%42q. 
r 


1.4.9. (1) 22°72", (ay 22"-2""" SY (yi ee 
i=0 : 
4.4.41. (1) %or5\V2124\) %e25\/ 2124. 
1.4.12. (1) 123, 242, 212224, LoXgZq. 
1.4.13. Hint. Prove that there are no two proper tuples of two 
different kernel implicants which are adjacent, making use of the 


fact that the set NV cB” such that | N | > 2”°!} always contains 
the edge (see Problem 1.1.44). 


1.4.14. (1)2%-1, (2) 2"-3. (3) 0. (4) 2"-2. (5) k. 
ee hal -oT\n— 
1.4.15. 2 (1—(1—27-2')”-*). 
gn-r gn-l 
1.4.18. (1) 1. (2) 5 . (3) 5°. (4) 1. 
1.4.20. One. Prove that all simple implicants are kernel impli- 
cants. 
1.4.23. Hint. Carry out induction on n, using expansion (3) of 
the function in the variables. 


1.4.24. (1) For two functions. (2) For 2%+! functions. 
1.4.25, For example, k = n2” — 1. 
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1.4.27. (1) 0 if KE 0, kt m<n; (") if k=0; & ifkt+m= 


n. (2) On two functions for even n and on four functions for 
odd n. 


1.5.2. (1) xg. (2) 21, 2. (3) xg. (4) 2. 1.5.4. (1) rq. xg. (2) 24, 


zx 

Ly. (3) ry. 1.5.7. m. 1.5.8. (1) 21, Lo, Xg, Lg. (2) Fy, Lo, By. (3) Ty, Ty. 

1.5.10. (1) n>> 3. (2) No values of n. (1) n> 3. (4) Even n. 
A eee 
Pc (X3) | = 218. 

1.5.13. Hint. Using the condition of the problem, prove that 
there exist tuples a’, 8’, y’, such that p (@’, B’) = p (B’, y’) = 1. 
Let a’ and §’ differ in the i-th and B’ and y’ in the j-th place. Then 


the variables z; and zx; are essential. 


1.5.14. Hint. It is sufficient to prove that if z; or x; appear 
in a prime implicant K of the function f, then z; is an essential 


variable. Deleting z$ from K, we obtain an elementary conjunc- 
tion K’ that isnot animplicant. Hence it follows that there exists 


—- tO 


a tuplea = (a,,..., @;-4, O, Qiszy + - +, @,) such that K’ (a) = 1 


but 7 (a) = (Q. At the same time, f (at) = 1 since K (a‘) = 1. 
Hence z; is essential. 


1.5.15. Hint. If z; explicitly enters the polynomial P (2), 
the latter can be presented in the form z,Q © R, where Q and R 


are polynomials independent of z; and Q = 0. Let the tuple Q = 
(4, - + +) he_yy Heyz, - - «» &,) be such that Q (a)=1. Then P (a,,..., 


tw 


Os-1) Dis Bint, - + +) Sp) = tz; © R (a). The statement now follows 
from Problem 14.5.4 (1). 


1.5.16. No, it does not. Hint, Consider f (x) = typ as De 2.5 
© rp. 


1.5.17. Hint. Let f (2) satisfy the condition of the problem. 
Then there exists an integer i (4 < i < n) such that for any a and B 


lad 


(such that a € B”, EB?) f (ax) + f (B). The statement now 


1 
follows from the fact that for anyi inB?_, U B, there exist edges 
of any direction of i. 
1.5.18. Hint. See Problem 1.5.43. 


1.5.19. If f (x?) is expressed through a polynomial of degree 
greater than unity, without loss of generality it can be presented 
in the form 2,7,P, © z,P,°® 2,P; ® Py, where P, #0 and 
P,, P,, Ps and P, depend on the variables x5, ..., z,. Let a = 


(%3, -- +; @,) be a tuple such that P, (2) = 1. Then the com- 
ponent fa, oe (c") has the form 2,2, ® A,r, ® Agr, @ Ag, and 
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hence this component essentially depends on z, and ‘z,. Hence it 
follows that the required three tuples will be found in the face 
By. ) a If f (cz) is expressed by a first-degree polynomial and 
essentially depends on z, and z,, then for any tuple (a3, ..., a) 
any three vertices in the face BY: >>” are the required vertices. 


1.5.21, We assume the contrary. Without loss of generality, we 
can assume that the maximum number of essential variables among 


the components of the form fi (z”) belongs to the component 


fi (z"). Then the assumption is equivalent to the statement that 
f; (z”) fictitiously depends on a certain variable, say z, i. e. f! = 

‘ 2_s1.2 Since z, isanessential variable, at least one of the rela- 
tions fig — fy : and f}; . + fis must be satisfied. Let, for exam- 
ple, f1;2 + fa: 2 Then the function 


f= afar? V afi ° 
essentially depends on z,, as well as on all essential variables of 
the subfunction /!; 2 fi. This is in contradiction with the fact 
that 1 has the maximum number of essential variables. 

1.5.22. (1) The validity of the statement follows from the pre- 
vious problem. (2) No, the statement is not valid. Hint. Consider 
f(a) 23 V Z_xq3 and the variables x, and zy. 

1.5.23. (1) 2, 25. (2) 1. (38) 2, 2a. (4) Te 2, T]~ Tq. 1. 
1.5.25, 6. 1.5.26. Yes, it can. Hint, Consider the function x,7,7, V/ 
EyFotq \) LyTgtq VV LoT3Xy. A gs as 

1.5.27, The numbers of coordinates of the tuples a, B, y can be 
divided into the following four groups: 

A, = {i a, = 8; = ¥i:=0}, A. = (i: a, = By BE < Yi}, 

Ag = (i: @ < Bi, BE = Vik, Aa = Ci: O = BE = Yi = 1}. 


Let f (2) =f (y) =, f (6) =o. Then if f (0) =f (1) =o, 
we putz; = z ifi€ A, UA,, and z; = yifi€ As U Ay. If f (0) = 
o, f (1) = 6, we put z; = x fori € Ay, 7; = y for i€ Ay, x; = 2 
fori € A, U Ay. Iff (0) = G, we putz; = xfori € Ay U A, 2; = y 
for i € Ay, and x; =z for i € Ay. The essential dependence on the 
obtained functions follows from Problem 1.5.13. 

1.5.29. 7, B22@...@1n Ga, GE{O, 1} for nbB2, HCE 

Oy oO a 


z, za, 32}, 0, €{0, 1}, i=1,3 for n=3; 72%, x°\V2% for 
R= 2. 

1.5.30. The function obtained from f(x”) by identifying the 
variables z; and z; has the form z;f{\’ V Zifoy’. The conditions of 
the problem imply that at least one of the components f;,’ and 
fix? is not identically equal to zero. 
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1.5.33. Hint. At least one of the functions f and g becomes 
equal to unity on an odd number of tuples. 
1.5.34. Hint. See Problem 1.5.30. 


CHAPTER TWO 


2.1. 


2.1.2. No, it does not. We assume (by definition) that {M] = 
P, for any set M in P,, i.e. introduce such a closure operation. 
Then relations (1)-(3) in Problem 2.11.4 are obviously satisfied, 
while relation (4) is not valid. 

2.1.3. (1) Yes. (2) No. (3) No. (4) Yes. (5) Yes. (6) No. (7) No. 


2.4.4. (1) {1}. (2) (0,4, 21, 21}. (3) {71,21 V ort V ry V 25}: 


q Dy, Ty ~ Zo, Ly Lo 3 e 


2.1.5. Let f (2) be a function in a closed class, which essenti- 
ally depends on all its variables (n> 2). Then the function 


fy is Yor - ++) Uns Zar ++ + Zp) 
=f (f Yr» Yor - + +> Yn)> Tar ++ +» In) 
essentially depends on all 2n —1 variables (here {y;, y.,-.-, yn} 1) 


{x5, .. +; tn} # BG). The function f (z,, z., ..., Z,) can then be 
substituted for the variable y, in the function f, to obtain a func- 
tion essentially depending on 3n — 2 variables, and so on. 

2.4.6. [0], (4), [2], (0, 1], (0, x], (4, zl, fz, x], [0, 1, =], [0, 
1, x, 2}. 
2.1.7. (1) Yes. (2) No, not always. (3) No, not always (the only 
exception being all P, and its complement, viz. a closed empty 
class @). 7 

2.1.8. (33) («> ym y=H=zVy, t=2zrO2 Oz. (4) A nega- 
tion is obtained from the second function by identifying all the 
variables. (5) m (z, y, 0) = zy, 2 ®O0= dz. 

2.1.9. (1) K,; & K,, but the strict inclusion K,> K, is also 
possible. (2) K, Ze K.; for example, for M, = {zy, x} and M, = 


{x} we have K, = [zy], and K, = P,\([z]. (5) See Problem 2.1.9(2). 

2.41.10. (2) M,= [z, 0], M, a [z, 4). (3) M, = lz, 0], M, = 
{0}. (5) See Problem 2:4.10(2). 

2.4.41. (4) (0, x}. (2) {1, cB y}. (38) (eV y, c&y & 2}. 
(4) {z ® 1, m (a, y, z)}, simcez © y © z = m(m (z, y, 2), m (x,y, 
z), m(z, y, z)) and in the closed class [m (z, y, z)] any function 
which essentially depends on one argument is equal to an identical 
function. 

2.1.12. Let M be a precomplete class (in P,). It means that 
{M] + P, but for any function f € P,\M we have[M U {f}] = Po. 
If [M] + M, there exists a function gin [M]\.M, such that [M] = 
[M U {g}] = P,. We arrive at a contradiction. 
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2.1.13. If M$ = M}, the statement is obvious. Let Mi = A). 
We assume that M‘ = M}. Since AM, and M/, are closed classes, 
and Mi <M, and Mi! cM,, then irrespective of the form of 
a function f in M, (or in M,), substituting for its variables the 
functions from M! (= M3) depending on the same variable z, we 
again obtain functions in A/}. But this means that by adding to 
M, an arbitrary function g in M,\.M, (# @), we get [M, U 
{g}] 0 M1 = Mi + M), and this contradicts to the precomplete- 
ness of the class M, in the class M. 

2.1.44, (1) [0, 4, x], [z]. (2) [0], [4]. (4) [0, 2], [z V y). 

2.1.15. (1) No, it is not. (3) No, it is not. 

2.1.16. If x € M, the statement is obvious. Let z ¢ M. By 
definition of the superposition operation, the substitution of an 
identical function can be considered as a transformation made 
only in the set M and carried out in accordance with the superpo- 
sition operation. Therefore, [M U{z}] <— M U {x}. The inverse 
inclusion follows from the properties of closure operation. 

2.1.17. The statement follows from the fact that the function 
x |y forms a complete system in P,. 


2.1.18, Let / (2) * const. If by identifying aii the variables 
in the function 7 (x”) we obtain an identical function or a nega- 


tion, the statement is obvious. Let f (xz, ..., z)s= const. For 
definiteness, we assume that f(z, ..., z) =O. Since f (x") # 
const, there exists a tuple @ = (a,, ..., @,) such that f (a) = 1. 


We put z; = xz fora; = 1 and z; = y for a; = 0. Then from the 
function f we obtain a function g (z, y) satisfying the following 
conditions: g (0, 0) = g (4, 1) = 0, g (4, 0) = 1. Wg (0, 1) = 1, 
then g(z, y)=2z@y; if g(0, 1)=—0, then g(z, y)=2z->y. 
Obviously [z ® y]3 z and [x—> y] 5 z. 

2.1.20. Since the set P, is countably infinite, the set of all its 
finite subsets is alsocountably infinite. Therefore, the power of 
all closed classes in P, which have finite complete systems in not 
more than countable. 

2.1.21. If a closed class in P, differs from the sets {0}, {1}, 
{0, 1}, it contains an identical function (see Problem 2.1.18). 
Consequently, it cannot be expanded to the basis. 

2.1.22. Let # be a complete system in M. We take in # an 
arbitrary function f,. It does not belong to any precomplete clas- 


ses K,,...; Ke in M. Then we choose in # a function /, which 


does not belong to at least one of the remaining precomplete clas- 
ses, and so on. The number of functions in the system #’ obtained 
as a result of such a process does not exceed the number of pre- 
complete classes in M. The system #’ is complete in M, since 
otherwise it can be expanded to a precomplete class, while it 
follows from the method of construction that the system #’ is not 
contained completely in any of precomplete classes in M. If # is 
a basis, all the functions in # must be used in the construction 
of the corresponding system #’, otherwise we would arrive at 
a contradiction to the irreducibility of the system #. 

2.1.23. The proof can be carried out by induction on the num- 
ber of occurrences of the connective — in the formulas representing 
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the functions in the closed class [x > y}. If ther® is one occurrence 
of the connective — in a formula, the formula (accurate to nota- 
tion of variables) has one of the following forms: zx z or xr—> y. 
In this case, the statement is obvious. Further, if &2—=/,— f., we 
must consider two possible cases: 

(a) The formula corresponding to the function f, has at least 


one occurrence of the connective . Then f, = y; V @, (y™) and 


W=7V fe=yiV (hh V Po). 
(b) The formula corresponding to the function f, is a variable 
(say, y). Then W=fp~Vy ; 
2.1.24, We carry out induction on the number of occurrences 
of the connective —. If the connective — appears only once, we 


have z— y, and the statement is obvious. Let YW = f, (x) > 


I (x), and let the function f corresponding to Y essentially de- 
pend on at least two variables. If f, satisfies the conditions of the 
problem, then |v, > 2-1 and |N;| > IV, | > 2°-1, Let us 
now suppose that f, essentially depends on only one variable. 
We assume for definiteness that f, =z, (f. cannot be equal to 


the negation of the variable since rq [x— y]). Under such an 


assumption, f = f, VV z,. Obviously, f (1, z., ..., z,) =1. If 
we had f (0, 2, ...,; 2,) = 0, then f (z,, zo, ..., t,) = 2,, which 


contradicts to the fact that the function f (z”) essentially depends 
on at least two variables. Consequently, f (0, z., ..., x,) % 0 
and |NV;{| > 2-1. Finally, if the function f, depends on all varia- 
bles xr,, ..., 2, inessentially, then f, = 1, but in this case f = 1, 
i.e. it depends on all the variables z,, ..., «, imessentially. 

2.1.25. Let A be a precomplete class in P,. We assume that 
x¢ K. In view of Problem 2.1.16, the addition of the function z 
to the class K does not lead to a complete system in P, (since 
[K U{z}] = K U{x}d>2x|y). This is in contradiction with 
the precompleteness of the class K. 


2.2. 


2.2.4. (2) No. (5) Yes. 2.2.3. (1) az V yt. (3) zy © y @ 1. 
2.2.4, Carry out induction on the number of occurrences of 
connectives in the set {0, 1, 1, &, VV} to the formula Q. 


2.2.6. Let i-=1, i. e. the function f (x) essentially depends 


on the variable x,. Then there exist tuples a= (0, Oss: ving Op) 
and a@’=(1, @2, ..., %n) such that f(a) # f(a’). Since f* (1, 
Aoy soey An) =f (0, Aa, ssey On) and oe (0, Qo; e285 On)=f (A, 
Qe, ..+, &n), we have f*(1, &, ..., An) # f* (0, %, ..., Hn), 


i.e. zr, is an essential variable of the function f* (z”). 

2.2.8. (1) 0. (2) 2"-1. (3) 4. 2.2.9. (1) Yes. (4) No. (5) Yes. 
2.2.10. Use the decomposition f(z") =2,f (0, zo, ..., en) V af (1, 
a ee ey ty). 
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2.2.11. ff (r”) is a self-dual function, then it assumes opposite 
values on any two opposite tuples of variables. Consequently, the 


number of tuples on which the self-dual function f (z zr") assumes 
the value 1 is equal to the number of pairs of opposite ie (of 
length »), i.e. |NM;| = 277), 
n-1 
2.2.13. >) (—1)§C,22-1-4, nn 1. 
i--() 
2.2.144.7 Dy @z, cBy © z @ 1, m (zx, y, 2), m (zr, y, 2) @ 
m(t,y,z) Bx Oy, m(x,y,2) Dr ®y O1,m (x,y,z) Ox © 
m{r, y,z)8xrOz@O1, m(z, y, 2) Oy © z, m (xz, y, 2) Oy 
z ® 1. It can be easily verified that m (x, y, 2) = m(a, y, 2) 
zt ®y, m(zrz, y, 2) =m(z, y, 2) Dy ®z O14, m(z, y, 2 
m (x, Y, 2) 1: 
2.2.15. (1) For n = 3. (2) For n =4m + 3, m = 0, 4,2 De sae bat 


(3) The function is not self-dual for any n> 2 since f (0) mee | (1). 
(4) For odd nZ> 3. 
2.2.16. Only for odd n. 


2.2.17. (3) g (y)=y1 © yo ® ys ® ya @ Ys ES, m (1, Tq, f) ES 


and m (zo, «3, f)€ S if f € S. Substituting the function m (cr, 

t3, f) = 2,f ® xsf ® x x3 in g (y? ) for y,, the function m (zo, 23, 

f) = tof ® x5f © rox, for yo, the variable z, for ys, and the 
variables zy and x, for yg and y; respectively, obtain ray ® xf © 

2\L3 ® zf @ r4f BP rot3 © ct, Or, Or, = Xf O r,x4_ O 2,f @ 
Sots © Z4 ® Is. 


Nee” 


2.2.18. (1) We have f(z”) VV f* @" =f, ... a) & 
{ (x, ae ee i.) = const. This constant cannot be equal to (0 since 


otherwise the relation f (”) = 1 must be satisfied. Therefore, 
f (ay, -- +) Ln) & f (21, .. -; Zp) = OV. Proceeding from the equality 


| Ny] = | Ny. 1, we conclude that in each of the functions f (x), 
i (x”) ) and f’ (x”) yf (x1, a In); the number of zeros is equal 
to the number of unities, i.e. | Vy | = | Ny | = | Ny | = 2P-1, 


Consequently, in view of the relation f & f’ =O, f (a) = 0 if 
and only if f’ (2”) = 1. Therefore, f (x”) = f* (x”). 
2.2.19. (3) (« | z)> ( @ z) = 1. 


2.2.20. Let f (x7) be a non-self-dual function, and let all its n 
variables (n> 3) be essential. From the non- -self-duality of / it 


follows that there exist two opposite tuples a= (4,,..., %,) and 
cx = (a,,..., @,) on which the function f assumes identical val- 
ues. We first assume that f (0") 4 f (1"), and hencea #4 O" anda # 


1”, Let us consider the function g (z, y) obtained from fc) as 
a result of substituting z for any variable z; such that ~; -= 0 and 
as a result of substituting y for each of the remaining ‘variables. 


20—0636 
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We have g (0, 0) ~g (1, 1) and g (0, 1) = g (i, 0). Obviously, 


g (z, y) & S. Let us now suppose that / (0") = = f (1”), Since f (x? )#¢ 
const (because it essentially depends on at least three variables), 


there exists a tuple B= (B,, ..., B,) such that { (B) + f (0). 
Starting with the tuple 8. we construct a function h (z, y) such 


that if 6B; = 0, we substitute x for the variable x; in f (2” ), and if 
B; = 1, we substitute y for z;. The function h ( y) satisfies the 
following relations: A (0, 0) =h (1, 1) #h (0, 1). Obviously, 
h (x, y) essentially depends on two variables and is not self-dual. 
2.2.21. See the previous problem. 
2.2.22. It can be easily seen that (see Problem 2.2. ra m (2%, 


z?, VY) = 2M, BV), If m (a, B, y) = 0, then m (2%, 2°, Box’) =z, 
Consequently, cobtitating m (x, yb, z’) for zx, y a z in the 


same [unction m (2% , yP, z*) we obtain either m (z, y, z), or one of 
the functions m (z, ¥, z2)Or@Oy, m(z, y, 2) Dx Oz, m (a, y, 

z) ® y ® z. If we have one of the last three functions, the fancuion 
m (x, y, 2) can be easily constructed. For example, m (z, y, m (z, 
y,2z2)@Bx@® y) @x ® y = m(a, y, z). Let us now prove that the 
function m (zx, y, 2) can be used to obtain a function which essenti- 
ally depends on n (= 4) variables. If n is odd and n> 5, we have 


By (2°) = m (xy, Le, m (Lg, Tq, L5)), ~~ +o Seater (22+ *) = Boi-1 (21) 
Us ca Rk Eos ME OR Tl 2 515, Palin a It can easily be proved 
(by induction of /) that each of these functions essentially depends 
on all ils arguments. For an even n -= 21> 4, the corresponding 
function can be obtained, for example, from the function go),, by 


putting r5;_; = xz,. While proving that the function g,, (r") essen- 
tially depends on all its arguments, it should be borne in mind 
that the median m (r, y, z) is equal to 1 only on the tuples contain- 
ing at least two unities. 

2.2.24, We must take an arbitrary tuple (a,, a, ..., @,) of 
values of variables z,, 7,, . . ., 2, and compare on it the values of 
the left- and right-hand sides of the given relation. We should 
distinguish between the following two cases: (1) there are at least 
two zeros among the values a,, a, and a3; and (2) there are at 
least two unities among a,, @, and 43. 


2.2.25. (1) In the solution to Problem 2.2.22 it was shown 
how the_ median m (zr, y, z) can be constructed from m (x, y, 2) 


or m (x, y, 2). Further, m (x, x, x) == m (z, t, x) = 7x, and hence (see 
Problem 2.2.23(1)) the function z ® y ® z can _be constructed 
from m (z, y, z) (or m (z, y, z)). Self-dual functions z (and z) of one 
variable are obviously contained in [m (z, y, 2)] (and in [m (z, : y, 2)}). 
It follows from Problem 2.2.12 that there exist no self-dual functions 
which essentially depend on two variables. Finally, using the pre- 
vious problem, we conclude that in order to construct any self-dual 
function of n> 3 variables, it is sufficient to have all self-dual 
functions of n — 1 variables (as well as the functions m (2, y, z) 
and z@®y @®zif n= 3). If n = 3, we can use the result in 
Problem 2.2.14. (Remark. Problem 2.2.14 can be solved by using 
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the solution of Problem 2.2.24 and the functions z, r®@y ®z 


and m (z, y, 2).) (2) Let f (2”) be an arbitrary self-dual function, 
and all its variables are esseniial (n > 3). We prove that if n> 4 


and f (z") is not a linear function (i.e. cannot be represented in the 
form 7, ®z,@®...@®x2x, © o, where o € {0, 1}), a nonlinear 
self-dual function essentia}ly depending on three variables can be 


obtained from / (2) by identification of variables. (If f is a linear 
self-dual function, a similar statement for it is obvious.) Thus, 


let f (x”) be a nonlinear function essentially depending on n> 4 
variables. The nonlinearity of the function f implies that in the 
Zhegalkin polynomial representing this function there exists at 
least one nonlinear term. For the sake otf spe set let this term 


contain the variable z,. Then f=.r,q, (zy, . . -. Ln) © Py (Zar -- +s Ty) 
and @, == const. We take the tuple (@,, ..., a,) on which , 
vanishes. We have f (0, a, ..., @,) =f (1, @, ..., On). Let 
us consider two cases. First we secant that. G53". eee St. 


Since xy is an essential variable of the function f, there exist two 
tuples 6 and Y adjacent in the first component and such that f (B) 


j (y). Obviously, these two tuples differ from the tuples { and 
(0,1, ..., 1). We substitute y for those variables z; which corre- 


spond to zeros in the tuples 6 and ? and z for all the remaining 
variables except z,. We get the function g (z,, y, z) satisfying the 
relations g (0, 0, 1) = o, g (4, 0, 1) = o, and in view of the self- 
duality of the function g, g (1, 1, 0) = o and g (0, 1, 0) =o. If 
g (i, 1, 1) =o (and g (0, 1, 1) = 9), then g (z,, y, z) = m (x, y, 
z) ® ao. If, however, g (1,1, 1) = 6 = g (0, 1, 1), then g (z,, y, z) = 


m (z,,y,2z) © a. Let us now consider the case when not all a, ..., a), 
are equal to1. In view of the self- duality of the function f, not 
alla; | are equal to 0. Let us take the tuples 1 and 6 = (0, s areas 9 


If f (1) = f (5), the above-mentioned tuples iy and y differ hath 
from 6 and from 4, and the problem is reduced to the first case. 
If, however, f (1) + f (6 5) the identification of the variables in the 


function f (z Z”) is carried out proceeding from the tuples (0, a, ..., 
a,) and (tf, @, ..., @,). We obtain a_ self-dual function 
h (x1, y, 2) satisfying the relations: h (1) =o, h (0, 1, 1) = 6, 
and A (0, 0,1) = A (4, 0, 1). Ife (0, 0, 1) = o, then vA (z,, y, 2) = 


m (1, Y, 2) ® o. If, however, 2 (0, 0, 1) = o, then kh (4,Y¥,2z2)= 


m (2, Y, z) © 0. 
Since the superposition operation on a linear function can lead 
only to linear functions, any system # complete in S must contain 


a nonlinear self-dual function f (2) from which, as was shown 
above, the function of the form m (x%, y®, z’), where a, B, and y 
belong to the set {0, 4}, can be constructed. If f (z, z,..., 2) = 2, 


then [f (z")) contains m (z, y, z) (see Problem 2.2.14), and hence 
20* 
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(f (z”)] -= § (see the previous problem). Let us now suppose that 
f (z, z...., 2) = 2, i.e. f preserves 0 (and 1). Then there must be a 


function f, (z™) in ® which does not preserve 0. If f, is a nonlinear 
function, then [/,] = S. If, however, f, is a linear function, then 
[f, f:] = S, and {f, f,;} is a basis in S (the function f generates only 
the functions preserving 0 while /, generates only linear functions). 
2.2.26. (1) No, it cannot since f € S and g «S. (2) Yes, it can. 
2.2.27, The largest value of n is 4. 
2.2.28. There are two such functions: z, ® z, ® rz ® rt, OO, 
where o € {0, 1}. 
2.2.29. (1) No. (2) Yes. (3) No. (4) Yes. 


2.3. 

2.3.2. Let f (2) assume opposite values on any two adjacent 
tuples. Let f (0) =o. Then f (a) — o if the number | a | is odd 
and f(a) =0 if a | is even. Let ly (e") = 2, O02,0...0 
t, ® o. Then N; = N,,. In view of the uniqueness of the repre- 
sentation of the functions by polynomials, f = /,, and hence f € L. 
The opposite is not true (see for example, f (3) = 2, ® 23). 


2.3.6. 2". Solution. Let f(z") = cr, ®... ® entn ® Car: 
Since f € S, we have c, (x;} ® 1) ®... Bey (xp © 1) OB cps, O 
n 


a (2). Hence » c; = 1, i.e. the number of coefficients c,, 
i=1 

i == 1, , which are equa! to unity is odd. The number of vectors 

(C1, -- +, Cy) With an odd weight in B” is 2"-1. The coefficient c 

can be chosen arbitrarily. Hence the statement. 


2.3.10. If f (x”) € £ and f(r”) essentially depends on all its 


variables, then f (x) =r, 0...@2x, ®o, where o € {0, 1}. 
Hence we easily obtain the necessary condition of the statement. 


Sufficiency. Let f ¢ ZL. Then there exist two adjacent tuples a 
and £6 such that f (a) = f (B) (see Problem 2.3.2). Let i be the 
number of the coordinate at which a and B differ. Then f (a. . 


n+] 


eo 04 


Qi-15 Lj, Mj43, - ++, A) fictitiously depends on z,. 
2.3.41. Let P (z") be a polynomial of degree k> 3. Without 
any loss of generality, we can assume that ane.c. A = x,2,... 2p 


is an addend of the polynomial P. Putting zp == zy4, =... — Zp 
we obtain the polynomial Q in which A is the only e.c. of rank k. 
A few cases are possible here. (a) All the elementary conjunctions 
of rank k — 1 generated by the set X* appear in the polynomial Q. 
We put z,-, = z,. (b) There exist i,j (1 < i<j <-k) such that 


CC, Ly... UyyXjyy-- + Tp ANd Ty... Lj_4Tjy,. . . ZA dO NOt appear 
in Q. Then we put z; = z;. (c) The number of (* — 1)-rank terms 
is equal to k — 1. Let the e.c. z, ... z,_, do not appear in Q. 


Then we identify the variables x, and z,. In all the cases, we obtain 
a polynomial of degree k — 1. 
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2.3.12. Let us consider the polynomial P representiny the 
function f. If the degree of the polynomial P is greater than 2, by 
identification of variables we can get a polynomial Q of degree 2 
from it (see Problem 2.3.11). Without any loss of generality, we 
can assume that r,z, appears in Q. By identifying all the variables 
that differ from z, and z,, we obtain a nonlinear function of three 
variables. 

2.3.13. It follows from the solution to Problem 2.3.42 that 
by identifying some variables of the function /f, it is possible to 
obtain a function of three variables, representing the polynomial of 
second degree. It remains for us to prove that if there are exactly 
two second-degree terms in this polynomial], this number can be 
reduced by unity upon identification of variables. If, for example, 
Yr, and z,x5 appear in P and z,z, does not appear in it, we put 
Zy = T3- 


2.3.14. If f (2) ¢ L, there exist i and j such that f (2) = 
z,z;P, ® z;P, © x;P3 © Py, where P, are functions independent 


of z; and z; and P, = 0. We puti = fandj = 2. Let o =(5,. 555 
a,) bea tuple of the values of the variables r,,..., x, such that 


P, (a~)= 1. Then @ (21, 2g)= f (21, Lo, Hg, . - -) Hy) = TyX_@ 1 (2,29), 
where l (z,, x») is a linear function. The function @ (z,, r,) becomes 
equal to unity on an odd number of tuples. Hence it follows 


that the face BY’ 3, +’ "is the required one. 
a+ °+ Gy, 


2.3.18. Let fe L. If f forms a basis in LZ, then f (0) + 0 and 


{ (14) #1, and hence f essentially depends on an odd number 
of variables. But then it is self-dual and cannot form a basis 
in LD. 

2.3.19. If D is a system of functions complete in L, there exists 
in @ a function f, ¢ S, i.e. a function essentially depending on 
an even number of variables. Then a constant can be obtained from 
it. Let o be such aconstant. The system of functions ® must also 
contain the function f, ¢ 7,. Substituting the constant o for 


the variables of the function f,, we get o. The system @® also con- 
tains a function f, essentially depending on more than one variable. 
It can be easily seen that [0, 1, f;] = L. Thus, from any system 
complete in Z we can always isolate a complete subsystem con- 
sisting of three functions. Hence the statement. 

2.3.20. There are three classes {0}, {4} and {0, 1} consisting 
only of constants, two classes {x} and {z, x} consisting of func- 
tions essentially depending on more than one variable, and four 
classes consisting of functions of not more than one variable and 
containing constants and functions differing from the constants: 
(0, xz], [4, zr], (0, 1, z] and [0, 4, x, z]. If a class of linear functions 
contains a function essentially depending on more than one vari- 
able we have one of the following possibilities: the class contains 
or does not contain a function of an even number of variables; 
the class contains or does not contain a function not preserving 0. 
Hence it follows that the classes {a © y © z @ 1), le ®y @ 3}, 
[x ® yl, [x ® y ® 1], Zand only these classes are closed classes of 
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linear functions, which contain a function essentially depending 
on more than one variable. 


2.3.22. Hint. If f (2) satisfies the condition of the problem 


and is not self-dual, then for any ao € B3, f (a) = =f (a), and hence / 
can be specified completely by specifying its values on the tuples 
of the form (a,, @, 0). Besides, condition (1) implies that the 
function f becomes equal to unity exactly on two tuples of this 
form. Thus, there exist not more than six non-self-dual functions 
satisfying conditions (4) and (2). It can be easily verified that all 
these functions are linear. 

2.3.25. For n + 2, there exist no such functions. All functions 
of the form z,z, ® az, © Bro ® y (a, B, y E {0, 1}), and only 
these functions satisfy conditions (1) and (2). 

2.3.26, Two for an odd n and OQ for an even n. 2.3.27. In five 


ways. 2.3.28. f (a, a,) = 1. 2.3.29, For an odd n. 
2.3.30. See Problem 2. 3, 14 "2. 3, 31. See Problem 2.3.13. 2.3.32. 
zy, x Vy 


lyse yy 
2.3: 33. Hint, At et one of the functions f,, f, and f, is not 
linear. 


2.4, 


2.4.2. (2) For even n. (4) For n= 4k —1, k=1, 2, .... 
Beata) ROU Ce ee) ya rc tee kA = 14, 2, 2.4.4, In 


seven ways. 2.4.5. (2) 3X2”. (5) 3 X 27-1, (8) ea" ee ays 


r-1 
(12) 0. (45) 22 = —1. 2.4.7. (1) No, it cannot since z @ y ¢ 7, 
and zy € 7. 

2.4.8. (4) If f € To, its polynomial does not contain 1 as an 
addend. Therefore, f can be expressed in terms of zy and z © y. 
The equality 7, =: [x V y, z ® y] follows from the previous one 
and from the fact that xVy=sy Ox @y. 

2.4.9. Let M be a basis in T. Then there exists a function 
fy € P\T,. By identifying all its variables, we obtain the con- 
stant 0. ® also contains a function f, which is not monotonic. The 
function /f, is obviously nonlinear. By identifying the variables 
and substituting 0 we can obtain from f, a function § q, (z, y) 
of the form zy ® ox ® ty, o, tT € {0, 1} re Problem 2.3.13). Since 


fr is not monotonic, there exist tuples @ and B such that a < 
B and 1 )>f (B). Let A (resp. B) be a set of coordinates of the 


tuple a. (B) which are equal to unity. Let us consider the function 
, (z, y, z) obtained from f, by putting in it z; =z for i€A, 
z; = y for i€ B and «x; = z for ig B. We have p, (0, 0, 0) = 

wo, (1,1, 0) = 6, g, (1, 0, 0) = 4. If in this case @, is a self-dual 
function, then either g, =x @Oy @®z, or Q@=zy V zz \/ yz. 
In both cases, we have [0, ©), fol = 7p. If gy is not ‘self dual, we 
consider the function 5 (z, y) = Q(z, y, 9). We have either 
fp=2zOy org, =azy. If gg= xO y, then [9,, P] = 7p. 
When ~,= zy and g,~< \ y, all the obtained functions 0, 9, 
and @ belong to the same closed class, namely, the class G consist- 
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ing ofall functions f such that for any two tuples a= (Lig days) 


and B = (Bi, ..., B,) such that f (a) =] (B), there exists i 
for which a; = B; = 1. In view of the completeness of ® in 75, 
there exists a function f, which does not belong to the class G. The 


function f, has the following property: there exist tuples a and B 
such that f («) = f (B) and @ and 6 do not have unit coordinates in 
common. Let A (B) be a set of unit coordinates of the tuple a 


(resp. B). Let @, (z, y) be a function obtained from f, by substitut- 
ing x for z;ifie€ A, yforz;ifie B, and Oforz, ifigA UB. 
Then g, is either z \/ y or z @ y. In both cases, we have [zy, 9,] = 
7). Thus, the completeness of the system ® in 7, implies that it 
contains a subsystem containing not more than three functions. 
Hence follows the statement. 

2.4.10. The solution is similar to that for the previous prob- 
lem. Make use of the fact that a complete system contains a non- 
monotonic function and one of the functions f,, o € {0, 1}, which 
do not belong to classes G, consisting of all functions f such that 


for any two tuples a and 8 with the property f (ax) = 7 (B) = 6, 


there exists i for which the i-th coordinates of the tuples a and 
equal to o. An example of a basis consisting of one function is 
the set {zy ®z @ wv}. 

2.4.11. Hint. Consider the function zy ® y © z. 

2.4.12. (3) Let us prove the completeness of the system ® = 
{ry \V zz VV yz, x ® y ® z} in T, | S by induction. The functions 
in 7, (| S which depend on not more than two variables can 
be obtained by identifying the variables y of the functions in ®. 
Let all the functions in 7, (| S, which depend on less than n (n> 3) 


variables, be superpositions of functions in M. Let f (x") € 7) N S. 
Then f (x1, 21, %3 2g, -- +s Zn), f (a, Le, Lg, Lg, ++ > Zn), and 
f (21, Lo, Zo, Tq, . + +» L,) depend on less than n variables. We can 
now use the result of solution of Problem 2.2.24. 

2.4.13. f (4,41, 1) = Osince f  7,;f (1, 0,1) = Osince f ¢ M, 
and f (1, 0, 1) =f (0, 1, 0) = 0 since f € S. 

2.4.14. If f € L, there exists k> 1 such that f is congruent to 
z,Oxr, 0... Ox yn4, @ 1. Uf € L, by identifying the variables 
we can obtain either a function g of the form zy ® o (x © 
y) @ a o €{0, 1}, or zy ® rz ® yz ® 1. In both cases, LN 
S — [gl]. 

2.4.18. Let us prove, for example, that 7) (} Lisa precomplete 
class in Jy. Let f € T)>\L. By identifying the variables in f, we 
can obtain a function g either in the form zy ® I (x, y) or zy © 
zz © yz @ 1 (zx, y, z). In both cases, the system {z © y, p} is 
complete in 7y, i.e. [(T) 1) Z) Uf} = To- 

2.4.19. Hint. ry ®z€ 7T,\.(7,; UL US) and (1, ry © z} is 
a system complete in Py. 

2.4.21. 2, ® rz, ® xy. 2.4.22, Hint. Sce Problem 2.3.20. 

2.4.23. We prove that if f é (TJ) | 7.) US, a constant can 
be obtained from it. If f€ Ty \ 7, or f € T, \ Ty, then by identi- 
fying all the variables of the function f, we obtain a constant. 
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Let f¢ 7) UT. Since f ¢ S, the function fxessentially depends 
on more than one variable and it is possible to identify the variables 
in order to obtain a function which essentially depends on two 
variables, viz. one of the functions xy or z \/ y. In bothcases, we 
can obtain a constant. 


2.0. 


2.5.2. (1) n = 2, 3. (2) For even n. (3) For odd n. 

2.5.4. Use the expansion from Problem 2.5.3. 

2.5.5. Five functions among which one has a fictitious vari- 
able. One of the functions is self-dual. 


~ 


2.5.8. (4) It is not true. Consider f (x3) = x3 and the tuples 
(110) and (001). 

2.5.12. x, mn functions. 

2.5.14. We assume that a prime implicant / of the function 


f (x) contains a negation of variable. Let us suppose, for exam- 
ple, that J = x,L, where L is an elementary conjunction. Let us 
consider NV; = {a: L (a) = 1} and an arbitrary tuple 0, a, ..., 
a, in N,. In view of its monotonicity, f (1, a, ..., @,) = 1. 


It follows that zZ, and hence Z are implicants of the function f. 
This is in contradiction to the fact that J is a prime implicant. 


( <— clay A a } and for k -4i-+1 


2.9.16. For k-— 41+ 2 


k—1 n—1 
(<<). 
2.5.18. (1) Yes, there exists. (2) No, there does not exist. 
Hint. A contracted d.n.f. 2 of the function f has a length equal to 
three. The formula 2* dual to 2% is a contracted c.n.f. of the 
function {*. The contracted d.n.f. of the function f is obtained 
from 2* by opening the parentheses and by applying the rules 
AA=A, A\VA=A, A \V AB =A. Consider all the cases 
when the contracted d.n.f. of the function /* has the length 3. 
2.9.19. All lower unities of a monotonic function are 
pairwise incomparable. The maximum number of pairwise incom- 


(see Problem 1.1.45). 


arable functions in B”™ is ( is 
7 [n/2] 


2.9.21. All the functions / (2) such that f (a) = 1 for || OL | > 
n/2 and f (a) = 0 for || @ || < [(n — 1)/2] are monotonic. 

2.5.22. (1) 2. (3) n+ 2. (5) 2” — 2. 

2.9.23, (1) Let f(z") CM (| S. We consider the expansion 
f — 2zyfi V zpfi'. Since f is self-dual, we have (f/!)* — fi. In view 
of the monotonicity of f, we have f? Ee M, fi e€ M, #2 VV ft = FR. 
Thus, if the function f’' in M is specified, the function f is speci- 
fied as well. It remains for us to verify that for n> 1, there exists 
a function f € M™-! such that f \) f* #~f. We can take, for exam- 


ple, the function f (zy, zg, .... Zp,-;) =O. (3) Let Ff (x") EM, If 
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the component fie is given, the function f is defined by mono- 


tonicity on at least 2”-? tuples: if (a5, ..., a,) is a tuple and 
ie (1, 0, a, ..., &,) = 0, then f (0, 0, as, ..., a,) = 0. If 
fin? A, 0, 3... ., @,) = 4, then f (1, 1, @, ..., @_,) = 4. Thus, 


in order to specify f (2) € M it is sufficient to specify the com- 
ponents ine fae and additionally define the function by mono- 
he Then f remains indeterminate on not more than 2”-2 
tuples. 

2.9.29. me (1) = 1, me (2) = 2, me (3) = 9, me (4) = 114. 

2.5.26. We have | M+ | = 168 (see Problem 2.5.24) and | S# |= 
256. The statement can now be proved by induction considering 
that | S™ | = | S™1 2, | M™ |< | M™1 |?. 2.5.27, Four. 


2.9.28. Let f (x) € M. For each ascending chain Z € B”, 
either f (a) = 0 for all a € B”, or there exists a tuple B € Z such 
that f (B) = 1 and f (a) = 0 for all a € Z, a< p. Let a parti- 


tion be specified in B™ on ie i ascending chains. Then to spec- 


ify the function f (2) € M, it is sufficient to indicate for each 
chain in the partition whether it contains a vertex « such that 
f (a) = 1, and if it does, specify the vertex § for which f (Bp) = 4 


and f (a) = 0 for all @ € Z such that a < f. Since the length of 
each ascending chain does not exceed n-} 1, there are not more 
than n-+ 2 possibilities for each chain. 

2.5.29. Let us consider the partition of the cube B” into non- 
intersecting ascending chains, considered in the solution of Prob- 
lem 1.1.18. This partition has the following properties. (1) Chains 
of minimum length have not more than two vertices. (2) For each 
two-dimensional face containing three vertices of a chain with 
k -- 2 vertices, the fourth vertex of the face is contained in the 
chain of the partition, which has é& vertices. Property (1) implies 
that on each chain of minimum length, a monotonic function can 
be specified in not more than three ways. Property (2) implics 
that if a monotonic (partial) function is defined on all chains 
containing k& unities, on each chain of length k |. 2 this function 
is defined by monotonicity everywhere except, perhaps, at two 
vertices. Consequently, there exist not more than three ways to 
additionally define it on such a chain. Considering that the number 

nr 
of chains is ( ai ), we have yn) c gh ) 

2.9.32, (x, VV re) (3 V Zq) ~~» (one V Lon). 

2.5.33. Any function essentially depending on more than 
one variable has not more than one lower unity. 

2.9.34. Hint. See solution to Problem 1.1.36(4). 

2.5.39. (1) No, it is impossible. (2) No, it is impossible. (3) 
Yes, it is. 2.5.44, No, it cannot. 2.5.45. No, it is impossible. 


2.0.46. The statement that any function f(z”) € M can be 
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represented in terms of superpositions generated by the functions 
of the set {0, 1, zy, z \/ y} can be proved by induction on n, using 
Problem 2.5.3. The statement then follows from the fact that 
{1, zy, x V y} S Ty, {0, zy, x V y} S Ty and that the function 
xy cannot be obtained from the set {0, 1, z VV y} and the function 
xz \/ y cannot be obtained from {0, 1, zy}. 

2.5.48, Any basis in M contains constants as well as a function 
essentially depending on at least two variables. On the other hand, 
let ® be a basis in M containing more than four functions. Then 
at least three of them depend on more than one variable. Among 
these functions, there exists a function f, which is not an ele- 
mentary conjunction. Then by substituting constants we obtain 
x \/ y. There also exists a function /, which is not an e.d. from 
which we get zy. Then {0, 1, f;, /.} isa subsystem complete in M. 

2.5.49, See Problem 2.5.48. 2.5.50. (2) {1, z(y V z)}. 2.5.54. 
See Problem 2.2.24. 

2.5.53. Let us prove, for en oa that M 1 T, is precomplete. 
The only function f € MNT, is the constant 1. In M1 To, there 
are functions 0, zy. x \V y which together with 1 constitute a sys- 
tem complete in M. Let there exist one more closed class Q which 
is not contained in any of the above conditions. Then there exist 
he M0 To, fo€MN TM, fs€DU{O, 1} and fy~eA VU 
{0, 1}. In this case f, =1, f. = 0, and we obtain zy from f, by 
substituting constants and identifying variables, and x \/ y from fy. 


2.6. 


2.6.1. Assume that the converse is true and use the completeness 
criterion. 
2.6.2. (4) Complete. (6) Incomplete. (7) Complete. (8) Incom- 
plete. > 
2.6.3. Prove that f@7, UT, UL UM. 
2.6.4. (1) The system can be either incomplete, for example, 


f (<3) =m (x, Xa, 3) O 2 OD ay, fy (x3) = (t)}~ 2.) V z3, OF 
complete, for example, f, (x?) = m (2), 2q, 23), fo (23) = x1 VV 0X3. 
(2) Complete. (3) Incomplete. 

2.6.5. Complete. Prove that f; ¢ 7, UL U SU M and f; ¢ T>. 

2.6.6. (1) {zy ® 2, (« © y)~ z}, (tz Vy (ze Vy), (& © y)~ 
z, m (zx, y, 2)}. (3) {0, (z | (zy))> 2}, {2 By, (x | (zy))> 2}, 
{(c> y)b(y~ 2), (& | (zy)) > 2}. _ 7 

_ 2.6.7. {cyy}, {ely }, (2 8 yz 2 @ 1}; {z, zy}, {z, zc V y}, 
{z,z>y}; (1,2 Oy, zy}, (1,2 O0y,zV y}, {0,1,2 Oy @ 
yz}; {0, 1,2 ®y ®z, zy}, {0,1,27 By @®2z,2V y}, {0, 1, 2 @ 
y ® 2, m(z, y, 2)}. 

2.6.8. There are seven such bases: two of them contain one 
function each, three contain two functions each, and two more 
bases containing three functions each can be isolated from the 
complete system {zy, 7 V y,zx ®y, z~ y}. 

2.6.9. (4)-(3) Yes, it can. (4) No, it cannot. 

2.6.10. No, it does not. Let f/, #1. Then f/f, ¢ M, and either 
f, ¢ T, or f, ¢ S. The function f, can be “deleted” in the former 
case and the function f, in the latter case. The possibility connected 
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with the relation f, 5 0 is analyzed in a similar way. Let us now 
assume that f, = 1 and f, = 0. If f, ¢ M, the system {f,, f,, fs} 
is complete. Let f; € M. Then the function f, must not belong to 
the class M. If fy ¢ L, the system {f,, f,, f,} is complete. It re- 
mains for us to analyze the case when f, € L\.M. Since f, ¢ S U 
M and f, € L, f, essentially depends on an even number of varia- 
bles (and differs from constants 0 and 1). Consequently, either 
f4¢7T,0rf,¢7o. Therefore, one of the systems {f,, f3, £4} OV {fo, fg, fas} 
is necessarily complete. 

2.6.11. (1) Py. (2) M\ (Ty UL) =. (3) M\(T) 1 Ty) = 
{0, 4}. (4) MT) 1 Ty (5) Ty f\ L. (6) S. (7) LS. (8) To. 
(9) To 1 7;. , 

2.6.12, (1) Kyo Ky. (2) KiP Ky. (8) Ki 2 Ky. (4) Ki # Ky 
(5) K, = Ky. (6) K, 2 Ky. 2.6.13, (2) 56. 

2.6.14. (14) If fé@ 7, UT, US, then f 4 const and f (0) = 1, 


while f (1) = 0. Therefore, f @ M. If f belonged to ZL, in view of 
the relation f ¢ 7) U 7,, the function f would essentially depend 
on an odd number of variables (and have a free term equal to 1). 
However, in this case f € §. (2) The number of Sheffer’s functions 
in the set P, (X”) is equal to the difference between the number of 


all functions f (2), satisfying the conditions f (0) = 1 and f (1) = 
0, and the number of self-dual functions subject to the same condi- 


tion. Thus, P, (X”") contains g2"-2 _ 92""!__4 Sheffer’s func- 
tions (n> 2). 


2.6.15. Let f (2?) be a Sheffer’s function (here n> 3 and all 
the variables are essential). Since f (x) ¢ S, there exist two 
opposite tuples a@ = (a;, ..-., @,) and a = (@,, ..., &) on 
which the function f assumes the identical values f (a) = f (a’) = 


o. Obviously, a + and @ a 1 (since f (0) = 1 and f (1) = 0). 
Let us substitute z for variables x; corresponding to zero compo- 


nents in the tuple @ and y for the remaining variables. We obtain 
a function g (x, y) satisfying the relations g (0, 0) = 1, g (1,1) = 0, 
and g(0, 1)=g(i, 0)=o. If o=0, then g(z, yy=z] y, 
and if o = 1, then g(z, y) =2z| y. 

2.6.16. (1) For n = 4m-+ 2, m= 0, 1, 2, ... . (2)-(5) For 
no values of n. (6) For all n> 2. 

2.6.18. Functions which possess the properties mentioned in 
the condition of the problem essentially depend on at least three 
variables. 

2.6.21. See solution to Problem 2.2.25(2). 


2.6.23. zy. The function x \/ y, for example, cannot be ob- 


tained from it. Generally, the class [zy] does not contain functions 
assuming the value of 1 on more than half the tuples of values 
of the variables. 

2.6.24. The functions satisfying the requirement in the condi- 
tion of the problem essentially depend on at least four variables. 
An example of such a function is z,; © rz, © xy23 © 2grq. 

2.6.25. The proof can be carried out by induction on n. The 
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basis of induction: n = 4 (see Problem 2.3212). Inductive step. 
Let us assume that the statement is valid for n = s> 4, and let 


us prove it for n—s-+ 14. Let the function f (x84) essentially 
depend on all its arguments and not belong to the class L. We 


represent the function f in the following form: g (x8) ® x. 4h (25). 


Since x, 4, is an essential variable of the function f, h (zs) # 0. 
Let us consider several possibilities. (a) A fictitious variable is z; 
in the function g and z; (i -€ j) in the function h. Then it is suffici- 
ent to put z; = z;. (b) Neither g nor h contain fictitious variables. 
If hé L, we apply the inductive assumption tu the function h. 


ike Ll but g@L, we apply the inductive assumption to g. 


If{g,h} CL, thenf = (t4, ©... ® 2s) F441 B Co B 4X5 41, where 
Cy. cy € {0, 1}, and we can, for example, identify z, with z, ,,. (c) 
The function A does not contain fictitious variables while the 
function g does. Let x; be one of such variables. If kh @ L, we 
apply the inductive assumption to h. If h € L, we identify z; with 
Z54;- (d) Finally, we assume that g does not contain fictitious 
variables and h does. Let x, be one of them. If g € LZ (and hence 
h = 1), we identify z, with the variable on which h depends essen- 
tially (for the sake of definiteness, we assume that z, is such a vari- 
able). We obtain f (x,, 29, T3,- - +) Te4}) = Xe O...OB7,0c OG 
Leash (%o, Zo, Ly, ---, Le). Obviously, this function is nonlinear 
and x), ..., Zs 4; are essential variables in it. Let us now consider 
the case when g ¢ L. By inductive hypothesis, there exist in g two 
variables (z; and z;) whose identification in g leads to a nonlinear 
function which essentially depends on s — 1 variables. If the 
function h does not degenerate to O as a result of the identification 
of z; and z,;, then z,,, remains an essential variable in the new 
function as well. Let us now suppose that the function h degener- 
ates to 0 as a result of the identification of 2; and x;. Then the two 
variables z; and x; are essential in kh. For definiteness, we assume 


that z; = x, and x; = x3. We have h (x8) == LoXghty (Tq, -- +, Zs) O 
Loy (L4, « ~ + Lg) DO Tghy (Xq, .- +, Ls) aNd hy = hy @ hy. In the 
function /, we put z = «x, ,,. If in this case we obtain a function @ 


which essentially depends on s arguments, the proof is completed. 
(The nonlinearity of @ is obvious since @ (2, 2), Zo. Tq) - - +3 Ls) = 
& (Ly, Lo, Lo, Tq, -.., Xe) ¢ L.) However, it may happen that for 
7, — Ug 4, a certain variable in @ becomes fictitious. Such a vari- 
able can only be one of the variables x, and r, (since identifying 
the variables z, and x, in ~, we must obtain a function g (x, 2», 
Lo, Ly, .-., 2X) Which essentially depends on s — 1 variables). 
Let x, bea fictitious variable of the function @. Since f = 2, (xo%3g,® 
TB. B rggg O gs) O Tox=g, DB Logg O rye, O Bg O Fei X 
(tyrgh; ® xohy © xyh,), where each function of g,,..., 87 Bay My, 
hy, hg depends on the variables r,,..., 2, andh, =h, ® ho, under 
the above assumption concerning the fictitious nature of the vari- 
able zx, in the function g¢, we have @ = f (21, Zo, « « «) Ls, 21) = 
Ly (383 © gq) © x3g,7 O gp O xyaghz, i.e. gy = hy, Bo Hh. and 
£5 = ge = 0. Consequently. f (z") = zr, (x, © x, 41) (Teh; B hy) B 
t10383 © 21g, B r5g; © gy © 1, 4,2gh3. We put xr, = 254,. This 
leads to the function 4 = f (zy, 22, ©3, Lg, .» +> Lg, Lo) = (Ly @O 
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1) xq (xghy B hg) ® xryrggg O rygZ4 OB ge B 3g. © xrorghig. Since 
the function f (z,, 2p, Lo, Lg, - - -) Ley Lo) = E (Xz, Lo, Loy Lay - - + Ty 
essentially depends on all its arguments, only one of the variables 
z, and zz can be fictitious for the function p. But this is possible 
only for hk, = 0 (and under some additional conditions). Then 
hg = h, and f = 2o (2, ® Te) hg © gg O T1483 D 28, D 
I38- © T544Tgh,. Since h ¥ 0, for A, =O the function kh, cannot 
“degenerate” to 0, i.e. h, 5 0. Consequently, the function p = 
Ly (Zy OB 1) hy DB Ty Xgg5 D ga B TyBq OD 9g, O TyXzh, essentially 
depends both on zx, and z, even for h, = 0. Thus, if none of the 
identifications rz, = zr, OF x, = Zz 4, leads to the required function, 
it is sufficient to put z. = «x, ,,. This completes the analysis of all 
possibilities. The fulfilment of the inductive step is just proved. 
2.6.28, (1)-(4). No, they are not true. In part (4) we can take 


f(z, y)=2>y. 
2.6.29. Since |72| -- |7TR] —22--', puny 2m 22"! (for 


Tr nr Tr 
n> 2), [S™|=22 ~! and |M™| <2" 2+.2<2° —! (for n> 2), 
the set WY is not contained completely in any class in 7y, 7,1, S, 
LE and M. 


2.6.30. An identical function is not contained in any basis 
in P, (see Problem 2.1.18). Any of the remaining functions of one 
variable and of zero variables among the Buolean functions does 
not belong to any precomplete class in P,. At the same time, the 
hereditary system of any such function is an empty set, and hence 


is contained in each precomplete class (in P,). Let now f (x) be 
a function of a certain simple base % and n> 2 (all variables 
are essential). By the definition of a prime basis, the system & = 
(B\{f})U KR (f) is not complete in P,, i.e. is contained completely 
in at least one precomplete class A. Ii f belonged to A, the system 
Bis C U {f}) would not be complete. 


2.6.31. (1) 4, 2 2) 0,4, cy © Vy chy oly mtn y 2), 
m (x, Y, 2), m (xe, y, 2), maz, y, 2). (83) 2,7 By xr Dy O41, ry, 


zgVy,t@>y,r>y, xr ® y © z, m (2, y, 2), m (x, y. 2). (4) z @ y, 
z~y,ry,rVy,r>yr>yryhyzrlycOyOzne Oy Oz, 
m (zt, y, 2), m (x, y, 2), m(z, y, z), m (x, y, 2). While solving 
problems (2)-(4), it is expedient to use the results formulated in 
Problems 2.2.14, 2.2.20 and 2.3.12. 

2.6.33. (2) Taking into account Problems 2.2.20, 2.3.12 and 
2.5.38, we conclude that any prime basis in P, consists only of 
functions which essentially depend on not more than three vari- 
ables. Let us first consider functions which essentially depend on 
two arguments and are not Sheffer’s functions: 2 ® y, r~ y, 
ry, cy, cy, anda \V y. Let us find out which of them can 
be contained in a four-element basis in P,. It can be seen that 
z@yE%, US UM, «e~yET,USUM, t>yET USYU 
LUM and z>+y€7,US UL UM. Consequently, all these 
functions are unsuitable for our purpose. We assume that there 
exists a four-element prime basis containing xy. Since zy € (Ty f) 
T, 1. M)\(Z US), the remaining three functions in the basis must 
be as follows: f, € (7, M1 M)XT». fo € (To 1 M)\T, and fs € 
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(Tyo 1 T1)\M. Obviously, f, = 1 and f, = 0..If fs did not belong 
to L, the system {f,, fo, fg} would be complete. Consequently, 
fz € L, and hence f, = z © y © z. The case with the function 
xz \V y is analyzed in a similar way. Let us now find out which 
nonlinear functions that essentially depend on three arguments 
can be contained in a four-element prime basis. If f (z, y, z) ¢ 
L US, then identifying variables in {, we can obtain a non-self- 
dual function secontially depending on two arguments (see Prob- 
lem 2.2.20). But in this case f (xz, y, z) cannot be contained ina prime 
four-element basis (see the possibilities with the functions of two 
arguments considered above). It remains for us to consider the 
case when f (z, y, z)€ S \L. lf f &¢ To M 7, and hence f ¢ M, 
then for any function g ¢ S the system {f, g} is complete in P,. 
Therefore, we can assume that f€ 7, 1) 7,. If f € M, then (accu- 


rate to redesignation of variables) f = m (z, y, z). If, however, 
f€ M, then f = m(z, y, z). In the former case, f € (7, 0 7," 
S)\(£ U M), and hence in the corresponding prime four-element 
basis (if it exists at all), the remaining three functions must satisfy 
the conditions f, € (7, 1 S)\To, fe € (To N_S)NT, and fz € (To 1) 
T,)\S. However, (7, 1) S)\ 7, = (To) fl S)\X Ty, = @, ie. there 
exist neither f, nor f, with the above properties. Hence, the first 
version is impossible. In the latter subcase, f € (7, 1 7, 9 S 1 
M)\L. Consequently, the remaining three functions in the basis 
must be linear (otherwise the function f could be deleted from 
the basis). Linear functions essentially depending on an even 
number of variables and differing from constants cannot belong to 
such a basis since each such function is contained neither in the 
set T, US UM nor in the set 7, US UM. A linear function 
essentially depending on an odd number of variables can belong 
to such a basis only if it preserves 0 and 1. Therefore, it can be 
only the function z © y © z. This leaves behind only constants. 


CHAPTER THREE 


3.1. 


3.1.4. (1) Consider two cases: t = k — 1 and zr + k — 1. (2)- 
(7) Consider two cases: z > yand x < y. (8) Letz < y. Then ~z = 
k—1—2z>y—2 and (~ z)— (y+ ze) = k—-i-—2ze—(y—- 
z)=k—i1—y=w~y. If, however, z > y, we have (~ zx) — 
(y — x) =~ z. (9) Consider two cases: rx <y and «> y. (10)- 
(11) The equalities are proved directly by using the relations ~z = 
k—1—zx and r=>2x-+ 1. (12) Consider two cases: tr = k — 2 
and z + k — 2. (13) Consider two cases: 7 = k — 1andz #~k — 1. 
(14) Consider five cases: (a) zz =~y=—k—1; (b)tr=k—-—1,y4 
x<y, and (e) z~k—1,y~4k—1, x > y. (15) Consider four 
cases: (a) r= y =k—1; (bt) c=k—1, yHR—1; (C) cH 
k—1, y=k—1, and (d) cx 4k —1, y #k — 1. (16)-(17) Con- 
sider three cases: (a) x = k — 1, (b) a2 Ak —1,x>y,and (c)zX 
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k— 1,2 < y. (18) Consider two cases: r = k —1 andz~k — 1. 
(19) Consider two cases: x = 0 and x +0. (20) Consider three 
cases: x = 0. r == Land x > 2. (21) Consider four cases: x < i — 1, 
z=i-—1,2x2=iand z >i. (22) Consider two cases: x = k — 1 
and « + k — 1. (23) Consider three cases: rx = k — 1,2 = k — 2, 
and z < k — 3. If x = i inthe last case, there are exactly k — 2 — 
i unities among the values of the functions j, (x), jg (2 ~ 1), ...; 
jo (z+ (k— 3). 

3.1.2. Hint. Relations from Problem 3.1.1 can be useful for 
solving this problem. (1) J, (z) = J, (max (Jy (xz), J, (z))). 
(2) ~z = max (J/g (x), min (2, J, (z))). (3) fy (z) = max (1, J, (z?)), 

) 


fo (z) = Jy (f(z), #8 (2) = jo (z) and x = max (jo (z), Jy (z)). 
(4) jg (x) = (2? — 1)? for k = 3 and j, (rz) = (z* — 1)? for k = 5. 
(5) Let zy + 2 — y2> +1 = @ (2, y). We have g (z, z) = x4 1, 
@ (cz, c+ 1) = 0. Further we obtain all the constants and (a) 
~p (2, x) = j, (x) for k = 3, (b) m (0, e) = 1 — 2? for k = 5, and 
hence we can construct the functions — 2, 24,2+4 (= 2#— 1) 
and j, (x) = 1 — (x — 1)4. (6) We put zy = p(x, y). This gives: 
(a) ~ 2 = Vn ¥ Ch ( 1) fork = 3, (b) Wy fe) = 9 WM) 


x for k = 5. z-2x=0,j,(0) =1,3-— 1 = 2, j, (x + 1) 
io (2) = fy (2), fo (© — 2) = jg (@ — 1) = jy (z), 1 + Jo (2 + 2) = 
Js (2), Py (2) = (38 ~ Jo (Z)) — fo (2), Po (Z) ~~ Py (2) ~ 1 (2), Pg (2) = 
((P2 (z) — jg (z)) + js ()) + Js (2) = 2. (8) ~ & = max (Jo (2), 
Ji (z+ 2), 25, (2)). (9) jg (2) = (2 ((@ = 1) + 1)— 1) = 1) = 1) 1. 


(10) j, (c)= JB (@ + 4). UN) fy @) = — Jey (@ — 2). (12)Jq lz) = 
(02. (2 +(~ 2) = (~ 2) = (~ 2) = (~ 2). (13) Jy_g (x) = 
is k-2 times 
(...((k — 4) (e+ 2)) =... (+2) = (@ + 2). (14) 
k—1 times 


4+-2x1=0, ~0=k—1, (~ 2) = 2 (k —1) = jy (z). (45) 
r= (~ ((~ z) > 1)) — Jp-s (x), and J,-, (c) can be repre- 
sented by a formula generated by the set {~z, x + y} (see 12)). 

3.1.3. If a and k are mutually prime, there are no numbers 
among a, 2a, ..., ia, ..., (k — 1) a which are multiple to k 
or mod k comparable. Consequently, the division of these numbers 
by k gives different remainders. Since we have k — 4 given numbers, 
there exists among them a number which is mod & comparable 
with 1. Let this number be /ya. Then we have (y+a)+...+ a= 

eS 


ly times 

x+ 41. To complete the proof, we note that J; (z) = Jp-) (x + 
k—~—41—i)), i=0, 1, ..., k—2d2. 

3.1.4. (1) Take y = m — 1. (2) Consider the function 1 — 2z. 

3.1.5. In this case, we can use the relation z >y = min (k — 
14, y—x-+k —1) with ordinary (and not mod k) addition and 
subtraction in y — x-+ 4 — 1. By induction in i, we can prove 
that A; (x) = min (k —1, i(k —~1—2)), i= 1, 2,...,4—1. 
Indeed, hk, (st) =~wz=k-—-1—2x=min(k—1, k—1—2). 
Further, if ;-, (c) = min (k —1, (i — 1) (kK —1—2)), i> 2, 
then fh; (z) = min (k — 1, Aj, (t) — e+ k — 1) = min (k — 1, 
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min (k — 1, (i ~— 1) (k — 1 — z)) 4- (A — 1 * z)) = min (Ak — 1. 
(kK —1) + (4k —1— 2), Mp tos a) = qinees i i(k — 
1 — zx)). Consequently, Pees ep (kK—1, (k —1) (k — 


ifz=k—t1, _ 

1 — z)) oo ave k— 1, and hence ~ h,-, (2) = 
Jn (2). 

3.1.6. Obviously, a comparison of 7? = xr? (mod k), and 7? = 


y+ (mod k) cannot be carried out identically for any &> 3 since 
for z—=k—1 we have a (he S= Ty eh t= a 
k — 1 and «4? = (k — 1)* = 1. Let us now consider the relation 
x? =a (mod k). We put x = 2. This gives 4 = 16 (mod k). Try- 
ing , the values of & from 3 to 15, we see that the comparison can 
be carried out only for k = 3, 4. 6 and 142. Hence for each of these 


values of k. we must find out whether the comparison r? = rt 
(mod k) is valid for any values of x in F,,. It turns out that fora any 
k — 3,4, 6 and 12 the comparison 22 = xt (mod &) is fulfilled iden- 
tically in E,. For example, for k = - 6 we have 

se A see aa aie 8 

Lo = 


! 
041434 oe 


3.1.7. For k = 3. 5 and 7, the number of different functions of 
the given form is k — 1, while fork - 4, 6, 8,9, 10 it is equal to 3, 
2, 4, 7, 4 respectively. For example. for k = 4 we have 


ee ae: ioe 
bees ’ zr? ‘ 23 — 
ae ey ON ee) 
and 22! = g?, 22/41 = x3 (> 1). 

be 18 i @) =o. ev a tert) 

se ee (Geb > 1) ec er . thea 

POO + & (i) fi (2)... 1 8 (Kk — 1) fra (2). 
It remains for us to take into account li, (2) = = Jp (2) ew eae 
hi @) (i terms). 

3.1.9. Let us consider the functions f (zr) — c (c : {1, 2}), 
f (x + 1), f (z + 2) and f (hy. (z)), where hy. (z) = x + j, (x) — 
jy (v). Each of them assumes the same number of values as the 
. 4 ) 


function f(x) has. Therefore, we can assume that f, (z) =(5 se 


2 
and fy () : 0 f , where a, 0), 65 € {1, 2}. Then g (z) = 
) by by 
0 1 2 
ars —_ o a 
(0 b, Seale if b} = 1, then b, = 2 and a+ b, = 2, and 


hence a = (}, which contradicts to the condition of the problem 
(since a € {1, 2}). H, however. 6, = 2, we have b, = 1 and a+ 
by 1; Consequently, a = (, and we again arrive ‘at a contradio- 
tion. 

3.1.10. Since the function f (z) — ec (c € {1, 2}) assumes the 
same number of values as the function f (z) does. the coefficient a, 
can assume any value in £5. We can assume that a, = 0. Then 

1 


ee ae —{9 
His) = eet + 62 = (0 ays oy aq 2m) 
cases are assumed to be favourable: (a) ay + a, = a, + 2a, 


. The following three 
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.) ay + a, = 0, but ay + 2a, #0, (c) a) + a, £0, but ay + 
2a, = 0. In case (a), we have a, = 0, and a, is arbitrary. In case 
(b): a, 0, ay = — a, = 2a,. Case (c): a, = ay and 2a, 4 0 
(hence a, 0). Answer: a, is arbitrary and (1) if a, = 0, then a, 
is arbitrary, (2) if a, at 0, then either a) = a, or ay = 2a, (i.e. if 
a, ~ 0, then a # 0). 
3.1.44. (1) x = max (min (1, J (z)), Jy (z)) = j 

(2)~ x = max (J, (x), min (2, J, (x)), min (1, J, (z))) 
2jy (=) + je (2). (3) ree: a (2) = Jy (z) = Ajo (x). (4) 2 (1) = = 
min (4, J; (x)) = a (x). 6) J 2 (z* + x) = max (Jy (x), Js (z)) = 
4j, (x) an an (xz). (6) (~ x)? | x = max (min (1, Jg (z)), min (4, 

1 (2)), 2 Oo. J3 (t)) = jo , (2) + fy (2) - 32 (x) + 3/g (2). 
(7) yj; (%) — jg (z) = max (J, (2), J3 (z)) = 3); (z) + 3/3 (x 
(8) «+ 2y = max (min (1, J, (x), Jo (y)), min (J, (2), 
min (Jo (z), J; (y)), min (1, J, (z), Jy (y)), min (f, Jo (x), J» 
min (J, (z), J» (y))) = fi (2) jg (y) + 2ie (2) fo (y) + 20 (2) j 
Jo (©) 1 (Y) 1 fo (@) Je (Y) 1 2j1 (z) 72 (y). (9) max (z, y) = max 
(min (1, J, (z), Jo ({y)), min (1, J, (xz), Jy (y)), min (1, Jo (2), 
J, (y)), min (Jo (x), Jo (y)), min (J, (z), J, (y)), min (J, (x), Jo (y)), 
min (J, (z), a (y)), min (Jy (2), Jo (y)) = ty (@io(y) + ADAY sa 
fo (2) Ti (¥) + 2fo (2) de (Y) + 2h, (2) Je (y) + 2jo (z) fe (y) + 
ie (£) hi (y) + Siso (2) Jo, (y). (10) 2— y? = max (min (1, J, (2), | 
J (y)), min (1, J, (z), Jy (y)), min (1, J, (x), Jo (y)), min (J, (z), 
Jo (y))) = hx (2) fo (Y) 1H Fe (2) i tv) ) 4 jg (2) je (y) + 2is (2) Jo (y). 
(11) 2?y = max (min (4, Sy), Js Ww) » min (1, J, (x), J, (y)), 
min (J, (x), J, (y)), min (J, (z), Js (y))) = ji (2) fi (Y) 1 Je (2) 


Pee at 


iy (y) + 2), (2) je (y) = Qin (x) je (y). (42) zy = max (min (1, Jy (z) 
Jo (y)), min (1, 13 (x), J 2 (y)), min (2, J, 2, (7), Jo (y)), min (2, J, (z) 
J, (y)), min (2, J 3 (x), 4; (y)), min (2, J, (x), Jo (y)), min (J (2) 
Jo (y)), min (J, (z), Js (y))) = fa (2) fo (y) Eis (2) jo (y) + 
ae to Jo(y) + Qi, (x) jj: (y) +  2j3 (@) fa (Y) 7 2y2 (2) Ja (Y) 
is () jo (y) 1 ia (2) Je (y). a 2 at 
3.1.12. Putting gh = (1, By, »--, A) = a”, we get f(a”) = 


min {max (f (6), ~ Jg, (C1), ~ Iq, Gn) +1 ~ Iq (Gn))}. Let 


0 
us prove that the right-hand side of this relation coincides with 
the left-hand side. If at least one 0; 4 a,, for example, for i = 
ig, then max (f (0), ~ Jg (G15). ~ A 


G. (ads a J 6%, (a; ), 
i,-1 


9 e e 9 


(OH; 44)>- 208 ad (a,)) =k — 1. 


ig Jo, jy(*igtt) Lory ~ Ig (tm) = max (f (0), ~ Jg. (1) 


0; -' ig- 1? ? Oi +t 


If, however, 6 = aL, then max (f (s), ~ J 6, (@1),.- 5, Ad (a,))= 


max (f(a), ~(k—1), ...,~ (kK —1)) =f (a), and hence min 


6 
{max (f (o), ~ J 5, (11), . 20 ™ Jo (a,))} = min (k — 14, 
k—41,f(@), k—14,... k—1) =f (). 
21-0636 
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By ? 


3.2.1. (1) In order to simplify the notation, we put 7 ({0, 
2}) = T and oo 1}, {2}) =@. (a) ~ 2re€ T and ¢ &@; (b) 


(b)j(~yETN ae ie Pe ect and ¢ @; 
(e) z+ y ¢ 7 and "€ U: ( f) min (7, yyE TN Z 

(2) We put 7 ({41, 3}) = 7, w (io. 1}, {2}, (3}) = 4, & ({0, 
3}, (14, 2})=%,. (a) z¢T, €%, and €%; (b)~zET 
and € @, f] Ne (D jnte) OT. €&, and ¢#@.; (d) x+ 2y€ T, 
¢@%, and ¢%,; (e) max (xz, y)€ Tf) @, and ¢@,; (f) ry € T, 


3.2.2. (1) The ee {2} and the er Les U {1, 2} are 


(5) 6 = (0) and D = {(0, 1). (2}, (3)}. 6) 8 = (0) and D~ 


}, ; 
{0O, kK— 1}; D = {{0, 2}, {1}} for k = 3 and D = { {0, k — 1}, 
{4, 2, ..., & — 2}} for k> 4. 

3.2, 3. (1) If % = @ oré = E,, any function in P, preserves 
this set (for 6 = (, it is assunied by definition that f(@,... 
@) = @). Let 6 4 @ and 6 ~F,. Then a exists a€ Ey, 
such that a ¢ 6. Obviously, f (x) =a qT (é). Hence T (6) # 


P 
is (2) Hint, It should be first proved that different classes T (€) 
correspond to different proper subsets in £,. The number of all 
non-empty subsets in £, is 2k — 14. 
(3) If 6 = @, then | (7 (6))" | = ke” TLet1<m=|6 =< 
k — 1. Then |(7' (6))" | = mm"kk"-m" (since the values from 
should be assumed on 6”= 6X ... X 6, while on the remaining 


n times 
k” — m” tuples, the values of the functions can be arbitrary). 

3.2.4. (4) If D= {0}, {1}, .... {kK —1}}, be. s=k, or 
D = {{0, 1, ..., k—1}} i.e. s = 1, then any function in P, 
ahs this partition. Let s +1 and s +k. In the partition 

D = {6,,..., 6,;} we take a subset 6, such that | 6, | > 2, 
and another subset 6;,, differing from $;, . Let a,, a, € $y, and 

z _. fa for r= ay 
b€6,;. Let us consider the function i) . for ecena: 
Obviously, f (a,) = b, and hence / does not preserve the partition D, 
and f ¢ @ (D). 

(2) Hint. We must first prove that for s #1 ands ~ k different 
classes &@ (D) correspond to different partitions of E,. For k = 3, 
the set has the following partitions: D, = {{0}, {4 {2)}, D, 
{{0, 1}, {2}}, Ds = {{0, 2}, {1}}, Da = {{0}, (1, 2}}, D, = 
i 1, 7) &#%(D,) = @ (Ds) = Py. The remaining ‘three classes 

@ (D,), @ (D3) and @ (D,) differ from one another and {rom Ps. 
Consequently, there exist four different classes of the type @ (D) 
in P; (if we also take into account the entire set P, as well). For 
k = 4, the set £, has the following partitions: D, = {{0}, {1}, 
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en poten, gobo, 
hom BO 


0 

2, ae oe 
2, 33}, Dis = {{2}, (0, 1, 33): Dia = (13), (0, 4, 3}, 
0, 1, 2, Consequently, there are 14 different classes 
In P;, there are 51 classes of the type 


iS) 
~ 
Ww 


ie leraiges 


° 
= 
te 
@m 
Q 
oS 
= 
v 
= 


Wa (i;, ig, ..., t,) be a tuple of numbers in the set {1, 
2, ..., S}. The ngiber of such tuples is s”. Arrange them in the 
alphabetic order and assign them numbers from 1 to s”. The tuple 
(4.741. , 1, 1) has the number 1, the tuple (1, 1, , 4, 2) the 
number 2D the tuple (1, 4, . ft 2, 1) the number s 6 ft 1, and 
so on. If a tuple (i,, i,, ..., i in) has a number m, the number 
16; 1 | 6;, Mr srg tea ei | is dencted by d,,. The number of func- 


ious in the set P, (XP), which preserve the partition D = {6,, 
d d 
62, ..., 6,} is equal to | 2 165, 1 165, 1% 
(21, J2y soos j,) 
| 8; te where r= s” and the sum is taken over all possible 
: 


tuples of length s”, consisting of numbers from the set {4, 2,...s}. 

3.2.5. We denote the set 6 by 6, and F, | @ by 6. Let 
| 6 | = 1 and, as in Problem 3.2.4(3), let d,, stand for the number 
16; |... | 6, |, where (i,, ..., in) is "the tuple of length n, 


eomeis ue of numbers belonging to the set {1, 2}, where m is the 
number of the tuple in the alphabetic order. Obviously, d, =|, 


(1) Since T (6)\@% (D) = T (6)\(7 (€) 9 @ (D)), the num- 
ber of functions in P, (X”) contained in the set T (6) \ @ (D), 


1.e. I(T (6 (E)\Z (D)M]| ts (7 (6))™ | — | (7 (6) 1 Zz (D))t™ im 
Re ie ae Cae ee \6, bral Reo 
Gi, catde) 
= > | 6;, Paced 63, °°, where r = 2”, and the last sum 
Gao) 


is taken over all such tuples of length 2” — 1, which consist of 
numbers belonging to the set {41, 2}. The above formula is valid 
for n> i. Ifn = 0, then |(7 (6)\% (D))©] = 0. 

(2) For n>1, we have |(%(D)\T (6) | = (2 (D))™>| = 
(T(E) NZ(D)™| = >} $j. 1 18j1 2 ... 16y,1-°— 


(Jys Jor e+ er Ip) 


d d, 
St 16 j IPB I FI _l T= YL 1A I MBjyl?--- 


Gi2 ced.) Gas sag”) 
d d 
65,1 DE >) sede) Bo te \6;.1 7 (here, as before, 
Jog: ee 09 dp 


r=2” and j;€ {1,2}, i=2,...,r). Forn=0, |(2(D)XNT (€))©| = 


= k—l, 
by ITS) UB (DCO] = (PML [H(DAT (| = 
2i* 
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pire ei S18 1... 18), 17. (For n=0, we 
(eres Sy) 
have |(T (6)| UZ (D))"| =k.) 


0 4 ... k—1 
3.2.6. (1) If fj (@)=( 


Ay Ay... Ah-y 
(, : - fo are the functions in Sz, they have different values 
(i.e. a; a; and b; #6; for ij), and hence f (r)=fy, (f2(z)) 
‘ oe | and if cae then b; ~bj;, and therefore 
Boy 8b, +++ Gp 


ay, = ab ;. Consequently, f (rz) € S,. Let f, (z) and f, (x) be func- 
tions in CS,. Then there exist i, j (i 4 j) such that f, (i) = fz (/). 
But under this condition, the equality /, (fo ()) = filfe (/)) is also 
observed. Therefore, f (x) = f, (fo (z)) € CS. 
(2) For k = 3, we have | S, f\ @ ({0, 1}, {2}) | = 2. (This 


4 2 
class contains the following functions: (" ; >) and ( ).) 


ee ens Ce 2}, {k— 1}, 1.044 —3)l = 
'(k — 3)!. 
3.2.75.. (A): -2a* a? =- 22? =e ay. (2). dat dz? 4-32? =F ez, 
(3) 2 + 2° — x4, (4) 52% + 225 + 424 4+ 23 4 2? + 42. (5) 62% + 
325 + 524+ 322+ Sz. (6) x2y®. (7) xy? + zy + 2c. (8) gry? + 
4 a 
aty + ay + 2ay + 2.9) KA) L — @ + 2A) = DD oe) 


Zigk-l-i, (40) 1— («# — 2? — 2ykei= >, (— 4)#+1 (“Ty "} 
Qigk-1-i da — z)k-1-i, 

3.2.8. (1) It is sufficient to represent the function 2/, (z) 
through a polynomial since 2); (x) = 2j) (x — i), i= 1, 2, 3. 
We write the required polynomial as an expression with indeter- 
minate coefficients: 2j9 (x) = ap-+ ayx + agr® + a,x? (the remain- 
ing powers are not needed since 2?/+? = x? and x2/+3 = z3 mod 


4 for 1 > 1). Assigning the values 0, 1, 2 and 3 to xz, we obtain the 
following system of equations: 


U 


Ay = 2, 
Qy + a, -+ ap +a,=0, 
ay + 2a, = 0, 


A) + 3a; + a2 + 3a = 0. 


Solving this system, we obtain (a) ay 

(b) ag = 2, a, = 3, ag = 0, ag = 3; 1 

az = 3; (d) dy = 2, a, = 3, ag = 2, a, = 1. Consequently, 2j,(z)= 
Sg ee ee 2+ a+ 222+ 323 = 2 + 32+ 
x x, 


(2) If the function f (x) in P, is such that f (E,) & {0, 2} it can 


ay = 2, a, = 1, a, = 0, ag= 1; 
(c) ag = 2, ay = 1, a, = 2, 
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3 
be represented in the form f (zx) = ~ b;2j; (x), where b; € 


i=0 

{0, 1}, i= 0, 1, 2, 3. Then we must use the result of Problem 
3.2.8(1). If, however, f (F,)<—{1, 3}, we can consider the func- 
tion g (x) = f (xz) — 1. 

(3) Assuming that the function f (z, y) can be represeated by 
a mod 4 polynomial, we have f (z, y) = ao. + apy + agoy?+ 
Qogy? + aye + ayyzy +... Agox3y?+ az,z3y3. Considering this 
relation for the pairs (0, 0), (0, 2), (2, 0) and (2, 2), we get a system 
which has no solution: 


Ang = 2, 
Aoo + 2491 = 0, 
Ayo + 2049 = D7 


200 + 2491 +- 2449 — Q. 


3.2.9. Hint. It is sufficient to prove that the functions f (x) — 
f? (z) and f (x) — f (x) assume the values only in the set {0, 2} and 
then to make use of the result of Problem 3.2.8(2). 

3.2.10. Ii the function f (xz) in P, can be presented by a mod 
4 polynomial, it can be written in the form a, + a,x +- a,x? + 
a,x3, where a; € F,, i= 0, 4, 2, 3 (see Problem 3.2.8(1)). But 
one and the same function can be represented by different poly- 
nomials. Besides, each such function is represented by four differ- 
ent polynomials (see, for example, the solution to Problem 3.2.8(1)). 
The latter fact can be easily proved by considering that the follow- 
ing relations are valid in P,: 223 = 227? = 2z and 3x3 = 2x + 23. 
The number of corresponding functions is equal to 64. 

3.2.11. (1) The functions z, z? and x? in P, should be compared. 

(2) Since 3x2 = 3z (mod 6), each function that can be repre- 
sented by a mod 6 polynomial is represented by two different 
polynomials. Therefore, the number of functions in P, which can 
be represented by mod 6 polynomials is 63/2 = 108. 

(3) The necessary and sufficient conditions for representing 
the function (a + bj» (x))? by a mod 6 polynomial consists in that 
the function (2a + b) bj, (xz) must be represented by a mod 6 
polynomial. It remains for us to find the values c € FE, for 
which the functioncj, (z) can be represented by a mod 6 polyno- 
mial, and after determining from each such value c the correspond- 
ing pairs of values (a, 6) choose the pairs for which the function 
a-+ bj, (xz) cannot be represented by a mod 6 polynomial. An- 
swer: either 6 = 2 and a= 2,5, or b= 4 and a= 1,4. 

3.2.12. (4), (2), (4) No, it cannot. (3) and (5) Yes, it can. 

3.2.13. (4) 7 ({0, k—1}). (2) T({4, 2}). (8) & ({0, 13, 


(7) T ({4}). (8) T (fe — 1}). (9) T (1,  — 1}). (10) T ({0, 23). 
(14) T ({ke — 2}). (12) T ({0, 1}). (43) & ( k—1 
va 1}). (15) AS 


ew 
-— 


° 


Di). (46) & (£0, 


3.2.14. (1) The set {j, (z), z+ y} is such a subsystem (see 
Problem 3.1.8 and use the Stupecki criterion). The completeness 
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of this system can be proved in a different way. We have jo (z)+ 


oes tet e r+t+1=2+4 2, 2 en ca + 

z+ (k — 1); jp (t) = jg (@ — ) = jg (2 + (3), aaa 
2, wey K-15 Fe (io (©) + fo (Y)) = Jor 0 (2: v) = jy (2) fo (9). 
jum(% ¥) =ijo0(2 —!, y—m), 1 =0,1,...,k4 —1 and m= 
0, Toa I ily EW) im y) +... tim, y) 
(s terms), s = 1, 2, ,k — 1, k. If f (x, y) is an arbitrary func- 


tion of two arouments. then f(z, y)= SS f (l, m) ie m) (x, y), 


(4, 
where the summation is carried out over all pairs (l,m) € Ey, X Ey. 
It remains for us to take into account the fact that the system of 
all functions in P;, which depend on two arguments is complete 
in Pp. 

(2)° (05.20 Se ys cy} Ss - (10). oi Jy ae eo Sea Ot Se 
T ({0, 1}), {1, ic Ph, 2 ay kD. 

3.2.15. (1) i Ps das. eee. 
(2) Ay \ {0,k — 1, Jo (x), Jp-y (z)}. Hint: J, J, (x)) = 0, Jy (1)= 
k — 1 (see also Problems 3.1. 1(18) and (19)). 

3.2.16. (1) The subsystem is complete: 0 = J, (1), 2 = J, (0), 
J, (xz) = Jo (max (Jy (x), Jy (z))). (2) The AeA is not com- 
plete. Consider the partition p= {{0, 1}, {2}}. (3) The subsystem 
is not complete and preserves the partition by, {1}, {2, 3}}. 
(4) The subsystem is not complete and preserves the partition 
ose ve 2}, {3 }}. 

(1) The completeness of the given system in S, can be 
er . iotlowe. By induction on i (i> 1), we prove that any 
function g in S, satisfying the condition g (x) =z for x >i is 
generated by functions in the set {ho (xz), Noo (Zz), . ho; (x)}. 
Putting then i = k — 4, we obtain the required result. The induc- 
tive step is substantiated as follows. Let g (rz) = zforx>i+1 
and g(ii+1)=7, g@ =it1 (herej 4i-+i1and0</1< i). 
Let us take a function h (x) coinciding with g (z) everywhere except 
at z = land x =i-+ 1. At these two values of the argument, the 
function 2 is: h(l) =j and h(i+1)=i-+ 1. Obviously, the 
function A (x) has already been constructed (in view of the induc- 
tive hypothesis). It ‘can be easily seen that g(x) = 
h (ho vy (Ro; (ho +1) (2)))). 

(2) Since ho; (hie 41) (ot (Z))) = hove +) (x), i= 1, 

k — 2, the given system generates each function in Problem 3.2. 17(4). 

(3) Consider that h;,(; 43) (7 + (kK — 1)) + 1 = kG 4,G 42) (2), 

POL 4, 2 ye eae ee Ol. 

3.2.18. It follows from Problem 3.2 .17(14) that the given sys- 
tem generates the set S,. Using the function z + jg (x), we can 
easily construct any function not assuming exactly one value 
(in E}). Then even that we have all the functions assuming not 
more than j values (4<i<k— 2), we must show how an arbi- 
trary function in P(}), which does not assume i -+ 1 values, can 


be constructed. Let g(r) be an arbitrary function not assuming 
only one value. Then there exist exactly two values of the argu- 
ment, viz. /, and 1,, for which the values of the function g (z) are 
equal, i.e. g (lp) = g (4) The elements of the set E,\ {lo, 1} 
will be denoted by /,, 13, ..., lp-;. Let us take two functions, 
g, (z) and gy (x) in the set S, such that g, (/,) =r, r = 0, 14, 
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k—41, and g,(s)=1,, s=1, 2, ..., k—41, while g, (0) = 
LE E,Ng (Ens: We denote the function 2 + jg (t) by hy (z). We 
have & (x) = Be (No (8 (2))). te us now take an arbitrary function 
g’ (x) not assuming i + 1 values (1 <i< k — 2). Let one of these 
values be lj. We assume that g’ (bo ) = g’ (6,). Let us consider 
the function f, (z) coinciding with g’ (x) everywhere except at z = 
by, and f, (bo) = ly. Obviously, the function f, (xz) has already 
been constructed (by the inductive hypothesis). Let Gk bu 29 
be all different values assumed by the function g’ (xz) (here s = 
k—i-—i>1), and E,\ {a,, ..., a3 = {ly i, ...; 1, 
We take the function f, (x) in the following form: 


_ x if z+, 
fa (z)= { GS dp ee 


It can be easily seen that the function f, (x) does not assume only 
one value, and hence we know how to construct it. We have g’(z) = 


fo h ) 

(4) z-~2=0,/J,(00) =k —1, (Vy Ve 1. Further, 
we ante the remaining constants (for k> 4): —1)-1= 
k — 2, (k — 2) —~1=k—3,.... Then we aed max (z, y) 


and min (xz, yi z= eu) = min (z, y), (ke —1)+ xr =—dq, 
~ min (~ z,~ y) = max (z, y). Thus, the initial system generates 
the Rosser-Turquette system. 

(2) (zc —y) + y = max (z, y), e+ (K-14) +... + (k — 1) 
—z+1 (here k —1 is added k — 1 times). Consequently, we 
have constructed the system {zx + 1, max (z, y)} known to be 
complete beforehand. 

(3) If k = 21+1 (l5>>1), we proceed as follows: ((z 4- 2) + 

ee) 2 aed “(2 is added 1 + 1 times); 2 (x ~ y) = 
min (z, y), ~ min (~ z, ~ y) = max (z, y). We have obtained 
a Post’s system. Let us now suppose that & = 21 (1> 2). Then we 
construct a Rosser-Turquette system: min (z, y) and max (z, y) 
are obtained in the same way as for an odd k. Then we construct 


the constants z — x =0,0+2= 2, a wey (ke — 4) + 
pl Oa eA ~2=k—3, . ~ (k ~— 2) = 1, 
and then the functions J; oe (ke —1) 2) = ; ee c= J 4 (x), 
‘ ‘een pone 
h~-1 times 

Jo (x +k — 2m) = Jom (2), m = 1, 2, ,’— i, Jom (~ 2) = 
fa MO eae m = 0, 1, . La 4. 

(4)x2—-2z=0, 1-0 =f, —1=k—1, (kA —1)- r= 


~ x, x (x — y) = min (zx, y), ~ min (~ 2, ~ y) = max (z, y). 
Using k — 1, 1 and x— y, we obtain the constants k — 2 = 


(k — 1) — 1, (er cogs ee ..., 2=3--1. Then we 

obtain ((k = 1) - = x) = * —-r= Jo (2), J -1 (x) == Jo (~ z), 
a ane 

Tn (2) = Jo((k — 2) a) Snes (2) Tyag (2) = Jy ((e ~ 8) ~ 

zr) — Jy ((k — 2) ~ x) and so on. Thus, the initial system gener- 
ates a aaa ig aes system. 

(0) o-+. + r= 0 (k terms), (~ 0)-— 2x 0=k— 1, 


(~ zr) — 2 (ke - — 1) =j, (x). We obtained the system {jo (z), 
x + y} which is known to be complete beforehand (see Prob- 
Tenn 3.2. 14(1)). 


328 SOLUTIONS, ANSWERS, AND HINTS 


(6) The completeness of this system can be proved by a method 
similar to that used for proving the completeness of Post’s system 
(i.e. the system {x, max (zr, y)}). We shall give a fragment of the 
proof, concerning the construction of the function ~ z. We have 
min (z, z+-1, r+ 2, ..., 2-+ (k — 1)) =O. Further, in the 
ordinary way, we obtain all the constants and the functions 1 ot 
ji@, +++ Ina: 3: @) = min(e + (k—1), e+ (k—2 
Jey 2+(kK—-—(i—1)), ct+(k—G+41)), ..., c+, A 
i= 0, 1,..., k—41. Then we construct the functions g,; (z) 
such that gs. ; (i) =s and g,; (x7) =k—1 forz fi: ge, ; (t) = 
min (j; (z) + (k — 1), k —1-—s)-+s. Finally, we get the Luka- 
sevich negation: ~ 2 = min (gp-y.o (2)s Bao (@)s » - +s Be-tl-1(2): 

- +> 80,R-1 (x )). 

(7) min (z, z)—i=2x—tf, (x —1)—1=—=2—-—2,...,(¢— 
(k — 2))—1= 2, min(z, y) —1 = min (z, y). We have con- 
structed the system {z, min (z, y)}. s _ 

(8) From x+y, we construct z+ y: t+... 2¢2+2=> 
k—1 (z is taken_ k— 1 times), (k — 1) (k — 1) = 1, Jp-1 (4) = 


0, z+0—z, zty=e«+y ae -ey @tyt (k—1) = 
ax -+ y. Further, we have J;-, J n—-1 (©) = jp-1 (x) and j,_, (x + 
k — 1) = jg (x). We have constructed the system {j, (x), x + y}. 


(9) 12+ 2 = jy (x), + 2=2, BAe = Me) = 
4, 2, ..., k—14. We have rty=yt pi @; (x), where 


7 (2) Ve P+. ck Ue eye (i terms), i.e. @ (2) = iit (2), 
| ORR 1. We have obtained the system {j, (x), «x + y}, 
whieh is ea to be complete beforehand. 

(10) 2+...+2=0 (k terms), J, (0) =k—1, (ek —1) + 

+ (k — 1) = = 1 (k — 1 terms), 1 X J2 (x) = jy (x). We have 
constructed the system {r+ y, i, (z)}. 

(11) (~ (k — 2)) — (k— 2) = 1 — (k — 2) = 0, (~ ze) -— O0= 
~ 2, (~(~2))> y= e~y, r> (e~ y) = min (z, y), ~ min 
(~ z, ~ y) = max (z, y), ~ (kK —~ 2) =1, 7X 1+1=2. We 
have constructed the Post system {z, max (z, y)}. 

(42) (k— 1)? — (k —‘1) = 0, O? —xr=—=—2z, 2 -—(— y= 
x?-+ yy, — (k—1) = 1. We have constructed the complete system 
from Problem 3.2.19(9). 

(43) z~>2=—0,2xX1+2= 2-2. Then we obtain all the 


constants: O+2=2, 2+2=4, ..., (k—4)+2=k —2, 
i i ee meee Os oe eA , (k — 3) + 2 = k — 1. Then we have 
(k—1) +2 =~2, x ~ (ey) = min (z, y),~ min (~ z,~y)= 
max (rz, ~—-y), (4 ~ 1) > z)-...—2x = J, (2). Then 
oe 
-— 1 times 


we construct the remaining functions 7 ; (x) (see Problem 3.2.19(4)). 
Thus, the initial system generates a Rosser-Turquette system. 


(144) 12—1=0, 0#?—2z=-—z, 12—(—2) =z. The com- 
plete system {x, min (z, y)} has been constructed (see Prob- 
lem 3.2.19(6)). 


(15) The function 2,-+2,+...+ zu +2(—1), l>2, 
can be easily constructed from zx fe y+ 2. If k = 2m (mB 2), 
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for 1 = m+ 1 we obtain the function z, + . Sn by aa ron 
then the constant 0 = 12-— 1, we get z,-+ 2, hs O+. 
2h Xe ( (which contains m — ‘f zeros). Then we construct Jo an 
2 + x = jo (z). Thus, we have constructed the system {jp (z), 
x -+- y}, which is known to be a ign beforehand (see Prob- 
len 3.2.14(1)). If k = 2m + 1 (m= 1), for 1 = m+ 2 we obtain 
the function z,}+ ...-+ 2,4, +1, and from it, the function 
r=2r+0+. +044 (m-+ 1 zeros) and xy -+ t2-+ 0+ 
~t04+1= - -+ ry (m zeros). Then we proceed in the same 
way as for an even k. _ 

(16) No (t) = jo (x), min (z, Jo (x)) = 0, zjy (0) = z. We have 
obtained the complete system {z, min (z, y)} (see Problem 3.2.19(6)). 

3.2.20. While solving these problems, it is expedient to com- 
pile tables with two inputs (in x and y) for the functions of two 
variables under consideration. 

(1) zc — y+ 2 is an essential function. Consequently, it is 
sufficient to construct the functions z, z+ j, (x) and ho, (2) = 
+ jo (t) — jy (x), see S. Picard’s theorem. We have (k — 1)? — 
(k—41) = 0, (k— 1% +2 = jy (z), jp 0) = 1, e—-1+2=7%; 
e—ytr2=-x—yri, e—-yr1-2e-—y, 0O—x=—-—xz 
z—-(—y)=2-+ y. From z+ y and j, (rz) we construct xo 
Jo at hoy (2) = (@ -F jig (&)) — fig (@ + (kA — 1)) = 2 + jig (@) — 
hi 


~~ 


(2) The functions z + y? and zy + 4 are essential. We con- 
struct the functions z, hy; (x) and z -+ jg (2): Jo(jg (z)) =O, 2X0 + 


1 =1, oer agg ous 2) = jo (2); zr (jo (z))? = 


x + jg (x), (( + 1) x — 1, jg (@ — 1) = fy (2), 
k-—i times 
hor (2) = 2 + jo () + (is (2)? +e + (@))’. 
‘ k—1 times 

(3) (~xz) — y and x—y are essential functions, x — zx = 0, 
(~xz) —O =nz, (~ (~2)) —yur-y, O—zr=—=—2,2r — 
(—yo=arty, ~0O=k—1, 2+ (kK—1) = 2e—1,e —(k—- 
1) = 2,1 + x = ja(z), fo? 4) = ji (2). From z + y and jo (2), 


we construct «+ jo (2); oy t= = (x + jo (t)) — Ji (2). 

(4) z—y and z*—y _ are essential functions; (j, (x))? — 
J, (x) = 0, z—0=a, re—your-—-y, 0O-zr1=-2z, «- 
(—y) =a2+y, fi (2) = Jo (x). From z+ y and jg (z), we con- 
struct z et Jo (z); Ror (2) = (& + Jo (x)) — jy (2) 

5) zy is an essential function. From z and j,» (x), we construct 


all the functions j; (z), i = 4, 2, ,k—4:7;() = fo (x + (k — 
i)). Further we have (z + s — i) ij (2) = £54 (2), s= 0, 14, 
k—1; i=0, 1, ..., k—1 (g,,; () =s and g..; (t) = 0 for 
zi). If g (x) is an arbitrary function in P4"), then g (x) = 
(geo)-1.0 (@) +1) (given (@) + 1). ~  (Be(i-1, ¢ (2) + 1) - 
(Sg(n-1)-1, k-1 (# 1). 


(6) From x — 1, we construct, as usual, z: (r — 1) —1 = 
x—2,..., (2 —(k — 2)) —1=—=2—(k—1)=—2+1=-z. Let 
us denote the second function by f (z, y). Since 1 — x = jy (2), 
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f(t, y) = (t + fo (2)) jo (Y) + fo (2) (y — is(y)h_We have f (x, z)= 
X jg (t)+folZ) + jolt) 2 — jolt) J1(t) =Fol(2), jolio(z)) = 0, f(z, 0)= 

zt jo (z), f (0, zt) = fo (t) + F— hy (Zt) = Noy (2). Thus, we 
have constructed the system (Zz, hor (2), x + jig (z) } generating all 
functions of one variable in P, (see Picard’s theorem). : 
follows from the form of the functions f(z, 0) and f (0, z) 
that f(z, y) is an essential function. Applying the Stupecki 
criterion, we conclude that the initial system is complete. 

(7) Obviously, the given function is essential. We denote it by 
p(z, y). We have @ (z, y) = jp (z)y + rio ly), P(t, x)= 
jo (x) = + Ziq (Z) = Jo (Z)s P (Z, Fo (Z)) = Fo (Z) Fo (%) 7 Zi olFo(z)) = 
PG oe) a jo (io (2) + 1) =0, 9 (0, z) = 
z+ jot) @ + 4) +... +4 =a—14, jo (e@ — 1) = is (2), 

h-1. times 042 o25 
© (iy (2), 2)=Jo (i (2) e+ (i (t) +1) So wal 0 2 . hoot a 
() : : - . 7 *) = ho, (x). We have constructed the system 
{z, 2 + jo (2), Ao; (z)} which is complete in Pi}. 

(8) The initial function is obviously essential. We denote it 
by %p (z, y). Wehave wp (x, z) = 2, p (z, 2) = a)9 (x — 2) + (& — 
oh (z)) jo (2) + Zig (x) =O+ 0+ Jp- (z), Jy-1 (Sn-1 (z)) = 0, 
p (0, t)=jo(—2z) + Of, @) +tzrx1=j@) +2, plz, 0)= 


tg (x) + (t — fy (@)) X t+ OX jo (%) = fo (®) + & -— f(t) = 
ho (2). 


(9) Obviously, the given function is essential. We denote it by 


() es 
f(z, y). We have f (z, = (, : ae ) = hy (2), 


ek —1 
mn @)=(5 4 900 9 ) =m @ flr @, he (e) = 


= 0 for k =3, 
hg (z) ={,. Gy forks 4 If k> 4, we also consider the 


superposition hs (hy (z)) = 0. Further, h, (0) = 1, f(z, 0) = 2+ 
= (9 4 2. HY 
pe. fe 0=% 14 2=(5 5 og Huo 
O01 2..k—-A1\ _ 
f (2, hg (z)) =, (i 0 2...k a) — ho. (x). 
(10) The initial function is essential. We denote it by @ (z, y). 
We have g (z, =z) = jg (z ey = 2), (z) = hy (zt), Q(z. hy (2) = 


J» (x) k= a; = 
h, (x) = n+ 2iy (2) el k > 4. If k = 3, then 
hy = (hy (he (z))) = If, however, k>4, h, a) (z)) = jo (2), 


lo (hy (ig (z))) = O. Tues we obtain . hy (0) = 1, 9 (0, z) = 
hoy (x), @ (i, xr) = = Z, @® (x, 0) —= &£ a Jo (x). 

(11) Obviously, the given function is essential. We denote it 
by p(x, y). We have wp (z, 2) = 2jo (t) + jy (x) (u@ + jig (x)) 
fy (2) G2 (@) — fn @)) = fo FAG) -— Ah @i@ =_jo oH 
P Go (io (Z)), Fo (%)) = 1 + Jo (2), Fo (4 + fo (2) = 9, jo (0) = 
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p (0, : = x, (4, x) = = ho; (x). From z we obtain z — 1, and then 
Jy (2): o(@—1)= jy (z); p(t + fy (2); z) = z+ jo (2). 

Bi2% oh. (1) If k = 2m + 1(mz> 1), the system is complete 
since (x + 2)+...+ ie = x -+ 1 (2 is added here m + 1 times), 
and hence the initial system generates the complete system {x, 
max (z, y)}. If, however, k = 2m (m> 2), the system is incom- 
plete since it preserves the subset 6 of all odd numbers in £,, 


re, rena: 
l=0 


(2) The system is incomplete and preserves the set {1, 2}. 

(3) For k = 2m+ 1 (m> 1), the system is complete since 
it generates the complete system {z, min (z, y)} (see Problem 
3.2.19(6)). The function xz can _ be constructed as _ follows: 
(x — 2)—... —2 =x — 2m =—=24+1. If k = 2m(m>Z 2), the 

a 
m times 


m-—t 
system is incomplete since it preserves the set6 = UU {21}. 


(4) The system is incomplete and preserves the set {0, 1}. 

(5) For k = 2m + 1 (m> 1), the system is complete since it 
generates the complete system {j, (x), z+-y} (see Problem 3.2.14(1)). 
Indeed, 22+... her toy Het y, (x + 24+ ..4+2= 


m-+1 times m+1 times 
z+i1, «+..+27=0, O+-1=1, 127 -—2=jy(z). If 
k times 


k = 2m (m = 2), the system is incomplete since it preserves 
the set 6 = "Sen. 


=0 

(6) The system is incomplete and preserves a certain (k — 1)- 
element subset in E 

(7) The system is incomplete and preserves a certain one-ele- 
ment subset in £,. 

(8) For odd iC the system is complete (generates, for example, 
the system {z-+- y, jp (z)}). Foreven k, it is incomplete since it 
preserves the subset of all even numbers in Ey. 

(9) The system 1s incomplete since it preserves a certain two- 
element subset in Ey. 

(10) If k = 2m 4 1 (m > 1), the system is complete: (z + 
2) + eae (x — y) + y = max (z, y). For k= 2m 
m+11 times 
(m > 2), the system is incomplete since it preserves the subset 


é = BUA {21}. 

(11) For k = 2m + 1 (m > 1), the system is incomplete since 
it preserves the subset 6 = U {21}. If k= 2m (m ZS 2), the 
system is complete. Indeed, c — (x — y) = min (gz, y), fata 


~y) = max (z,_ y), pe po ~0 =k — 1, 2j, (0) = 2 
(kK—1)—-2=k—3,...,5-2=3, 3-2=1, (k — 1) + 
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a a es er ee ,or1ie8€8 44,(¢-)= 
sa1 (2), i = 14, k — 2, Jp-y (~2) = = J,(x). Thus, ‘the Rosser- 
ae system thas been constructed. 

(12) For k > 4, the system is incomplete. For k = 4, it preserves 
the partition D = {{0, t}, {2, 3}}, and for k > 5, it preserves, 
for example, the paca D = {{0, 1}, (33, ~o+, {k — 3}, 
{k — 2, k — 1}}. For k = 3, the system is complete. Indeed, 
~(Jo (zx) + J, (z)) = Jy (x), ee (~z) = Jo (x), Jo (max (Jy (2), 
Jo (z))) = Jy (tz), 4 (1)=2,°~+2=0, ~max (~z, ~y) = 
min (z, y), i.e. we have constructed a Rosser-Turquette system. 

(13) For k > 4, the system is incomplete. For k = 4, the par- 
tition D = (10. 1), {2, 3}} is preserved, while for k> 5 it 
preserves, for example, the partition D = {{0, 1}, {2,..., k — 3}, 
{k — 2, k —1}}. For k = 3, the system is complete: ‘~min (~z, 
~y) = max (z, y) min (2 — jg (z) — 2j, (zt), z) = J, (2), 
J, (~2z) = Jo (2), Jy (x) = J (max Us (x), J, (z))), ~0 = 2. Thus. 
we have constructed the Rosser- Turquette system. 

(14) The system is incomplete. It preserves, for example, the 
partition D = {{0, 14, . b= 2), th 4 

(145) The system is complete. It is not difficult to construct, for 
example, the following Rosser-Turquette system: x (x — ae = 
min (z, y), ~min(~z, ~y) = max (z, y), «r-— x=0, = 


k— 1, fan eat | , (k—2)-—1=—k —3, 
3-1-2, (k-—-1)-2r)-— ...+2=J, (xz), Jo y= 
~RoT times 

Te ag) ee 2, k — 1, 


The functions appearing in each of the given systems 
are Saga ceae Consequently, for composite k these systems are 
incomplete. If, however, k is a prime number not less than 3, the 
completeness of a system can be conveniently proved by construct- 
ing one of the following systems: (a) the system {j, (z), 2 + y} 
complete in P, (for any k, see Problem 3.2.14(1)) or (b) the system 
{1, x -+ y, zy} complete in the class of polynomials. 

(1) It is sufficient to construct the functions x + y and zy. 
We have 1+1+1xX141=3, 1+34+1x1=5, 


Rote 0 ety ee 
HNH+...4t14=2-—1,24+ 0 + x(y —1) = zy. 
ee tines 


(2) It is sufficient to construct the system {j, (x), 2 -+ y}. 
g—xz+14=1,07-1=0,7-—-04+1=24+1, e— (yt 1)+ 
{=2—y, 1X = at, xt? = ot, ..., ch Se? = gh) (k — 1 
is an even number since k is a prime number not less than 3), 
4— gh = j (zr), O—za=—2z,2r—(—y)=2z+y 


(3) We construct the system Yo (z), ae et... t+ 
x= 0Q (k terms), O0O—1= —-1, 2x (— agian ew = 
—xt, ..., 2% (ah 3) = —zh-l, (1) +. ~t(-1) =1(k— 
{ terms), 1 + (—2k-!) = 1— cgkh1=j, (x). 

(4) We construct the functions 1, z+ y and ry: x (k — 1) + 
x—(k—-1)4t+2=2+1, «&-—1)+1=0, 0-+1=1, «xX 
O0O+2—-—-O+yrerety (et+tiytetin-ytO=ayt+ 
ep 4y.. seb he 1) a st 1 Ot ee ee 1 ay 1, 
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(5) We construct the system {j) (z), z+ y}. We have (x + 
2y) + . oe = 5 — y oe number of 2y terms is (k — 1)/2), 


a —r>=>— —(-y)=a2a+y. ie function 
z+ ycan be obtained more Smipidly, ((t + 2) + 2y) nae . +2 “-2y= 


(h44)/2- times 


x-+ y.) Further, —(k — 2) = 2, (k — 2) —-2=k—4,...,3— 
2 = 1, and from functions 1 and xz — y we obtain1 — x;1 X 2? = 
ia g2gt = rt, |, gh-8p2 = zh “Al 4 — gh-l = f, (2). 

(6) We suka the system Gio (x), x = yj: c—2x=0,0- 
z= —2Z, —(-—y)=azt+y, ~O=k —-1, —(k — 1) = 4, 
2xi= 2, zz? = xf, ..., 22ek 38 = a 1 — zk-l = j, (2). 


(7) We construct the functions 1, ~<-+y and sry. We have 
Ae rs AR aap Le onc OMA ea (x — 2) + 2y + 

2a 2 = ob dy + 22, ((a -(2y + 22) eB Oa) ce. Sa 
+ 22) =x+y-+2 (here the terms 2y + 2z are contained 
“+ 4)/2 times), et yy = 2+ 2y, (e+ 2 )- 2y) +t 1. e+ 
=2zr—y (the terms 2y a contained (k — iy/2 times), z—x = 
Q—z= -2, oe me za+t+2xo+1=2+1, 
+4=4, @+ Ht) 6 bo =0 4 pew! 
(8) We construct the functions z + y and zy. We have ((x + 
2y) + 2y)+ 2... + 2y = =zx-—y (the number of terms 2y is 
(k — 1)/2), x—2z=0, O—zr=-x, «-—(—-y=rt+y, 
(x (y + 1)? ety t ty — 18 — at yA) = day 
2, ((4zy + 2) — 1) —1 = 4zy. Further, if k = 4m +1 (m > 1), 
we consider the sum re + 4zry + . + 4ry of m terms aay. 
It is equal to —zy. But since we have the function —z, we can easily 
obtain the function zy: —(—zy) = zy. Ifk = 4m+ 3 (m>O0) 


we construct the sum 4zy + 4zy-+ ... + 4zy of m+ 1 terms. 
It is equal to zy. 


(9) We construct the functions 1, z+ y and zy. We have 


By 
(k 
2y 
0, 
0 
(zy 


1) 
Ww 
2 


re — r= 0+0+4+1=1, 2+ 044 ee ((x + 
4). 4 41) « ee eee z+(y—1)+14 a (2 ar 
ee k-—1 times 

)— 2? = zy. 

(10) ((x — 2y) — 2y) —...— 24y =z — y, z—x = 0,0- 


(k+1)/2 times 
gE=—2z, t—(—y=ety 0xX0+041 1, ex (y—1)+ 
r+1=a2y +1, (ty + 1) —1 = zy. 

(11) We construct the functions 1, x + y and zy. Since & is 
a prime number, x? = xz, and hence we have 1+ 2 — 


gtan...2=1+e2 and («+14+14—=274+2,..., («+ 
———— 
k times 
(k — 2)) +1 =2+4 (k — 1). ia we obtain 1+ 2 — 
(x + 1) + 2 (xe + 1) @ + 2) . Ace arg La 0 = 1, 
{(t-e-ytrxyx OX... O=—=i-+e2e-y 1+0- 
z=1-—vgz2, Fea coir, Yel caer pags ee zXy xX 
1 x Xi=ay+tr—yrt, (eh eee 
Ls (y+ (ek —1)) +1 = ay +2, (ty + 2)-k—2—2y | 
3.2.23. (1) Take into account the fact that jo, (2), z+ y} is 
a complete system and that j; (x + i) = jy (z), i = . k—1. 
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(2) Consider Post's system. (3) Adding, for example, the functions 


~zx and z, we can construct Post’s system. (4) Post’s system can 
easily be constructed by adding, for example, the functions ~z 


and z. (5) By adding, for example, the function z, we can easily 
obtain Post’s system. (6) It is sufficient to add the functions ~x 


and zx to construct Post’s system. (7) Apply directly the theorem 
on completeness and incompleteness of a polynomial class in Py. 

3.2.24. (1) For k = 4 and 6, we can consider the function 
f(z~ +1, 2). (2) For k = 4, analyze the function f (2, z) and for 
k = 6, the function f (4, x), (3) For k = 4, we can consider any 
of the functions (f (0, x))?, (f (x + 1, z))? and 1 — f (2, x), while 
for k = 6, the function 1 — f (4, z) should be considered. (4) For 
k = 4, any of the functions (f (z, 0))?, (f (x, x))®, (f (x 4+ 2, z))? 
or f (2, ee — 2 is suitable. For k = 6, we can consider the function 
f (4, x) — 

3.2.25, “«4) The subsystem B= {k — 4, jy (z), »~ y} is a 
basis. Let us prove this. We have jo (k — 1) = 0, jp (0) = 14, 


(kK—1)+1=—k—2, 3—1 = 2, jo (k—1) 2-0 = 
Tr-i (2), Ire » (2) = ja ( E= 2): a) = fps 1 (2), Tr-3 (2) = 
Jo (kK — 3) — 2) > jg (RK — 2) — 2), ..., ja (2) = Jo (1 ~ 2) = 


Jo (2 — x). Let g (z) be an arbitrary function in P\?. It can be con- 
structed as follows. At first we construct the function By (z) = 
((((K — 1) + Jo (2)) + jo (@)) —.. . - + Jo (z)), where j, (z)" is sub- 
tracted from k — 4 such a number of times ry that gy (0) = g (0), 

i.e. ro =k —1— g (0). (For g (0) =k—1, we put gy (zx) = 
k — 1.) Then we subtract r, = k — 1 — g (1) times the function 
j, (x) from go (x), and so on. (In particular, the function z can be 
constructed in this way.) In order to prove the completeness of the 
system B, it remains for us to use the Slupecki criterion (or recall 
that min (xz, y) =x (xy), max (z, y) =~min (~2, ~y), 
~x = (k — 1) ~ rand that the system {z, max (z, y)} is complete 
in P,). Further, we must prove that B does not contain complete 
proper subsystems. The function «< — y cannot be removed from B 
since the functions k — 1 and j, (xz) essentially depend on not more 
than one variable. Further, we obviously have {j9 (tr), z ~ y} < 
T ({0, 1}) and ae z= y} <T ({0, seh. 

(2) B={Jg(x), x— y?}. Obviously, z—y? is an_ essential 
function. We shall show how all the functions of one variable can 
be constructed. We have ((J9 (x) — J2 (x)) — J2 (z)) ~—...—J2 (xz) S 

gO see ese 


k-1 times 
0, J, (0)=k—1, ((k—1) — (k—1)?) + ...+ (kK—-1)? =k —1—i (i= 
i times 
1,2, ..., k—2), (a ~ 19) =12) =... = 2 =z=1 (= 1, 2, 
i times 
k—2), Ji (z)=(Jq (2 — i) — J§ (x > (i—1))) — ... — JZ (x + (i-1)) 
= h—4 times 
i=1, 2, ..., k—1. Let g(x) be an arbitrary function in P;'), It 


can be constructed as follows. We first construct the function 
Z) (x): if g(0)=k—1, then g,{z)=k—1. If however, g(0) 
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k—1, then go (z)=((k—1) + J? (z)) > ... ~ J2 (x), where rya= 
To times 


k —1—g (0). Then we construct the function g, (z): if g(1) 
k—1, then g,(z)=g,(z), but if g(1) #k—1, then g, (z) 
(29 (z) — J? (z)) — ... ~ J? (x), where r; = k—1—g(1), and so on. 


—_— 


ry times 
On the k-th sha we obtain the function gz_, (xz): if g(k—1)= 
k—1, then gp; (x)=gp_o(z), but if g(k—1) #~k—1, then 
Br—1 (2) = (Bn-2 (2) + Jp_ 4 (z))+ 0. + S§_4 (2), where rp =k— 
~ Fp_q times 
1—g(k—1). Obviously, the function g,_, (x) coincides with the 


function g(x). In order to complete the proof of the completeness of 
the system B, it is sufficient to use the Stupecki criterion. It can 
be easily seen that B does not contain complete proper subsystems 
since the function J, (z) depends only on one argument, and the 
function z — y*® preserves the set {0}. 

Remark. For odd k, the subsystem {x — 2, max (zx, y)} is also 
a_ basis. 

(3) B = {~z, min (z, y), r-+y}. We have 2z-4-(~z) = 


h -- 1, rq4k--1=2—1, (rx —1) Tre gon —1i=xz, ~min (~2, 
— a A 
k~i times 
~y) = max (zr, y). We have obtained Post’s system. It 


should be also noted that {~z, min (z, y)} cT ({0, k — 1}), 
{~z, r+ y} CL and {min (z, y), e+ y} CT ({0}). 

(4) If k is odd, for example, the subsystems {z -+ 2, max (z, y)} 
and {x + 2, zr — y} are bases. This fact can be substantiated by 
using the following relations: (x + 2)+ ...+2=2-++1 (the 
term 2 is taken (k + 1)/2 times) and x ~ (z — y) = min (z, y). If 
k is even (k > 4), the basis is the following subsystem: B = {k — 1, 
xz-+ 2, x + y}. Let us prove this. We have (k — 1) + 2 = 1, 


(k—1)-1=k—-2,...,321=2121=0,(k —1) -2= 
~zr, ct (x y) = min(z, y), ~min (~2z, ~y) = max (z, y), 
(kt) +2)... He Ite), I{@) =Ij@~)= 


k- 1 times 

Jo (e+ (i —1)), i =1, 2,..., & —1. Thus, the subsystem B 
generates the ltosser-Turquette system which is known to be com- 
plete. Consequently, B is a complete system. Let us prove that B 
is a basis. Obviously, {ek — 1, x + y} CT ({0, k — 1}), the sub- 
system {k — 1, x + 2} consists only of functions which essentially 
depend on not more than one variable, and for k -= 2m the sub- 
system {xz -|- 2, x + y} is contained in the class T ({0, 2, ...., 
k — 2}). Consequently, B does not contain complete proper sub- 
systems. 

(5) The basis is the subsystem B = {jy (z), z + y?}. In order 
to prove this, we must take into account that jy) (jy (z)) 4- (Vy (2)? = 
1 and that the function xz + y? can be used for constructing all the 
functions of one variable (by using j,» (x), j, (2), - - +5 jr—z (2)) 
almost in the same way as the function x 4- y was used in the 
solution of Problem 3.1.8. 
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3.2.26. Take into account the fact thats{0, 1, ..., k — 1, 
Jp-1(t), Min(z, y), max(z, y)} CW ({0, 1, ..., k — 2}, 
{k — 1}), min (J; (x), Jp-4(z)) = 0, O Si Gk —2, and 
max (Jy (Jg (x)), Jo (t)) =k — 1. 

3.2.27. If the variables of the functions belong to the set 
{z1, Lo, .- +, In, .-.}, the number of different functions in any 
closed class in P, (including P, as a particular case) is not more 
than countable. Let a closed class A (<= P,) have a finite complete 
system. Then any basis in it is finite. Consequently, the power of 
the set of its bases does not exceed the power of the set of all its 
finite subsystems, which (as is known from the theory of sets) is 
not more than countable. 

3.2.28. (1) Any precomplete class is closed. Consequently, B 
is a closed class, and the set A is also a closed class in Pj") as an 
intersection of closed classes. It should be also noted that the 
class B, and hence the set'A contain an identity function. Let us 
consider a closed class § (A) consisting of all the functions of the 


system P,, which preserve the set A (the function f (x"), n> 0, 
preserves the set A if for any functions q, (z), ..., @, (z) in A 
the superposition f (@, (z), ..., @, (z)) is a function in A). Obvi- 
ously, B = ® (A) and $ (A) + P, (since, for example, any func- 
tion in P,"'\\A is not contained in $(A)). But since B is a pre- 
complete class, it cannot be exactly contained in any closed class 
differing from the entire P,. Therefore, B = $8 (A). The class 
%8 (A) is uniquely defined by the set A. Consequently, the class B 
having the properties specified in the conditions of the problem is 
unique. 

(2) It follows from Problem 3.2.27(1) that the number of such 
precomplete classes in P, is not more than the number of all sub- 
sets of the set P(!). Since | Pi") | = k&*, the power of the set of all 


: _ Rk 
subsets in Pi” is 2°, 


3.2.29. (1) Let us prove that the class K, contains only one 
(accurate up to redesignation of variables) function of one variable 
g (ct) = x*. We denote the function z?y* by f (z, y). We have 
f(z, x) = ct = 2, ff (x?, ce) =f (2, 2) = viz? = 2, f (z?, 2?) = 
ztz* = x*. Obviously, zx? ~ x and zx? = const. 

(2) We denote the function j, (z) j/, (y) by @ (z, y). We have 
@ (xz, z) = 0, @ (0, z) = g (z, 0) = gm (0, 0) = O. Therefore, K, 
contains only one function depending on not more than one vari- 
able, and this function is an identical zero. 

3.2.30. We denote the function j, (z) j, (y) by w (z, y). Let 
us consider the general form of the superposition generated by the 
set {ip (z, y)}: W (ey, ~~, Tm Ce Yn) =p (Wy (m1, .-., 
Lm), We (Yi. ---> Yn)), Where QW; is either a variable or a super- 
position generated by the set {wp (z, y)}, i = 1, 2. Let us prove that 
if at least one Y; differs from a variable, the superposition Q is 
equal to an identical zero. Indeed, any function represented by the 
superposition generated by the set {wp (z, y)} does not assume the 
value of 2. Therefore, if for example, Y, differs from a variable, 
then p (W, (E53, ..., £3), We (Es, -- +1 Es) = (Es {2}, £3) = 
{0}. Thus the class K, contains only three pairwise incongruent 
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functions: 0, j, (z) and j/, (x) j, (y), which essentially depend on 
zero, one and two variables respectively. 


3.2.31, If in the function f, (2) (n > 2) we identify any l 
variables (2</l<n), we obtain a function congruent to f,_7,,(2"7!+}) 


(since j, (z) jy (z) = je (x)). Further, like in the previous 
problem, we can prove that if at least one 2; in the superposi- 
tion W = fy (Wy (iy, - - Lim,)s We (Lory s+) Lomi)y so 
Ya ya ees Zan) differs from a variable, then Y is equal to 
an identical zero. Hence A, contains, in addition to the functions 
fis feos -- +> fny » ++, Only an identical zero, and any function 
fn generates any function f,; for! << n, but is not generated by the 
set {f1, fo. ---, fn-1}. Hence it follows that the set of closed 
classes in A, consists of K, itself, the class {0} and the classes [/)], 
Pe A Qe coy, sand 40}-5 Ths Val 2 ons ce Ale oie KG. 


Obviously, none of these classes is precomplete in Ay (since any 
class in this chain differing from K, is strictly contained in some 
other class differing from K,). 

3.2.32. Let us calculate the number of non-essential functions 


r 
in P\”) and subtract the obtained expression from k* . A function 


is not essential if it assumes less than & different values (in £;) 
or assumes all the & values (in E,), but essentially depends only on 
one variable. The number of the first type functions can be deter- 


mined by the inclusion-exclusion method. It is Sete 
x snes 
(k— 1)" — CB (me — aye” eo. (tia (ke — RBH. 


n 1 
(—1)k-2 C22" + (—1)2-! Cre. The number of the second-type 
functions is (k!)n. 

3.2.33. Let us establish a one-to-one correspondence between 
all rational numbers of the segment [0, 1] and the set of functions 
{fo, fa, - ++» fm» -» +}. We take an arbitrary real number y € 
[0, 1] and denote by C, the subset of all such functions in {fo, 
fz, -- +) fm: ---} which given the chosen correspondence are in 
compliance with all rational numbers less than y. For y; < 2, we 


have C, &C,. Let B, =[C,]. Obviously, By F By, fory, < 2. 


CHAPTER FOUR 


4.1. 


4.1.1. It follows from the calculation of the type (v, x) pairs, 
where v € V, x € X, and v and z are incident. 

4.1.2. (2) None. 

4.1.5. (1) Let O (v) be the set of vertices adjacent to v and 
O' (v) = {v} UO (v). By hypothesis, | O’ (v) | > (n+ 1)/2 and 
| V\O' (v) | < (n — 1)/2. Hence it follows that each vertex from 
\.O'(v) is adjacent to a certain vertex {rom QO’ (v), and hence the 


22-0636 


338 SOLUTIONS, ANSWERS, AND HINTS 


graph is connected. (2) It is possible for an even n and impossible 
for an odd n. 

4.1.10. Let [v, u], [w, t] be two chains of maximum length, 
which have no common vertices in a graph G. The graph G is con- 
nected. Consequently, there exists a chain Z connecting, for exam- 
ple, vertices v and w. Let v, be the last vertex of the chain [v, u] 
which is met on the path from v to w along the chain Z and w, 
be the first vertex of the chain [w, ¢], met on this path after v,. 
The vertex v, of the chain {v, wu] divides it into two parts: [v, v,] 
and [v,, uw]. Let [v, v,] be not shorter than [v,, uJ]. Similarly, the 
vertex w, divides the chain [w, t] into two parts. Let [w, w,] 
be not shorter than [w,, ¢]. Then the chain [v, v,, w,, w] is longer 
than each of the chains [v, u] and [w, t]. We arrive at a contra- 
diction. 

4.1.18. Hint. Consider the complements of the graphs G and H. 

4.1.20, 2p. 4.1.22, Six. 

4.1.24. (1) Let v, uw and w be three vertices of the same power of 
a graph G in R,. We assume that v and wu are adjacent, and v and w 
are not. For vertices wand w, at least one of the inclusions O (u) < 
O (w) or O (w) S O (u) is valid. It follows hence from this and from 
the equality | O (u) | = | O (w) | that O (u) = O (w) and there- 
fore v € O (w). Let us now consider the pair v and w. It follows from 
what has been proved above that v and w are adjacent. But the 
inclusion O’ (v) & O’ (w) does not take place’ since u € O’ (v)\, 
O (w). The inclusion O’ (w) < O’ (v) is not valid either since 
| O' (w) | = | O' (ve) |. We arrive at a contradiction. 

4.1.26. (1) The number of edges of the graph G is equal to the 
sum of the numbers of edges of graphs H,, divided by n — 1. (2) This 
follows from 4.1.26 (1). 4.1.28. Two. 

4.1.34. (1) Yes, there exists. 4.1.35. Yes, it is. 4.1.39. No, it 
is not. 


4,2, 


4.2.5. Let G be a plane 2-connected graph with at least two 
internal faces. If there exists an internal face separated from an 
external face by a single simple chain, then the deletion of this 
chain leads to a 2-connected graph (prove this statement). Suppose 
that there is no such a face. Then any internal face having a com- 
mon chain with the external face has at least one vertex in common 
with it, which does not lie on this chain. Let us prove that this 
case is impossible. We number al! the internal faces. We mark 
the connected pieces of the boundary of the external face which 
simultaneously belong to aninternal face with the number i by 
an index i. Then there exist such indices i and j; which are met 
during the circumvention of the boundary of the external face in 
the sequence i, j, i, 7. We denote the corresponding pieces of 
the boundary by [;,, Tj, Ujg, Tye. Let us choose on these pieces 
points a,, 0;, @, by on the plane (one point on each piece). Then 
the points a, and a, can be connected by a curve whose all points 
except a, and a, are internal points of the face with the number i, 
while points 5, and b, can be connected by a curve whose internal 
part lies in the face with the number i. The curves intersect at a 
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certain point d which is hence an internal point of two different 
faces. We arrive at a contradiction. 

4.2.9, Let G be a 2-connected planar graph and G’ be its plane 
representation. Let n be the number of vertices, m the number of 
edges, and r the number of faces of the graph G’ (including the 
internal and external faces). According to Problem 4.2.6, we have 
r= m—n- 2. The number of pairs of the form (v, x), where 
v is a vertex incident to the edge z is equal to 2m. On the other 
hand, this number is equal to the sum of the powers of the graph 
vertices. Since each power by hypothesis is not less than 6, we can 
write 2m > 6n, i.e. m > 3n. The boundary of each face has at 
least two edges, and each edge belongs to the boundary of not more 
than two faces. Hence 3r < 2m. It can be easily seen that the 
system r= m—n-+ 2, m > 3n, 3r < 2m is incompatible. 

4.2.14. We assume that the graph K, is planar. Let K; be its 
plane representation. Then the number r of the faces of the graph 
Kz is r= m — n-+ 2, where m is the number of edges, and n the 
number of vertices. As in Problem 4.2.9, we have 3r < 2m. Hence 
m < 3n — 6. But m = 10 and n = 5. Wearrive at a contradiction. 
While proving the non-planarity of the graph K;.3, we note that 
each its cycle contains at least four edges. Assuming that Kz, 
is a planar graph, use Problem 4.2.11. 

4.2.22. Each vertex of a 6-connected graph has a power not less 
than 6 (see Problem 4.2.9). 

4.2.27. (3) y (B") = 2, xy’ (BY) =n. 

4.2.28. Two. 

4.2.45. (1) Let t (m) be the number of terminal coverings of 
a chain of length m. Then t(m) = t (m — 2) + Tt (m — 3), 
t (1) = t (2) = t (3). The solution of recurrence relations of this 
type is given in Sec. 8.3. 

4.2.49. (1) v, (G) is the average number of vertices which are 
not adjacent to vertices of the subset U < V of power k. Conse- 
quently, there exists a subset Uy), | U, | = k, such that v (U,) < 
v, (G). If W is the set of vertices which are not adjacent to vertices 
from U,, then W U U,j is the vertex covering of power not exceeding 
k + v, (G). (2) Let e (v, uv) = 1 if the vertices v and u are not 
adjacent and e (v, u) = O if they are. Let S, (v) be the number of 
subsets U < V composed of k vertices none of which is adjacent to 
v, and let d (v) be the power of the vertex v. Then 


> v(U)= ps Ds €(, u) 


USV, |Ul=k UCV,1Vi=hk vEV 
~ n—d (v) n— dy 
=>) se = > ( ‘ )<ivi( ; . Hence 
vEV vEV 
1\Vi-i q 
nei TL (tay): 
t i=0 


22* 
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4.3. * 


4,3,2. The proof can be carried out by induction on the number 
of vertices of the digraph. On an inductive step, it is expedient to 
delete one of the vertices (v, or v,) from the digraph. 

4.3.5. Use induction on the number k. 

4.3.8. The statement can be proved by induction on the number 
of vertices in the tournament. 

4.3.10. For n = 1, the inequality is obvious. Let it be valid 
for such n that1 <n < m. Let us consider the tournament T 
with m+ 1 vertices. Since any tournament with m } 1 vertices 
has exactly C2,,, arcs, there exists a vertex v, with an out-degree 
>[(m + +4)/2]. Having deleted the vertex vy in 7, we get a tourna- 
ment 7’ which has m vertices and contains a set S consisting of 
at least f (m) of compatible arcs. The arcs emerging from vy and 
the arcs belonging to S are compatible. Using the inductive hy- 
pothesis, we obtain | 


one Eh] IEE 


4.3.12. Any even-order group contains at least one element 
inverse to itself and differing from the unit element of the group. 
If the group of the tournament 7 were even, it would contain an 
element q@ satisfying the above property. Since @ is not a. unit 
element, there exist two vertices v, and v, such that @ (v,) = vy, 
and @ (v,) = v,. Let 7 contain the arc (v,, vz). Then the arc 
(a% (v,), & (v,)) should also belong to 7. We arrive at a contra- 
diction. 

4.3.15. The proof can be carried out by induction on the num- 
ber of strong components of the tournament. If there is only one 
vertex in condensation or there are two vertices in it, the conden- 
sation is by definition a transitive digraph. 

4.3.19. Carry out induction on the number of vertices in the 
digraph. On an inductive step, one of the vertices with zero out- 
degree should be deleted, after establishing beforehand the existence 
of such a vertex in the given digraph. 

4.3.21. Proof can be carried out by induction on the number 
of vertices in the digraph. 

4.3.25, Carry out induction over the length of the contour. 

4.3.29. Proof can be carried out by induction on the deter- 
minant order. 


4,4, 


4.4.2. Starting from an arbitrary vertex of the tree, we con- 
struct a chain, adding a new vertex on each step as long as possible. 
At the moment when it becomes impossible, the end vertices of the 
chain will become pendant vertices of the tree. The process of con- 
struction terminates since the set of vertices is finite, and there are 
no cycles in the tree. 

4.4.4, (1) According to Problem 4.1.26, the number of edges in 
the graph G and its connectiveness can be reconstructed from F (G). 
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4.4.9, The induction can be carried out on the magnitude of 
the tree radius. 

4.4.12. The power is continual. 4.4.14. 2. 4.4.23. Carry out 
induction over the length of the vector. 4.2.28. It is true. 4.4.30. 
It is true. 4.4.34. Generally, it is not true. 4.4.32. Generally, it 
is not true. 4.4.33. n — 1. 

4.4.34. An irreducible network does not have parallel edges 


2 
vertex in an irreducible network has a power not lower than 3 and 
poles have a power not lower than 2 for n > 2. 
4.4.40. (1) (a), (b) and (c). Yes, it can. (3) (a) and (b). No, it 
cannot. 4.4.43, Consider T?,, m > 3. 4.4.52. No, it is not. 


and is not p-reducible. Hence m < ( i J. Each internal 


4.5. 


4.5.2. (1) (2). (2) 


‘ ). 4.5.3. (2) Use the inclusion-exclu- 
m 
sion relation. 

4.5.5. (1) Make use of the fact that in a connected graph, 


m< (* and m2>n-—1. (2) A connected graph with m edges 
has not more than m-+-1 vertices. The number of pairs of differ- 


. , m+1 
ent vertices is hence not larger than ( 9 ). Hence p(m)< 


\ 


eae 
| 2 / |. Then Stirling’s formula should be used. 
m 


4.5.6. Note that the number of vertices in a graph does not 
exceed 2m. The further line of reasoning is the same as in 
Problem 4.5.5 (2). 

4.5.7. See Problems 4.5.5 (2) and 4.5.6. 

4.5.9. (1) The code of a tree with m edges is a dual vector of 
length 2m with m unit coordinates. (2) See Problem 4.4.24. 

4.5.10. Use the solution of Problem 4.5.4 and Stirling’s for- 
mula. 4.5.14, See Problems 8.3.18 and 8.3.19. 

4.5.16. The network I (a, 6) having properties I and If is 


a result of substituting the networks of the type '?, k = 1, m+ 1 


for the edges of the network T3_, (a, 6b). The number of such net- 
works is equal to the number of arrangements of m objects in n — 1 


boxes so that none of the boxes isempty, and is ee . 


4.5.17. (2) Use the solution of Problem 4.5.14. 

4.5.19. If a graph is not connected, the set of its vertices can 
be divided into two parts that there are no edges connecting the 
vertices of different parts. The number of vertices in one of the 
parts lies between 1 and [n‘2]. The graph with numbered vertices 
is completely determined by the choice of the edges. The number 
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of edges which are forbidden is equal to & (n — k), where k is the 
number of vertices in one of the parts. 

4.5.22. Any subgraph of the cube B” is completely defined 
by specifying the set of its vertices. The set of vertices of a con- 
nected subgraph is defined by specifying its certain spanning set 
(i.e. the tree containing all the vertices). In order to specify the 
tree which is a subgraph of the cube B”, we can choose any vertex 
of the cube belonging to the tree (there are not more than 2” ways 
of doing so) and a tree with k vertices (there are not more than 
4k-1 ways of doing so). For each edge of a tree, its direction as that 
of an edge of the cube B” can be specified in not more than n ways. 
Hence we obtain the required estimate. 


(2)-9 


4.5.31. Let 6 (n) bea submultiple of graphs for which p (G) > 1- 


In view of inequality (1), we have 6 (n) < —p (n) > 0 as n> o. 
Hence we obtain the result. 


¢ 1 ; 
4.5.32. (2) Z (T (Ko, 3) fi, to, bs, ty, ts) = “OT 3t- (i? se to) (tf ++ 


3t t+ 2s). 

4.5.33. (1) Let us consider an arbitrary permutation aja, ... ay 
of numbers of the set {1, 2, ..., m} and arrange parentheses in 
it so as to obtain a substitution with a cyclic structure (j) = 
(iis Jor ++ +) Jn). First we have j, cycles of length 1, then j, cycles 
of length 2, and so on (i.e. the substitution has the following form: 
(41) (@2). . - (@;,) (@;,44%),42)---)- Let us now assume that two 
substitutions x, and a, with a cyclic structure (j) are constructed 
from two different permutations of elements of the sect {1, 2, ..., 
n} in the way described above. When does x, coincide with x,? 
The coincidence is possible for two reasons: (1) identical cycles in 
the substitutions a, and am, are in different positions, (2) although 
the cycles are identical (as cycles of a substitution}, in the above 
construction they start with the different elements (say, 123 and 
231). The first reason leads to a repetition of the same substitution 


n n F 
|| jy! times, while the second reason to a repetition I] k® times, 
k=1 k=1 
the reasons being mutually independent. (4) The proof can be 
carried out by induction on n using the relations from parts (1) 
and (2) of this problem. 

4.5.34, Use the following obvious fact: a cycle is an even sub- 
stitution if and only if its jength is odd. 

4.5.36. This follows from the Polya theorem. 

4.5.37. Interpret the coefficients of the binomial 1 -+ zx approp- 
riately and use the Polya theorem. 
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4.5.40. Associate each graph with a tuple of connected graphs, 
i.e. the tuple of all its connective components. Then apply the 
Polya theorem. 

4.5.42, Any tournament is uniquely determined by its con- 
densation (with numbered vertices) and the tuple of strong com- 
ponents. The numbering of the vertices is required only for asso- 
ciating them with the corresponding strong components of the 
tournament. 


4.6. 


4.6.3. 14. 4.6.4. See Problem 4.6.2. 4.6.6. This follows from 


the fact that any function f (z") has a d.n.f. whose complexity 
does not exceed n2"-!. 4.6.16. See Problem 4.6.15. 

4.6.20. This follows from the fact that the complexity of a 
scheme dual to a given one is equal to the complexity of the initial 
scheme, and from Problem 4.6.18. 

4.6.21. If a scheme contains not more than seven contacts, it 
can be plotted on a plane so than the addition of an edge between 
the poles leaves it plane. Consequently, there exists a scheme dual 


to it. The substitution in the latter scheme z®% for all contacts of 


the type z° leads to a scheme representing a negation of the func- 
tion which is represented by the initial scheme. 

4.6.22. Let us choose an arbitrary contact of a scheme without 
repetition representing the Boolean function f and consider a chain 
passing through the contact. The values of variables differing from 
those in the chosen chain can be fixed in such a way that the contacts 
not contained in the chain will be disconnected. The obtained 
scheme represents an e.c. depending on the chosen variable. Thus, 
it turns out that a certain component of the function f, and hence 
the function f itself, essentially depends on the chosen variable. 

4.6.25. The scheme 2 in Fig. 24 has the sets {r, y}, {r, w}, 
{x, r, v, z} and {z, w, t, uw} among its sections. Then if there 
exists a scheme without repetition 2, representing the function /*. 
it contains chains with conductivities zy, rw, zrvz, cwtu. Without 
any loss of generality, we can assume that the contact x adjoins the 
pole a of the network 2,. Then either contact r or contact w also 
adjoins this pole. In the former case, 2, does not contain the chain 
zrvz, and in the latter, zwtu. 


4.6.26. No, it is not. Make nse of the fact that aC re es 
f{* (z,, ..., Z,) and the result of Problem 4.6.25. 
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5.1. 


5.1.1. Let p (v, w) < 2t for some v and w in C. Then S} (v) 1 
S" (w) # @. Consequently, any mapping p: B” > C such that 


St (u) Sp (u) for any u € C is not single-valued. 
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5.1.2. (1) Generally, it is not true. (2) It is true. (3) Generally, 
it is not true. 


5.1.3. The sets C, = fa € C, || @ || is even} and C, = = {a €C, 


[| a || is odd} are codes detecting a single error. At least one of them 
contains not less than half the number of words in C. 

5.1.4. (1) It detects one and corrects 0 mistakes. (2) It detects 
n—4 and corrects [(n — 1)/2] mistakes. 

5.1.7. (2) 16. 5.1.8. 2%-2. 5.1.9. 2. 5.1.12. No, there does not. 

5.1.13. Let for a certain n > 7 there exist a densely packed 


3 n 

(n, 3)-code. Then in view of 5.1.11, the number > (* for 
i=0 
this n is a power of two. Consequently, for a certain k the equality 
(n + 1) (n®? —n — 6) = 3 X 2" is valid. Then either n-+ 1 is 
a power of two, orn + 4 has the form 3 xX 2” fora certain natural r. 
Ifn+t1= or. then n?— n+ 6=3 X 2-7, Substituting n= 
27 — 1 into the last equality, we obtain 227-3 — 3 X 27-341 = 
3 x 2k-r-3. For r > 3, the left-hand side is an odd number exceed- 
ing 3, while the right- hand side is either an even number or 3. The 
second case can be considered similarly. 


5.1.14. Let the vertices a = (Cae 2 oe an), B= (Br, ee 
and y= (Vi, - ++) Pn) form an (n, d)-code. Without loss of gener- 
ality, a = 0 and 0 (a, B) =d. We put Agr = fi: Bj = 9, y;3 = 
t}, o, t€ {0, 1}. Let us consider a vertex § such that 6; = 0 for 
i€ A,, and 6;—1 for i¢@A,,. We have iy (a, §) = | 8 pe 
| Aor UAi9 UAao | > | Ag UA l=. (8, y) Sd, oe (, 8) > 
lyi>d oe 6, yprSipl=a 

9.1.16. Without loss of generality, we assume that O€C. For 
any ee Bh as there exists a unique vertex ye C such _ that 


0 (a, nN< d. Since the weight of any non-zero code word is not 
less than 2d+1, pC B34, 4. Let A(p)={a: aE BY, 4, 9 (a, y=}. 


Then U A(y)=B 744 and for any Yi) Yo in CN Bo a41 
VECNB 2a 41 


we Like A (3) A (y2)= 2B 
5.1.17, The code distance of any equidistant code of power 
higher than 2 is even. 
5.1.20. (1) In each of the faces By +) «Gand BPTG ts od 


we construct codes Cy and C, of power m(n, ay Then CoUCy is 
an (n+ d, d)-code of power 2m(n, d). (3) Hint. If C is an 
(n, d)-code in B", for (n—1)-dimensional face g the set C(\g is 
an (n—t1, d)-code. 

9.4.23, Let » < 2d and let C be an arbitrary (n, d)-code of 
power m > 2. We construct a matrix M whose lines are code words. 
Let R be the sum of pairwise distances between (unordered) pairs 


IT 
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m 


of code words. On the one hand, R> (5 


d. On the other hand, 


rn 
R= > h; (m — h;), where h; is the number of unities in the i-th 
i=4 
m {(m—1) 
2 


ow 


row of the matrix M. Since h (m—h) <m?/4, we have 


m2 2d 
n Tr: Hence mean 

5.1.25. (3) Let C be the maximum (n, k, d)-code. Then the set 
C;, = {a: a € C, a; = 0} is an (n — 1,k, d)-code. The number of 
pairs of the form (i, B) such that 1 Cis n, B € C,;, does not ex- 
ceed n max | C; | < nm (n — 1, k, d). On the other hand, each 
vector a € C generates n -- k such pairs. Hence 

(rn — k) m(n, k, d) < nm (n — 1, k, a). 
5.4.26. Let a€ B™, C= B" and let CL = {y:y =a OB 


a 


BE C}. Then, if C is an (n, d)-code and p (a, B) <d,CL.f\Cny= 


dz 


~~ 


@. Indeed, let y € C3 &¢ C., and 6’ = § ® B, y" =) Oa. 
a B 


Then oy, 8) = 9 (a ®@ y’, B® 6’) == || a Oy’ ® B ‘|= 
ll (a ® B) ® (y’ © 8’) || 4 0, since otherwise «a © B= y' @ §’, 
and hence p (a, B) = 9 (y’, 6’). Butop (a, B) < dando (y’, 8’) >d 
since y’, 6’ € C. Hence follows the statement. 

9.1.27. This follows from Problem 5.1.26 if we take into account 
that in any (d — 1)-dimensional face of the cube B”, the pairwise 


distances between vertices do not exceed d — 1, and the number of 
vertices is 227}, 


~2 


3.2. 


5.2.2, A linearly independent system is, for example, B’. If 
s vectors in B” are linearly independent, aJ] their combinations of 
the form (1) are pairwise different. If there existed a subset con- 
sisting of » + 1 linearly independent vectors, we would have the 
equality | B™ | = 271, 

5.2.4. This follows from the fact that an (n, k)-code is a k-di- 
mensional subspace of B”, i.e. the maximum number of linearly 
independent vectors in it is k, and any linear combination of code 
vectors belongs to the code. 

5.2.5. If there is a vector with an odd weight in the code, half 
the number of code words have odd weights and the other half 
even weights. Otherwise, all the vectors are of an even weight. The 
former statement follows from the fact that the number of linear 
combinations containing the given vector with the odd weight is 
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equal to the number of combinations which da not contain it. All 
the combinations are divided into pairs in which exactly one com- 
bination has an odd weight. 

5.2.6, A non-zero vector in B” can be chosen in 2”— 1 ways. 
If i linearly independent vectors are chosen, the corresponding sub- 
space has 2: vectors. Any vector in the complement to this space con- 
stitutes with i chosen vectors a linearly independent set, and any 
vector in the subspace can be represented as a linear combination 
of the chosen vectors. Thus, the (i + 1)-th vector can be chosen in 
2” — 2i ways. 

5.2.7. See Problem 5.2.6. 5.2.8, 2%-1. 5.2.10. It is true. 

5.2.41. (1) m (C (#)) = 8, d(C (A)) = 2; (5) m (C (A)) = 32, 
d(C (H)) = 7. 

5.2.14, The matrix M (C) generating the (n, k)-code C can be 
reduced to the form (/; P) by substituting for rows their linear com- 


binations and transposing the columns. If a vector a is orthogonal to 


each row of the matrix M(C), thena vector f obtained from @ by an 
appr opriate transposition of coordinates is orthogonal to each row 
of the matrix M(C), and vice versa. One of generating matrices of the 
code C dual to the code C* generated by the matrix (J; P) has the 
form (P7/,,_,), i.e. C* is an (n, n — k)-code. Hence, the code C* 
dual to the code C is also an (n, n — k)-code. 

5.2.15. The problem is similar to 5.2.5. 

5.2.16. The code distance d is obviously not smaller than the 


minimum weight of the non-zero code vector. If p (a, 6) <d 
for some code words @ and 8, we arrive at a contradiction to the 
condition of the problem since a ® B is also a code vector and 
0 (0, @ ® B) <d. 


5.2.17. The solution follows from Problems 5.2.15 and 5.2.16. 
5.2.18. The number of unities in the matrix of the code C is 


equal to > | C | n. On the other hand, this number is not smaller 
than d (| C | — 1). 


5.2.20. Let a= (a,,...,@,) be a weight-d vector orthogonal to 
the matrix H. We shall denote by h; the i-th column of the matrix H. 


It follows from the orthogonality of a to each row of the matrix H 


nr 
that > ah; = 0. This leads toa linear dependence between the 


i=1 
rows i; which appear in the linear combination. Consequently, to 


each vector a of weight d in the null space of the matrix H, there 
correspond d linearly dependent columns of this matrix. Thus, if 
each d — 1 columns of the matrix A are linearly independent, the 
minimum weight of the code vector is not smaller than d, and con- 
versely, if there exists a set of d — 1 linearly dependent rows, there 
exists a vector of weight smaller than din the orthogonal subspace. 

5.2.21. The problem is a corollary of Problem 5.2.20. 

5.2.24, (1) It follows from 5.2.18 that g (9, 5) < 10. We can 
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easily construct a linear (9, 5)-code of power 4. Therefore, 
g (9, 5) € {4, 8}. Let us assume that C is a linear (9, 5)-code of 
power 8. Then four code vectors have an odd weight. No two of 
these four vectors lie outside B2. But among three vectors in B?, 
there are two the distance between which does not exceed 4. 


0.3. 


5.3.4, Consider the code {a, aabb, bb}. 
5.3.8. See Problem 5.3.7. 
5.3.10. The number of words of length smaller than / in the 


= io Se Ves 
k-letter alphabet is >, ki= ae ae Hence if &k 1i< 
i= 

m (k — 1), there exists in M a word of a length not smaller than 
log, (4 + m (k — 1)). 

9.3.11, (2) For any divisible code, there exists a prefix code 
with the same tuple of code word lengths (see Ref. 6, Part 5). 

5.3.18. (1) Prove by induction on m. 

5.3.19. This follows from 5.3.18. 

9.3.22. (1) Let C ={u,, .. ., w,,} bea dual prefix code, and let 
the maximum length of a code word be n. Let w = @.. .@x(w) bea 


word in C. Let y = (y,,- - -» Yn) be a vector with y;= @;, i=1, A (w) 
and with blanks in the remaining coordinates. Then the vector 


y is a code of an (x — A (w))-dimensional face of the cube B. It 
follows from the prefix form of the code that faces corresponding 


n — Aw 5) 


™m 
to different code words do not intersect. Hence yy 2 =< 2" 


j=1 low) 
(2) It follows from the completeness of the code that for any a € B” 
there exists a code word w which is the prefix of a. This means that 


the tuple @ is contained in the face corresponding to the word 
w. It follows from the prefix form of the code that the faces corre- 
sponding to different code words are disjoint. Thus, the set of faces 
corresponding to the words of the complete prefix code define a par- 
tition of the cube B” into disjoint faces. This leads to the required 
equality. (3) The proof is similar to that in Problem 1.1.34. 

5.3.23. (4) It is true. The statement follows from the fact that 
any optimal code is a complete prefix code. 

5.3.24. Prove by induction on m. 

5.3.25. A prefix code with code word lengths Aj, ..., Am 

m 


exists if and only if 5’ 27" <1 (see Problem 5.3.22). There- 
fore, Lm=min s he where the minimum is taken over all sets 
{Ary .+2) Am} of acura numbers satisfying the condition 
s hi <1. The minimum ) i; is attained on the sets {A,,..., 
i=1 


eo | i= 
Am} such that |A;—Aj;| <1, 1 <i, j<m. Indeed, if there exist 
A; and A; such that A; —Aj;22, after the substitution 
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x 


™ 
of A;—1 for A; and A;+ 1 for A; the quantity > hi 


i=1 
m™m 
does not change, and the condition > gi <1 remains fulfil- 


i=] 
led. Let {A,, ..., Am} be a set of numbers, such that A;=A for 
i=1, m—r, A; =A+1 for m—r<ism, where A is an integer. 


™m 

Then » i= md-+r, and the condition assumes the form m2~* — 
i=1 

r2-*-1 <4. It follows from the condition that A> (log, m)—1, 


™m 
and hence > Aj 2m [log mj. 
i=1 
5.3.27. (14) For m = 3, assuming that p, > p, >p3 > 0, we 
have L (P) = py + 2p, + 2p, = 1+ po + p3 > 1. The state- 
ment then follows from the fact that upon expansion operation the 
value of the code does not decrease. (2) For given &¢ > Oand m > 2, 
consider the distribution 
p= i : 


en te ed 


, where (2 
\loge m| 
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6.1. 


6.1.1. (4) No, it is not since the output signal at the instant ¢ 
depends on the input signal at the subsequent instant. (3) Yes, it is. 

6.1.2. (3) No, it is not. (4) Yes, it is. 

6.1.3. (2) Yes, it is. (4) Yes, it is. 

6.1.4. (1) Yes, it is. (2) No, it is not. (4) No, it is not. 

6.1.5. (4) It is impossible to supplement the definition to a de- 
terministic function. (2) The function @ admits the supplement to 
the definition of deterministic function. (4) The supplement to 
a definition is impossible. 

6.1.6. (1) It is sufficient to consider the function 


4° if ee 9°. 
g (X41, Xo)= ae a ne 
zy if X_ #0 and X,=2?. 


6.1.9. (2) The weight of the function @ is equal to 2. 6.1.10. (1) 
The operators are equivalent. (2) No, they are not. 6.1.14. (2) Yes, 


it is. For example, 9, = p_ fors = 1 and zs = 0, (3) No, it is 
s 
x 
not. 
6.1.12. (4) Yes, it is. The weight is 4. (3) Yes, it is. The weight 
is 7. 
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6.1.13. (2) Ifr = 3, fora suitable function we can take » (z) = 


6.1.16. For r = 3, for such a function we can take 


Teme eel aN 
by @M=@@ Ozr2(t—1))y(—1), t>2. 


6.1.18. See hint to Problem 6.1.6 (1). 
6.1.20. (2) In order to solve the problem, it is sufficient to con- 
sider the function 


op (x) = 00x (2) 2 (3)... z(t)... . 


6.1.22. It is a generated operator. 

6.1.24. (2) If | A | =1 and | B| >2, then | M, ,/ = c. 
If | B| =1 and | A |>1, then | M,, , | = 1. 

6.1.25, (1) If | A | > 1, the power of each class K; (s) is c. 
2) The number of different classes is | A |°. 


6.1.26. (2) If |B | =4 and | A | >1, then | @,, p| =1. 


6.2. 
6.2.1. (4) The canonical equations have the following form: 


y (t) = F(x (t) V z(t) g(t — 1), 


q (t) = (x (t) V x (t))q (t — 1), 
q (0) = 0. 


The input signal x (¢) can be omitted since the function @ depends 
on it inessentially. 

6.2.2. (1) The operator definition can be supplemented so that 
we obtain a b.d.-operator of weight 4, described by the following 
canonical equations: 


y (t) = a (t) gy (t — 1) qe (tf — 1) © q (t — 1) @ ge (t — 1), 
q(t) = m(z(t), a1 (¢ — 1), go (t —1)) @ x (t) Og, (t — 4), 


go (t) = x (t) (Q, (t — 1)V a2 (t—1)) © gy (1) © gy (t — 4), 
q, (0) = gz (0) = 0. 


6.2.3. (4) The weight of the operator is 3 (the states correspond- 
ing to pairs (g,, go) = (1, 0) and (q,, gz) = (4, 1) can be identi- 
fied). 

6.2.4. To each function of weight w (in the indicated set of 
b.d.-functions) there corresponds a canonical array containing 
n-+ 1 “input” columns (including the column describing the state of 
the function) and m -|- 1 “output” columns (taking into account the 
transition function). This array contains wk" “input” tuples. At the 
“output” of the array, there must be some tuples of the set con- 
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taining wk™ elements (“output” tuples). In order to obtain the major- 
ant, we must assume that each “input” tuple can be associated with 
any “output” tuple. 

6.2.8. (2) The canonical equations of the operator p have the 


form 
7] (t) = q (t == 1), 
q (0) = 9, 
i.e. J is an autonomous operator. 
6.2.9. (1) The canonical equations of the operator obtained 
from the operator @ by introducing the feedback in variables xr, 
and y, have the form 


y(t) = 1, 0 _ 

qT. (t) = x, (t) zg (t) g’ (¢ — 1), 
gq’ (0) = 0. 

6.2.10. (4) The operator weight is 2. 

6.2.11. (4) The following b.d.-operator can be taken for g: 


y (t) = x, (t) V gq (t — 1), 
p: 4 ¢ (t) = x (t) ® z, (2), 
q (0 

6.2.14. (4) and (2) Consider the operator @g(@q). (5) It is exped- 
ient to analyze the operator gg (Pp .,) where @_, is an operator 
generated by the constant 0. 

6.2.15. (3) The weight of the superposition is 4. 6.2.16. (2) The 
operator is autonomous. (3) The operator is not autonomous. 

6.2.19. (2) Such a scheme exists. 

6.2.22. First draw all possible three-vertex digraphs with 
numbered vertices, which satisfy condition (c) and are such that 
the out-degree of each vertex is equal to 2. The digits 0, 1 and 2 
can be taken as the numbers for vertices. The vertex marked by 0 
is convenient to be taken as the initial one. Then the arcs of each 
of the constructed digraphs must be “loaded” in all possible ways 
so as to obtain Moore’s diagrams of some b.d.-operators. 


6.3 
6.3.1. (4) M isa closed class. (2) The set M is not a closed class. 
6.3.3. Prove by induction on the number of delays that any 
Operator wp in [@p, @glq, which has one input, transforms the word 
0° either into the word of the form y (4)... y (ny) [0], or into 
the word of the form y (1) ... y (ny) [4]®, where n, is the length 
of the preperiod (which depends on the choice of the operator 1). 
6.3.7. (4) The system is incomplete. (2) The system is complete. 
6.3.8. (2) {Ps (X), P 5 9(x) (X), Px tx (X,, X4)}. 
6.3.10. The statement can be proved as follows. Let M he 


a closed class in Py), which differs from the entire set Di). We 
assume that M is not a precomplete class and consider the totality 


of all subsets M’ in Di, )\M, which satisfy the condition [M J 
M'\o + My). This totality is not empty. We choose in it a maxi- 
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mum chain (by inclusion) whose existence can be established either 
with the help of Zermelo’s axiom of choice, or by directly taking 


into account the countability of the set Dip) (by arranging the set 


OG)\M in the form olf a natural scale). The union of a)l the sets 
of the chosen maximum chain will be denoted by M,. Then M U M, 


is a precomplete class in @,,). In the proof, we essentially use the 


fact that there exists in the set ®,,) a finite system complete with 
respect to the set of operations © = {0,, O54, O53, O4, S}. 

6.3.13. This fact can be proved almost in the same way in 
which the validity of a similar statement was established in Boolean 
algebra (see Problem 2.1.16). 

6.3.14. Yes, there exists such a function (see Problems 6.3.13 
and 2.1.25). 

6.3.15, Cf. Problem 2.1.17. 

6.3.16. For k > 3, the statement directly follows from the 
corresponding result in P,. In the general case (for k > 2), the 
subsets of autonomous operators can be used. 

6.3.17. It is countable. 6.3.19. This power is continual. 

6.3.20. It is expedient to use the “power maps’, i.e. to compare 
the powers of the corresponding sets. 
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7A 


7.4.1. (4) (a) T (P) = 130747. (b) The machine 7 is not appli- 
cable to the word 13013. (c) 7 (P) = 10 [04]?1. 
7.1.2. (4) The program of one of possible machines has the form 


O | go(iS 


q20S 


q20S 


giR | q3iR | qiR 


7.1.3. (2) (a) 12021¢,01; (c) [10]? Og 1?. 
7.1.4. (3) One of Turing’s machines transforming the configu- 
ration K, into Ky is specified by the following program: 


9:99,0R gqatqglL 
qiig,1R g50qg0R 
q20qg1R qsigsiL 
QoigstR geig,0R 
q30q41L q;0q,0R 
qs0Q50L 9 g;1q ik 
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7.1.5. (4) This can be done as follows: each command of the 
form g;aq;BS (where « and B belong to the external alphabet A) 
in the program of the Turing machine is replaced by | A | + 1 
commands 9;aq5BR, q3yq;yL (y runs through the alphabet A), where 


q, is a new State (each state is characterized by its own q;). 


7.1.7. In order to construct the machine 7,,, it is sufficient to 
add m additional (new) states gj, ..., Gm and “supplement” 
the program of the machine 7, for example, with the following 
commands: g,jaqjaS, ..., GmaqmaS, where a is a fixed character 
of the external alphabet. 

7.1.9. (1) (a) The composition 7,7, is inapplicable to the word 
130212. (b) 7,7, is applicable to the word 1401; asa result, we obtain 
1010742. 

7.1.10. (1) (a) This iteration is inapplicable to words of the 
form 1° (k > 1). (b) It is inapplicable to words of the form 13+! 
(k > 1) either. (c) The iteration is applicable to any word of the 
form 132+? (k > 1). As a result, we obtain the word 1. 


7.4.41. (1) (a) T(P) = 10%. (b) 7 (P) = 1501. 
7.1.14. (3) One of the possible Turing machines is specified by 
M9q90R q40q51L 
q119,9R qylq4iR 
Q2VqolS g50qg0L 
Qolq30R g51q51L 
q309,9R — 960q,0R 
QsiqziR gelgglL 
7.1.16. (3) An example of the possible machines is 
QM9qotl qglq,0R 
M1q,0R  q40q,05 
929q,0S qylg,0R 
Qelq30R 950q,1R 
q39q30S  qsiq515 


7.4.17. (4) f(z) =a2+1, f(z, yy = eztyt 2. 

7.1.18. If we assume, as usual, that machines start to operate 
in the state g,, and the extreme left unity of the code of the number 
x is scanned at the initial instant, the machines mentioned in the 
problem can compute only one of the following three functions: 
x, x— 1, and a function defined nowhere. 

7.1.19. Yes, it is true. 

7.1.20. (1) For a fixed (finite!) set of states, there exists only 
a finite number of pairwise non-equivalent Turing machines (with 
a given external alphabet). (2) There exists an J such that for any 
n > 1, the subset of all functions of n variables in M contains not 
more than 1 elements. 

7.2 
7.2.1, (2) x; + ry — Sgn Zo. 
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_ 7,2,2, (4) At first, we can prove the primitive recursion of the 
functions r; ~ x, and z* and then apply the superposition opera- 
tion. The “direct proof” of the primitive recursion of the function 
g (xz) =z? is as follows: 


{ g (0) = 0, 
g (e+) = hy (e, g (2) = 22 + 2 +1, 
i.e. hy (xz, y) = 22+ y +1; 
hy (zt, 0) = 22 + 1 = g, (2), 
hy (x, y + 1) = 8 (hy (x, y)) = (22 + y +1) + 14; 
{ g, (0) = 1, 
& ( + 1) = he (z, B1 (@)) = 22 + 3, 
i.e. hy (xz, y) = y + 2: 
hy (a, 0) = 2, 
he (x, y + 1) = 8 (he (z, y)) = (¥ + 2) +1. 
7.2.5. f (7, y) = sgn x-gy (y) + gp (e + 1) X sgn x X sgn yt. 


3 (x — 1, y—1) X sgn z X sgn y. x 

7.2.7. (2) by, ([ty/2]) = 224. (4) xe (t1 — 22) = (a, + 2) X 
Sgn 2), [v2 ( Be Lp) —= 21 — Zo. 

7.2.8. (4) f (1, %2) = 2 (1 = 2). 

7.2.9. No, it is not correct. 7.2.10, (1) No, it cannot. (2) 4 + 
sen x. 

7.2.12. All these classes are countably infinite. 

7.2.17. No, not always: the function f, (z, y) can be identically 
equal to 0. 

7.2.18. (14) No, not always. 


7.2.19. (3) This relation is valid. Hint. This function resulting 
from the minimization operation is 2x — 1. (4) Yes, it is. Hint. 
This function resulting from the minimization operation is 


(ste) 


7.2.20. (4) Yes, it can. (2) This statement is false for any func- 
tion f, in Kg.p\KApr.r- (3) The statement is correct for some func- 
tions f, and f, in the set Kg.p\Apr.r- 

7.2.21. (1) No, they are not always satisfied. (2) This inclusion 
is false for any function f (z) in Kg..\Kpy.r. (3) This relation is 
valid for any function f (rz) in Kg.p\ Kpr.r- 

7.2.24. (2) No, it cannot. 7.2.26. Yes, it is true. 


7.3 


7.3.1. (a) This follows from the fact that there exists a function 
in Kpr.p which assumes all the values. 

7.3.2. Any primitive recursive function can be associated with 
an infinite set of terms reflecting the way of obtaining the function 
from the simplest ones. 


23—0636 
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7.3.3. If there exists a partially recursite universal function 
F (x9, 21, - ++) Zn), it is defined everywhere. Then the function 
F (21, 4), T2, +++, 2) + 4 is general recursive and has a num- 
ber y in the numbering corresponding to ei universal eee 
F(@+1), But in this case F (y, y,..., y»=F(y, y 1. 

7.3.6, Carry out the proof by ° ‘diagonalization”. TS: 7. “4)- (4). 
No, it is not. (5) Yes, it is. 7.3.8. The solution is similar to that of 
Problem 7.3.3. 

7.3.11. Consider the function 


-_ f(z) if h(z) =0, 
g (z) = { if. Kiet 
7.3.12. Consider the “Sequence Mp, 4, - - + such thata; = 1 


if @; (i) is defined anda; = 0 if @; (é) is not defined, i = 0, 
7.3.13, (1) For any autonomous finite automaton, its ‘output 
sequence is quasi-periodic. 
7.3.15, For example, the inversion of a word. 
7.3.21. (2) This follows from the fact that there cxist not more 


P) ,. ; , 
than Pee different configurations of length sy (P) for a certain ¢ 


which depends on the alphabet of states and on the external alpha- 
bet of the machine 7’. If a configuration is repeated, 7 operates an 
infinitely long time. 
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8.4. 


8.1.4. (4) The number of ways is (20), = 20 X 19 X 18. The 
tickets are not equivalent. The first ticket can be distributed in 
20 ways, the second in 19 ways, and the third in 18 ways. (2) 203. 
(3) C (20, 3). 

8.1.2. (1) 9!. (2) € (9, 3) x C (6, 3). The first rank can be 
chosen in C (9, 3) ways, and then the second in C (6, 3) ways. 
Using the multiplication rule, we obtain the result. 

8.1.3. (1) Each term of a permutation with repetitions can be 
chosen independently in n ways. Using the multiplication rule, we 


obtain P (n, r) = n™. (2) From each (n, r)-combination without 
repetition, we can obtain r! different (n, r)-permutations, and each 
(n, r)-permutation can be obtained in this way. Hence r! C (n, r) = 
P (n, r). Since (see Example 3) P (n, r) = (n),, we have C (n, r) = 


(n) ,/r} = (* . . (3) Each (n, r)-combination A with repetitions 


composed of elements ef the set U = {a,, ..., a,} we associate 


with a vector a (A) of length n + r — 1 consisting of r unities and 
n — 1 zeros and such that the number of zeros between the (i — 1)-th 
and i-th unities is equal to the number of elements a; in the com- 
bination A, i = 2, ..., n, while the number of zeros before the 
first unity (after the (n — 1)-th unity) is equal to the number of 
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elements a, (resp. elements a,) constituting the combination A. 
There is a one-to-one correspondence between the combinations 
and the vectors. On the other hand, the number of vectors with 
n — 4 unities and r zeros is C (n+ r — 1, n — 1) since each such 
vector can be put in one-to-one correspondence with a combination 
of n + r— 1 elements taken n — 1 at a time. Therefore, taking 
into account the result of the previous problem, we find that 
A n+r—1 
C (n, r) =( | I 

n 
8.1.4. (1) hk”. (2) kyke ... kn. (3) ( : 

r 
8.1.5. (4) mn. (2) (2™),. 


8.1.6. alga! The multiplication rule is used. 
r § 


—h 
8.1.7. (1) [| [’ : (n—a—B)r_p_p. At first we choose the 


\ 


r 
places for the letter a{in ways}, then we choose the places 


r—h' 
for the letter b (in { )} ways. We still have r—h—k 


places the first of which can be occupied by one of the remaining 
n — a — f letters, the second by one of n — a — B — 1 letters, 
and so on, (n — a — B);-n-, +=ways in all. 

8.1.8. (1) 4 (n — 4). The suite can be chosen in four ways, after 
which the smallest value of a card can be chosen in n — 4 ways. 
(2) 4n (n — 1). The number of four cards can be chosen in n ways, 
after which the remaining card can be chosen in 4 (n — 1) ways. 
(3) 12n (n — 1). (4) 4 ( alk (5) 45 (n — 4). (6) 4n ear 
/ 2 
(7) i2( 3) n+4(5 3. 

8.1.9. (1) 147. The number which appears on the two chips can 
be chosen in seven ways. It may turn out that this number appears 
on a chip twice. Then the second chip can be chosen in six ways. 
Otherwise, we must choose two different numbers from the six 
numbers that appear on the chips. The number of ways in which 
this can be done is equal to (5) . Thus, 7 X (6 + (5)) == 447, 
(2) 26. The number of occurrences of identical faces is 6, and the 


number of occurrences of pairwise different faces is (3) = 20. 


(3) 300 + 300? + 3003. A newlyborn baby can be given one, two 
or vie names. The number of ways in which k names can be given 
is 3004. 

8.1.10. (1) ( se . We associate each division n= 
nyt... ++ np, with a binary vector with k —1 unities and 


23* 
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n— k zeros as follows: the number of zeros preceding the first 
unity is n, — 1, the number of zeros between the i-th and (i + 1)-th 
zero iS n;,, — 1,i = 1, ..., & — 2, the number of zeros after the 
(tk — 1)-th unity is n, — 1. This is a one-to-one correspondence. 


The number of such binary vectors is (oo ). (2) (" a ; 


Hint. The solution should be reduced to the problem of decompo- 
sition of n into three addends, after which the result of Problem 8.1.4 


should be applied. (3) —& Cy ee > ({n/2] + 4). The 


6 
representation of the number 7” in the form of three multipliers 
corresponds to the representation of n in the form of the sum of three 
non-negative addends: n = n, 4- n, + nz. Among these addends, 
two can be identical. In this case, the number of disordered 
partitions is [n/2] + 1. When all the addends are different, the 
number of ordered partitions is six times as large as the 

1 


number of disordered partitions, which is equal to = ( (3) — 
3 ({ + | +1)) . Using the summation rule, we obtain the 
required result. 

8.1.11. (4) The answer is 


Ansk) be a tuple of zeros and unities, in which there are at least m 


—k(m—1 1 ~ 
” UE yr . Let a=(a),..., 


zeros between two consecutive unities. Let B (a) = (B,, ...; 
B,-, (m — 1) + 1) bea tuple obtained from a by deleting m zeros 
following the first, second, ..., (& — 1)-th unity. The tuple B (a) 
contains & unities and is uniquely determined from a. On the other 


hand, the tuple a is uniquely determined frum the tuple 6 (a) 
and the number m. Thus, the number of initial tuples is equal to 
the number of tuples of length n — (m — 1) k + 1 containing k 
n+ 9 
9 
the condition of the problem with a binary vector with n unities 
and ten zeros. The number of unities preceding the first zero is 
equal to the difference between n and the number of digits of the 
number A. The number of unities between the i-th and (i + 1)-th 
zeros, 1 <i < 8 is equal to the number of digits equal to i in the 
number A, and the number of unities following the ninth zero is 
equal to the number of nines in A. Then we apply the result of 


Example 4 for k = 10. (3) ( ey. Any of the shortest walks 


consists of n southward and k westward segments. The length of 

a segment is equal to the side of the square. Such a walk can be 

assigned a binary vector of length n + k, in which the i-th coor- 

dinate is equal to zero if the i-th segment is directed southwards, 

and equal to 1 if it has a westward direction. The number of such 
n--k 

) 


unities. (2) We associate each number A satisfying 


vectors is 
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8.1.42. (4) (1 +a, (i+ a,)...(14-+4a,). Each divisor 


pis ee per 0< 6; <a;,i=41,..., r, can be put in a one- 
to-one correspondence with a vector (f;, ..., B,). Then see Prob- 
lem 8.1.4. (2) 2/27. Each divisor p! ... p®" of the number n, 


which cannot be divided into the square of an integer, can be put 
r 
in correspondence with a binary vector (f,,...,6,). (3) [| (pyh-1 


—1) (p, — 1). Hint. Note that after opening the 


parentheses in the expression (1+ pp, +... + pf)... “4 

pp + ... + p2’) each divisor appears exactly once as a summand. 
n\ (rp _ n! — (2)n-k =( n 

ere ae Ge ~ kt ~ kl(n—k)l ~~ (n—k)t me 


Another proof. The number (7) is equal to the number of ways 
in which a k-element subset can be chosen from U={a,, ..., an}. 


But each k-element subset we can put in a one-to-one corre- 
spondence with its complement in an (n—k)-element set U. 


(2) (7) ("\= nt kl _ n! (n—r)! = 
hk} \r] k(n—k)irl(k—r)!  (n--r)trl(n— kh) (k—r)t 


n n—r n—1 n—1 (n—1)! 
eine! i ( k 4G a)= H(n—k—t 
(n—1)! _ (n—t)! n n n 
(k—A)i!(n—k)! kl (n—k)! ne +H) = (7) . (4) (= 

ki (n—k)! (k)> 


Tone Go (5) Use the fact that 


k 
n—r—1 =("~") aes i _ 
( k—r Ak—r, k—r—1/]- anon pa LSE |= 


r=0 


k 
n—r n—r—1 n ; 
a ( a k—r—1 )=(2) . (6), (7) Directly. (8) Induction 


k 
k+1 
on n. For n=k, we have > CT )=t=(pra). Inductive 


r=h 


n+1 n 
transition nm > n + tf: > (P= (F)+("e'}. By 


o\k k k 


nr 


n 
inductive hypothesis, we have > (=(} 


r=k 


i: Hence we ob- 
44 
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n+ 
; ; : r “n-- 
tain from this and the previous equality > ( = es 


k 
r=kR 
Pe 0.E.D. 
k k+1 
n 


4 
8.1.14. (1) Let us consider the ratio ("" VC) =o 
k+1). This ratio is greater than unity for all O<k<n. Hence 


. n—r—ti n—-r 
the statement. (2) Hint. The ratio ( Mi yct for 
k—r—1 k—r 


iE 


k<n. (3) The ratio fee ee for k <[n/2] and less than 
unity for k>]n/2[. (4) This follows from (3). (5) If the sum 


. Nj; nN; 
contains two binomial coefficients ) and ie such that n;— 


nj— 
nj>1, then replacing them with . ‘) and es ; 
obtain a sum smaller than the initial one. For this reason, the 
superscripts of any two binomial coefficients in the minimal sum 
differ by not more than 1 and assume not more than two values. 
If q is the smaller of them, we assume that the superscript of r 
binomial coefficients (0<¢r<s) is gq+t,and that of the remain- 


we 


ing s—r coefficients is g. Then from the condition > fe Sean 
i=1 
we obtain (¢q+1)r4-q(s—r) =n, whence q =[n/s], r=n—s [n/s]> 


while the minimum value of the sum is (s—r)| +r (Pe) 


(6) Hint. Note that Fe if >| = . (7) We 


? 
} bes 


have (p),= A k!. The number (p), is divisible and k! is not 


n 
ae 


divisible by p for k< p. Consequently, " is divisible by p. 


D) / 
(8) We have (2ny! = ¢ (n!)2. The number (2n)! is divisible by 
nr ‘ 
any prime number p;, where n << p; <2n, and the number (n!)? 


e . e ° Qn e e e ° 
is not divisible by p;. Consequently, is divisible by p;. 
r 


8.1.15. (1) Solution. We put trai=| oa ; Suppose 
that the coefficients @p_}, @n_2, ..., An; have been determined. 
Then 

M—-An-1 (n—1)!—Gn-2 (n — 2)] — eos —An-i (n— i)! 
On—(i+1) = Ce eS |. 
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The uniqueness of the representation will be proved by contra- 


diction. Let two vectors a (m) = (a, ..., @p-1) and 8 (m) = 
(Bi, ..., By-s) correspond toacertain m. Let j be the largest of 
the subscripts in which the vectors differ from each other. Without 
any loss of generality, we can assume that a; < f;. We have 


n—-14 j-1 
0 = z Bi! — py ai! > (Bj; —a,) j! a a; i! 
1 
j-1 
> il— D) ixi>o. 
t=1 


We arrive at a contradiction. (2) a (4) = (0, 2); a (45) = (4, 1, 2); 
37) = (4, 0, . Bae (3) uw (0, - 0, 4) = 100; wp (0, 2, 1) = 10; 


awe ayy O31 4) = 12; v (3, 5, 2, 1, 4) = 85; 
: (1:4. 3s, De 2) = 90), (5) Let the number m be specified. We pre- 
sent it in the form m=O, xX P+ a X B+... + Oy X 


(n — 1)!, where a; Ci, 1 Sica. The construction of the re- 
quired ee is equivalent to that of the vector (zx (1), 
m (2), ..., m(n)). The coordinates x (j) will be given by induc- 
tion. We ‘put mu (1) = G@,-, + 1. If the coordinates x (1), ... 
m(j — 1) are specified, we put mw (j} =a,_;+1+s(j), where 
s(j) is the number of x(k), 1 = k<j, for which x {*) <j. 
(6) ma, = (2, 1, 4, 3); myg = (2, 3, 4, 1); Mog = (2, 1, 4, 5, 3). 


8.1.16. (1) The coordinates of the vector B (m) = (By, cea DE) 
are defined as follows: B, is the largest integer such that 


n> =(") . If By, ...; Bj have already been specified, then B;4; 

is the maximum integer such that m—( é ies a —~.. 
Bi ( Biss : : i 

ea > ki} The uniqueness is proved as_ in 


fas . 6 
Problem (8.1.15 (1). (2) (a) B (19)=(6, 4, 1, 0) since 19=(, )+ 


Cet ; )+( : ); (b) B (25) =(6, 3, 2); (c) B (32) =(4, 3, 2, 4). 


8) day ms Sine m= ( : \+( : )+( ; ) = 23; (b) m= 13: 


(c) m=10. (4) First we put in correspondence ta the vector 
a= (%1, ..., @n) in By a vector B= (Bi; .. ++, Bx) in which Bj-++1 
is the sateabet of the coordinate of the (t—j-+4)- -th unity on 
the left in the tuple a, 1<j<k. Then we put v (a) = (8) + 1. 
For example, if a= (1, 0,0, 1, 0), then c=G 0), v (a) = u (By) +1 = 


()+(2) ria 
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8.1.17. For n = 1, equality (1) can be yerified directly. Let 
the equality be proved for a certain n > 1. We have 


ae n+1 : 
 ("r') #= 2 (Ce) + (421) )#= 2 ( )er+ 
n+4 re 2 
OT ae ( )w+ > (i) et = tor + 
h=4 — = 


¢(4+2)"=(4-+12)"*1, 

8.1.18. (4) Put ¢ = 1in (1). (2) Put ¢ = —1 in (4). (3) Differ- 
entiate (1) with respect tot and put ¢ = 1. (4) Differentiate (1) twice 
and put ¢ = 1. (5) Using (1) and (3), we obtain 


5 arin (")a2d ("EE (7) 
= n2M 49" — (n+) 2”. 


(6) Integrate identity (1) with respect to t between 0 and 1. (7) Inte- 
grate identity (1) with respect to t between —1 and 0. (8) Carry out 
induction on n by using Problem 8.1.13 (2) and 8.1.17 (7). (9) Com- 
pare the coefficients of ¢? on the left- and right-hand sides of the 
identity 4+ 24" (14+ 4)" = (4+ 4)”, 


(10) Put in (9) k=n=m. (41) Dividing by ( a , reduce the 


problem to (10). (12) We have 5 3 ( : ( ) = 
hk=0 r=0 
n—-k n n 
(2) 3 C7) =B (s)etaw.en com(") = 


r=0 hk=0 rk 


ma (ta) = Bo (gn) 


0 m=() 


(—1)?-k-7 ( . . (14) The problem is reduced to (9) by substi- 


r=0 


tuting n—k for k. (15) Note that 5 (—1)k-” ( ‘ i= 


k=n 


(™) 3 —mi(™5"). 


j=0 
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8.1.19. 2 2 (5) =U +0401)" = 2", @) 4 Cg = 


(1A EEOC + PVP (A+B)? = ant yh-+ (t= 


2n4-(y/ 2)" ( cos 7 +isin = }" + (Vy 2)” ( cos s-—isin 7)" — 


a m-1  — Qnir aniv | 
27+. 2"/2 2cos—-. (3) a e ™ {-4e ™ | = 
m—1 Quir 7 , 281k) = 


s=0 


-1 
= Vv r 
m 
s=0 hk k 
2ni(lk+s-—r) 
a ae > (mg tp) + In the latt h 
=m mk-r - $n e 1atter case, we have 
k 


m—1 : 
S| at "= {" if nis multiple of m, 
. ~ \O otherwise. 
v=0 
8.1.20. (1) The solution is similar to that of 
m—1 2Nirv 2niv 
a un) 
Problem 8.1.19. (3). We have >» e ™ ( 1-+a0 -) — 
v=0 
m—1 _ 2niry 7” - 2nivk 
> e ™ > @ ake n= 
v=0 k=0 
m-1 2ni(k—r)v 


nr nr 
B (p)er Bo w= WS (ly ener 


In the latter case, we have used the fact that the sum 


m-—i 


>) exp {2nilv/m} is equal to 0 for 1<1<™m and is equal to m 


v=0 


for 1==0. (2) (1-++- V3)" + (1 -V'3)"). Use (1) for m= 2, r=O, 


a=VY3. (3) (4+Y —2)"+i (1 +iy —2)"+(01— pe — 

pie Se 48/5 2. Use (1) for m=4, r=41, ie y—=2 

a (39? (") a-yrayrr—G- Yay). Using 

Problem 8.1.13 (2), we obtain >, (—1)* 3 an (ae = 
k 


362 SOLUTIONS, ANSWERS, AND HINTS 


2kh+1i-r 


LY ) Ai- 0 (ont Jaco? (" )Si-a a. 


Covers, . Further, we use (1) for m=2, a=W —3andr=t—r. 


8.1.21. (1) 4. The term of the expansion CA esis is 
rational if and only if k is even and 20 — k isa multiple of three, 
i.e. for k = 2, 8, 14, 20. (2) 13. (3) 9. (4) 6. 

8.1.22. (1) —536. The general form of the k-th term of the expansion 
has the form ( ‘. Ak, where A=t(2—3t), and the expansion 
Ak contains from the k-th to (2k)-th powers of t. The power 
t? appears in A®, A®, A’, and A® with the coefficients 


9 — ay 6 3 ( — 3)3 7 5 ( — 2)\2 (7) 7 f 1 
(Sjao. (8) ma, (Z)econ (8) 29 
respectively. The coefficient of ¢° is the sum of these quantities 
and is equal to —536. (2) —914. (3) 13. (4) 0. 


8.1.23. (1) We put t=m—n. Then the identity is trans- 
formed as follows: 


St (a et ttt | 
Lathe et A eee TO 


The latter relation can be proved by induction. Assuming that 
(0p =1, we can easily verify the validity of (*) for n=0. 
We assume that (*) is valid for a certain n and prove that 


n+i1 
vy (n+1)p 
2 Gio We have 
n+i1 
x (n+1)p 1 
= (nt+2+t), n+2+t 

Sn $A) (n) ! 

rn N)k-1 = 
+2 (m+2+t)(n+4+¢t)p-.  n-+2+t 
1x 
+o » oh = (by using (*)) 


{ n+1 1 


—La 
— 


ee ee ee ot 4 
“Reape wots PEt PPT 


CHAPTER EIGHT 363 


OD (MEd (ET = 3 (("Et)- 


0 
aoe ee 
(” hk — | )) = ( m+n = mtn Yi Similarly, 
m nh m 
» 
X\! ( n--k—4 y= ("FP") 
a Non 
k=(0) 

(a)r , (@)r-1 (th (a)e-1 (a +1)p 
ee a ea 
(2) The series A (t) — o ( : tk is a series of the function 

k=0 


f(t) (1-1-t)® since f() (O41 = ( s . The series A(t) converges 


for {z¢|<1 and for all a according to the d’Alembert criterion: 


( a ni [( 1) , ak , |= 
kit)? gp = eg Se 


Let the term r, (t) be the remainder of the series (in Cauchy's 
form). We shall demonstrate that r;,(t)—>0 as k—oco thus 
proving the equality. We have rp, (t) = f(t) (8t) (1 —O)Rtat/ kl = 

—1 1-@ \k 
( -k-1(4 _@)Rek*/pI—- ( 2 Jer o-1 ( 
(a) hay (4-+-@t)@-R-1(1 — O) AERA Ket ( , jad +ene" (i 6, 


Here eee th+W as k—-oo, the expression a (174 6t)47) is 


1—®@ \h 
) 
bounded, and 0< (sr) <1 for 0<@O@<1, |¢t| <1. Hence 
—a 
it follows that lim r, (t)— 0. (3) k ) = (— a)( -a— 1)... 
k-+oo 
(ak tyata(—e (TET) y (°—*)= 
h=() 


- a—k+1! a—k _ {ati a—n 

2 (car Ca) = Ca) -C yr}. ee 
the identity Na (4+t)9=(1+2)7+. (6) It follows from (5) 
if we put b=—41. (7) It follows from (3) and (5). (8) 
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; ; a tb c a 
By using (5), we obtain p> ( k ( : (4 )= 
O0<k, rxn 
a b c _ a\fo+e\ _ 
2 e9, 2 2) eae (3) ae 
0<k<n 0<r<xn-k 0<k<n 
( ee _ (9) By using (2), and the identity (V)= 


(—4)* ( alk we obtain a (— 1) (4, )(+) = 


y (— 1?) (4)-attae=VZ. ao) it follows 


k=0 

from (2) that Ve. (H+) "=3 (“| (=) ve 
(1-)" = 2 ee (-=)". ene a ie ‘ 
(=-)"""= V5s-V3 a . (14) See 8.1.20 (1). 


8.1.25. (1) (mn)\/(m!)™. (2) ( beak ‘ ae (3) Let us 


calculate (in two ways) the number A,, (k,, ..., k,) of orderings 
of n objects among which there are k, objects of the first kind, ky 
objects of the second kind, etc., and k, objects of the s-th kind. 
First method. We first choose ky places among n for arranging the 


objects of the first kind. This can be done in ( ‘i ways. Then we 
1 

choose k, places for arranging the objects of the second kind. This 

can be done in ( ae } ways, and so on. Using the multipli- 


2 
cation rule, we find that 


fn \pn—ky paki hes 
An (1, «+++ be)=( x, ) ( . y.-+( ‘9 ). 


Second method. Let us calculate the number n of orderings of 
pairwise different objects. We shall assume that the objects are 
divided into s groups so that the i-th group contains k; objects 
(i = 4, s). The choice of k, places for objects of the first kind, ko 
places ‘for objects of the second kind, etc,, can he made in 
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A, (k;, ..., ks) ways. In the group i, the objects can be arranged 


in kj; ways (i= 1, s). Hence A, (ky, ..., ks) kyl. . ekg! = nt! 
(4) For s = 2, the identity follows from (1) by substituting (t,/t,) 
for t. Suppose that this identity has been proved for a certain 
s > 2. We shall prove that 


n__ n| k ky Roy 
(ta ttet...tbsa1)"= > kylkol...k ae: on seq: 


S+1> 
ky ees Roa 
R,+. .. ¢k&s4,=n 


We put T= (t, +... +¢#,). Then (tg4; + 7)" = 


nN Tt 
\ nr k - n = 
(i) eat Dy (fb Feo = 
h=—0 hk=0 
nr 
(n)de 2 ate at 
k s+1 hy ee Rg ky! ks | 1 ; 
k=0 kit ee .+Rs=n- 
~ 
n Poke 
2 py kil... belt 11 °° FRsthoey 
hk=0 Rk Rs 


hy, eeeg Rs, RRsat ky}. oe ke sar! 
Rat... +Rs4i1=7n 


8.2 


8.2.4. (1) Proof. For n= 1, Ny =N —N,=S,— 5S}, and 
formula (2) is obviously valid. Let the formula be valid forn — 14 


properties, and let N- - be the number of objects which do 
ly «oe 9 Up 
not possess any of the properties i,, ..., ip. We have 
“ n-1 
No=N- - =N-D Nit DO Nis 
ty ae | tn-1 i=1 {1<i<j<xn-i 


ane Ni,jp ate. t(—1) M4, «-., net (*) 
{<i<j<kan-i 


This formula is also valid for a set of objects having the prop- 
erty n: 


N- aT ys = Nrz— >, Ni, n 
cas {<i<n-1i 


tee. $(— 1)" Mi, .... n-1,n (**) 
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where N- <n is the number of objeets having the prop- 
erty 7 and none of the properties 41, ..., n—1. Obviously, 
Mca eee ae 


Subtracting (**#) from (*), we obtain formula (2). (3) By defi- 
nition, formula (3) can be written in the form 


b— mM 


m= com ("EA ow 


Upr sees mak 
k=0 i<i,<. , <tyypsn 


Let us prove that any object possessing m properties will be taken 
into account by this formula only once, and all the other objects 
will not be taken into account at all. Indeed, the elements having 
s << m properties are obviously not taken into account. The ele- 
ments having s = m + t given properties will be taken into account 


(mi 


nrm-m 


B —("") (nt) 


h=0 
t 
__ {m+t rpit\_st for t=O, 
=( m )-0 (= {0 for t>U. 
h=0 


Thus, the elements having exactly m properties are taken into 
account in (3) just once, while the remaining objects are not taken 


into account at all. (3) It should be noted that V,.., = Vj», — Non; 
then (4) can be proved by induction on m. By definition, NV, = 


times in the second sum. But 


o nr 
N = S,. Then Ny = Sq — (Sp — S, + Sp —...)= D) (—1)R7} Sg. 


k=1 
Thus, (4) holds for m = 1. Let identity (4) be valid for a certain 
m>t1. Then 


n—-m 
v v A m—1-+k m-+k 
Nmer=Nm—Nm= 2 (— 1) ( ( m—1 )—( rn ) )Srmin= 

=) 
n-m pe n—-—(m+1) b 

m— m— 

by eon a ) Smen = > (—4)k/ a \Smsteh 
k=1 hk=0 


(4) Let us derive, for example, formula (5) from (3). By putting 


m=n in (3), we obtain Nas: in accordance with (5). Let 
formula (5) be valid for all k>n—v-+1, v>1. Substituting 
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n—v for m in (3) and using the inductive hypothesis, we 

substitute the right-hand side of equality (5), in 

which k is’ replaced by n—v-+k, for Spyz for 
Vv 


A n—v k 
any k = 1: This gives Sea Nn-v i > (— 1) | ree! . 
k=] 
; n 
on 7 a m A 
» Gee ese 2 few ce 
fia SCR m=n-v+i1 
ney n 
‘m—n-- v m . 
> (—1)r{ - )= 2: eg) Nm: vues 
k=1 m=n—-V 


formula (5) is proved. Formula (6) is proved similary. 
Let us prove (7). For this purpose, it is sufficient 
nr 


: ng SY He nr (FY 
to verify that R (n, r)= > (—1) - Sr > OU 


k=r 
n is 
forall r. Let us use formula (5). We have R(n, r)= Yesier( x 
k= 
n n Vv k ‘ n 
A A . Vv ] A Vv 
a (i oe Ny Dd) (A) (mn) Ck) = Bolin) 
V=kh V=Pr hk=r vV=r 
Vv n ‘ 
v—m A Vv v—m— 
3 oer (oR)=3 a(S) CIEE) So wu 
k=r vV=r 
us prove that S,, > Ny». We put R(n, m)=Sm—Nm. In view 
nm-m 
of (3), we have R(n, m)== >, (—4)e# a) a 
k=1 
nm-m 4 k n , 
m-- ‘ 
(according to (5))= >) (—1)rer/ . Dy | ica NV, = 
k=1 r=h+m 
n - n 
m-+k r ee r 
3 mB com (GL = She (LY x 
cere h=1 r=m+it 


Tr 
SS _ i > N, (,, ) So. Let us prove that 


k=1 r=m+i. 


Nm 2 Sm—(M+1)Sims1. We put R’ (n, ae Sm (m +1) Smat- 


In view of (3) we have R’ (n, m)= yy (— ye (7 ee ) Simin = 
k=r 
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nm-m™M t n 


(according to (5)) = S (—aye (™ 5") > co N,= 
h=r r=k+m 
nr r-m 
(see estimate R(n, m))= » N,(,, } Dy (—1)h (S")\= 
r=-m+2 k=2 
D Nr (,. ) (r—m—1) S0 
r=m+2 


8.2.2. The total number of ways in which the hats can be re- 
turned is 4! = 24. The probability that exactly m persons obtain 


v 


their own hats is Nyn/4!, where N,, is defined by formula (3) for 
n= 4, We have No = So Sit Sy S3+ S,= 4 — 4X3! + 
6X 23—4x it+1 Po = 3/8; Ny SS 08s 3S = 
iS Ae ok Oak ee. p= 423, 
Po = 1/4, py = 0, pg = 1/24. 

8.2.3. (1) The number of distributions of the objects for which 


the given k boxes remain empty is (n—k)’, S,=( ; (n —k)?. 


It remains for us to apply formula (2). (2) Smir= 
n-—-m 


(” ) (n—m—ay, E(r, n, m)= Nm = > c—aye (™ TE) 
k=0 


(nts) @— mara (in) oe () oma ar 


(3) Use formula (4) in Problem 8. 2.4 (3). 


8.2.4. Hint: Use Vane s circles. (4) 20%. (2) 60%. (3) 70% 

8.2.5. (1) 2. (2) 6. (3) 3 

8.2.6. (1) Each positive integer m divisible by n and not ex- 
ceeding z satisfies the inequalities 1 << nm<z,i.e.0< m <2/n, 
Since m is an integer, 1 <m< [x/n}. Hence we obtain the s state_ 
ment. (2) 457. Using formula (1), we obtain 5S, = 675, S, = 141, 


S; = 9, Ny = 457. (3) 734. (4) We have N = S, = 30m, S, = 
10m, S,= 3m, S3=m, Ny = S.—S,+ S,— Ss = 22m. 
(5) The number p, such that Yn < p <n, is prime if and only if 
it is not divisible by any prime number smaller than Yn. The 


number 1 eee of numbers indivisible by any prime number 
from Pi eneg Pi, is [n/p;, Re iio ae NS Pid , 
Sh = 2; Ni, ood ip 


1<Dj,s ae Pi, <b nr 
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for &>1, Sy= 27. Applying formula (2), we find that the 
required number is —1-+ S) (—1)k S, =n—1+ 
o<k<Vn 

S (—1)# S,. The unity is subtracted since 1 is nota prime 
i<h< Vn 
number. (6) 25. 

8.2.7. 1/3”. Irrespective of the distribution of other elements, 
each element can belong to one of the sets' XY, XY or XY. 
(2) n 2"-1, One element in U belongs to the set XY U XY. The 
remaining elements ae to the set XY or XY. (3) 3". The equal- 
ity X U YZ = UY is equivalent to the equality XY UJ 
XYZ — U. ee each element in U is contained in exactly 
one of the sets XYZ, XYZ, XYZ. (4) 3" — (n? 4- 7n + 16) 2-3 + 
(1/2) n (n? -; 1) -j- 4. Solution. From among the total number 3” 
of pairs (X, Y) satisfying the condition of Problem 8.2.7 (1), we 
must exclude the pairs belonging to the set C=A,. UA, UB, 
B, UB,, where A, {(X, Y): | X | = 0}, 
|X | 1}. Bo = (X,Y): | Y | = 03,8 een 
B, = {(X,Y):| Y es 2}. Obviously, A, ‘A ‘ 
(0) fi< j <2). Therefore |C |] = | 4A of T | 
|B, | + | B, vei By| —| Apo ry B,| — | Ao 
{|A,9 By| — | A, 1B, | -- | A, 1 Be | (see the figure). It can 
easily be seen that Ay | = 2" (n elements of the set U are distri- 
buted among the squares XY and XY. The squares XY and XY 
are empty since X -- @). Similarly, | A, | = n2"-}!, | By | = 2”, 

/ 
Bt Sano) k. Rs a= (3 } 2"-2. Further, we have | A, f] 
By | ~ 4, | Ao By | == 1) Ann By | =n, |4,N By | =n (n — 1), 


—1 
| 4, 7% B, | ee 1A, 9 Bel -n(") i Hence |C | = 


| 
7 
~ 

am 


A, 
,Y): 
Fe 
A, 

| 


y 


—_ 


2. 
(an 4- 2) 2” +- nm (nm — 1) 2"-3-- Ore) ig, and the 


number of required pairs is 3"— {C|. (5) n (2"— 2n). From among 
the pairs (X, Y) satisfying the conditions of problem (2) we must 
exclude those for which the power of a set X or Y having a lower 
power is smaller than 2. Considering that the smaller subset is 
composed of x — 1 elements, their number is nr. (6) (n + 2) (277 — 
1). It follows from Problem 8.2.7 (3) that the elements of ihe set U 
can be contained only in the squares XYZ, XYZ and XYZ. Since 
| Z | <1, two cases are possible here: (a) Z = @. Then the square 
XYZ is empty, and there are 2" — 2 ways in which n element in 
U can be distributed among the squares XYZ and XYZ so that 
| X | >1and| Y |>1, i.e. so that the squares are not empty. 


(b) | Z| = 1. Thenthe square XYZ contains one element which 


1 The expression “the element v belongs to the set XY” is under- 


stood here and below in the sense v€ X 1} (UNY), and ve XY 
is equivalent to v € (U\X) N (UNY). 


24-0636 
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. oe » 4 
can be chosen in n ways. The remaining n — 1 elements must be 


distributed among the squares XYZ and XYZ so that | X|>1 
and | Y | >1. The condition | X | > 1 has already been satistied 


since the square XYZ is not empty. Therefore, we must fulfil the 


only condition that the square X YZ is not empty. The number of 
such ways of distribution of n - 1 elements is 2”-! — 1. Therefore, 
in case (b) we have n (2"-! — 1) ways, and the total number of 
ways is (nm + 2) (2%-! — 1). 

8.2.8. We calculate the number NV, of seating arrangements 
for which & given pairs of warring knights are not separated. We 
combine each of the given pairs into a single “object”. We obtain 
2n —k objects which can be arranged in (2n—k—1)! ways. In each 
of the given k& pairs, the adversaries can change positions. Thus, 

n 


we obtain N,,,= 2%(2n—k—1)!, and S, = ( k ) Van: Applying 
formula (2), we find that the required number is 


y} (—1) | : Ok (Qn —k—A)I- 
k=0 


8.2.9. We calculate the number V,,, of seating arrangements 
of n married couples if k given couples are not separated. We com- 
bine each of such k couples into a single “object”. Then we have 
2n — k places for arranging k “objects”, the number of arrangements 
being 2(2n—k—1),_, (the seats are assumed to be numbered). After 
k isolated couples are arranged, we presume the evenness of the 
seats occupied by ladies (these seats must be all] either even or odd, 
otherwise two ladies will be seated side by side). The seating arrange- 
ment of ladies (gentlemen) remaining after the arrangement of 
married couples can be realized in (mn — k)! ways. Using the multi- 
plication rule, we obtain V;,, = 2 (2n —k—1),-4((n — k)!)*. Furt- 


her, S, = ( ‘ Ny». Tt remains for us to apply formula (2), 


8.3 


8.3.1. (1) Induction. The numbers ay, a,, ..., ay_, are spec- 
ified by hypothesis. If all the terms a; have already been defined 
for i <n, by using (9) we then obtain a, ,, = —p,a, — 
Po@n-) — --+- — Pran-k +1- (2) We must prove that cA"+tk +- 


the fact that if two sequences a, and b,, satisfy relation (9), the 
sequence d, = aa, -|- Bb, satisfies this relation for all a and B. 

Let us now prove that any sequence a, satisfying (9) can be 
represented in the form a, = c,A}' + ... -+ c,A2, where c; are 
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appropriate constants. In view of Problem 8.3.1 (1), any sequence 


a, satisfying (9) is completely defined by its first terms a), a,, ..., 
a,-;. Therefore, it remains for us to demonstrate that for any 
Qy, - ++, Qp_, there exist c,, ..., c, such that 

Cy lg toe. lp = a, 

CyAq + Cohy 1. Tt Cpl, = Gy, (*) 

cy) t+ ces) +... tt egAR Tt = ayy. 


The determinant of (*) is a Vandermonde determinant (see, for 
example, Richard Bellman, Introduction to Matrix Analysis). 


It is equal to I] (A; — A;) and does not vanish if 
1<i<j<r 
A; A; for i 4}. Consequently, the set of equations (*) has a uni- 
que solution. (4) In order to prove that any sequence of the form 
specified in the problem satisfies (9), it is sufficient to demonstrate 
that the sequence a, = n™X", where A is a root of multiplicity 
r > m of polynomial (10), satisfies (9). Substituting a, = s™A5, 
gs =n, ..., n+ k, into the left-hand side of (9) and putting 


Py 1, we obtain L (n) =(nt-kyMAPth — py (nL k—1)MAMth-1 |, 


R 
vee pRn™A® = 1" (> 
‘— 


=0 


k m 
(SB (") Ginn) — 
—0 i=o \ ? 


j= 


mi. R 
Arne (3 ( ‘ not >, pjrk-) (k— i*) = 
mar é 


i= j=0 


(n4+-k—j)m ai) = 


m k 
Ay™ (3 ( ‘ nip; a). where P;(z) = >) pj (k—j)* ck-J, It 


i=o \ ! j=0 


should be noted that P, (x)= P(x), where P is polynom- 
ial (40). Since A is an r-tuple root of the polynomial 
P,, Po (x) = (x — d)" Qy (x), where Q, is a polynomial. It 


can he easily verified that P;,, (z) =x a P; (rz). Therefore, 


P; = (x — A)*~* Q; (x), where Q; is a polynomial. Hence it follows 
that P,; (A) = 0 for all i<_r. Consequently, Z (A) = 0. Thus, 
(9) is fulfilled for the sequence n™ A” for m <r, and thereby 
for the sequences of the form specified in the condition of the prob- 
lem. 

Let us now prove that any sequence a, satisfying (9) (provided 
that 4; is a root of multiplicity rj, i = 1, ..., s, of polynomial 
(10)) has the form mentioned in the formulation of the problem. 
Here, without loss of generality we assume that p, + 0, i.e. zero 


24 
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is not a root of the characteristic polynomial.+(If py = 0, Eq. (9) 
can be simplified.) In order to prove this, it is sufficient to show (see 
solution of Problem 8.3.1 (3)) that for any ag, a,, ..., ap-, the 
system 


C1,4 + . ++ + 3,1 = Q%, 
(y,17¢,eT --- + e4y -1) Aa + ee TF (Cs,4 


+....t+ Csr.) As = 4, 


Critcne A+... +e, 4 (E—A1E) t 
ape et (Ogg a Coen (ae ee eae 2 


[x (b= Ay") ARS = ay 


has a solution. For this purpose, it is sufficient to prove that its 
determinant differs from zero or, which is the same, Soe the vectors 


‘Ag be cesses ae where A; = = (Mit, bt yi, es a 
int, ea 7s” "8, i= 0, ...,k—1, are linearly independent. We 
assume that the converse is true. Then there exist constants do, 
d,, ..:, d,-,;, which are not all equal to zero and such that A = 
do\o Se psy AGA = 0. Let Q(z) = > d,zt and let A 
i=0 
be an operator such that Af (z) = ool We put Af = 
4 

A (At). Then A = @ Ars AQ (a), AY QA), 

Q (As), sy A'S” Q (As)). It should be noted that Q (A,) = 
AQ (Ay) = ... = ATIQ (A) for A= 0 if and only if A is an 


r-multiple root of the polynomial @ (z). Thus, A = 0 means that 
A, is a root of multiplicity r,, A, is a root of multiplicity r,, and 
finally 4, is a root of arma r, of the polynomial Q (x). But 
nor Set .. tr, =k and Q(z) is a polynomial of a power 
lower than k, and hence it cannot have & roots. We arrive at a con- 
tradiction. Therefore, the set of equations (+) has a unique solution. 
8.3.2. (1) cy + ¢ 3", The characteristic polynomial xz? - 4x + 3 
has the roots A, = | and A, = 3. Using Problem 8.3.1 (3). we obtain 
the general solution chy ig CoA2. (2) cy (— en + cy (—1)” (—3)"/?. 
(3) c ((+ V'5)/2)" te (1 — 1/5)/2)", (4) (—4)” (ey + can), 
(9) é°h a can) (—4)” + cg (—2)”. (6) (—1)” (Cy + cyn + ¢gn?). 
3. (1) 7 + 3”. The general solution has the form C, + C,3” 
bee ‘Problew 8.3.2 (4)). From the initial conditions, we obtain 
c¢, + 3c, = 10, c, + 9c, = 16. Hence c, = 7, co = 4, a, = T+ 
3m, (2) 3" + (Y =1)" + (—V —1)". (8) eg + com + 3 (—2)", 
where fia = (14 — b — 4c)/9, c, = (Bb + ¢ — 2a)/3, cg = (2b — 
c — a)/18. (4) cos an. The roots of the characteristic polynomial are 
A. = et'** = cosa+tisina. The general solution is a, = 
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cA? + cA}. From the equalities a, = cosa, a, = cos 2a we 
obtain Cc, = cy = 1/2, Hence a, = (A% + AR)/2 = cos an. (5) 1 — 
(— ee © 3” (1 + n). 

8.3 a Substituting an A b for a, in (41), we obtain 
Peas a b+ p(a(n + 1)+ b) +4 7 (an + b) =an-t B. 
Comparing the coefficients of n on the left- sad right-hand sides, as 
en as the i terms, we obtain a=a/(i1+p+q), b= (1 -f 


q) B — (2 + pA + p+ q)?. (2) It fellows from the fact 
oat 2 = 1 : a root of the polynomial z+ px+ qthatq = —1 — 
p. Substituting n (an -+ b) for a, in the equality Aan+o + pa 
(p +1) a, =an+f6, we find that a =a/[2 (p+ 2)];" ce 


(2B (p + 2) — @ (p + 4))/ (2 (p +, 2)"). (3) Since: «= 1 is a mul- 
ae root of the polynomial z? + pzr+q, p= 2 and g= 1. 
Substituting n? (an + b) for a, in the equality an,., + 2a,41 + 
a, — an-+ B® and comparing the coefficients of n3, n?, nand n°, 
we find that the coefficients of n? and n? are equal to 0, and a = = a/6, 

= (Bp — a)/2. (4) For (1), the general solution thas the form 
Gy, = CAP + cot + an/(1 + p+ 9) a (B(1 + q + p) — 
a (p + 2))/(4 + p + 9)? is where Ay. = (—p + V p® — 4q 49), oe 
(2) Qn = (—p aye es ani{2 | (Pp ay 2) + + (28 (p = 
a (p + 4))/2 (p -+ 2); for (3) a, = n® ((an/6) + (B — 3)/2) + 


Cyn + Cp. 
8.3.5. (4) a, = 1+ ( ). The general solution of the recur- 


rence relation a, 4, — a, = 0 is an arbitrary constant c. A partic- 
ular solution of equation (1) is sought in the form a, = n (an + 5). 
Substituting this expression into (1), we obtain at = n (n — 1)/2. 
The general solution of equation (1) has the form of a, = at + c. 
From the condition a, = 1, we find that c = 1, and hence a, = 
fn = 12. OF ee = 2 : 5% The general 
solution of the homogeneous equation a, 4. + 2a) 4; — 8a, = 
has the form c, (—4)" + c,2”. A particular solution of equation (2) 
is sought in the form a3 = d X 5”. Substituting this relation, we 
obtain d = 1. The general solution of the inhomogeneous equation 
(2) has the form c, (—4)” ole Coo” -+ 5”. From the initial conditions, 
we find that c,; = 2, c, = —3. Oe ee (4) n(n — 5) + 
(—2)". (5) 2-3 (n? + 8); (6) (— 3)” + 2" + n2 

8.3.6. (1) A non-degenerate case is when either gq, ~ Oor Pa + 0. 
If g, = po =- 0, we obviously have a, = cyp?, by = cegh. Let 
1 a 0. Then by, a = 1/q, (4n+41 Pip), bn41 a /qy (Qnie — 
Pi4n41)- Substituting b,., and b, into the second relation, we 
obtain a@nyy + (—Py — Yo) On41 - (P1d2 — Pad) 4 ay = 0. The pro- 
blem is reduced to Béobler 8.3.1. (2) a, = (5 -+ 2n) 2”, b, = 
—(1 -+ 2n) 2”. sf) Qn = Cy + (—1)r41 Co + "5.51. b, = cy + 0.5 + 


(—1)" cy + 5.5n. 

8.3.7. (4) Induction on n. For n = 2, aa ae Foim = 
FiFm t Fef mst : Fy + Frys, holds for all m > 1. The inductive 
step n>n+t: Fasitm = Fem a ree = Fyiky + 


Premsa 1 F is + Fpl = Fnflm + Paoifmii. (2) Carry 
out induction on k. (3) If hoa “and F5 had a common divisor d > 1, 
then F,_, and F, would have the same common divisor since 
ae "F a = F. It follows by induction that F, and F, enous 
have the divisor d. (4) Method of representation. If N = 2, then 


374 SOLUTIONS, ANSWERS, AND HINTS 


N = F,+ Fy. If N > 2, we choose the largest n, such that Frys 
N, then the largest n, such that F,, < N — Fy,, and so on. Then 
N=Fy,+ Fog + --.- Since Fyi, > Fy forn >, the repre- 
sentation cannot contain two numbers with the same index n >> 2. 
The representation cannot contain two adjacent numbers F, and 
Fra, since F,, + Frys, = Fn+, and hence F,,, must be chosen 
at the step on which F,,, is chosen, (5) The general solution of the 
recurrence relation F,,, = Fr4, + Fp, is given in Problem 8.3.2 
(3). Using the initial conditions, we obtain the required result. 
(6) and (7) The proof is carried out by induction on vn. (8) Applying 
twice the identity of Problem 8.3.7 (1), we obtain F5, = Fy_yFen 7 
PrFoney = Faav_(Fn-1F a. + FnF nai) 7+ Fa (Fp + Fae) = 
FF + PyoaFnPaet + FR + Fhe: (Fna — Fra) = Fi + 
FS 4" F2_Fy, a? Palast (Fro — Pau) = £344 FF fa F 
PRP — PauFhas = Fs, FR — Fay. 

8.3.8. (1) (4—t)-!. The generating function for the sequence 


Qn=1, n=, 1, ..., is by definition the series A (t) - y t” 


which is an expansion of the function f (t)=(1—1#)! inte a 
series for |¢|/<4. (2) tt¢+... 4% = (t8t!—1)s(t — 1). 
(3) (4—at)-}. (4) emt: (5) (1 -+- ce -1, (6) #¢(4—t)-?. We 


have A(t) — > nt = 1S (n-+1)¢". The series v (rn -+ 1) t” 
n=0 n= =p n=0 
is obtained by the termwise differentiation of the series 


ps t” uniformly converging to g(t)=({—t)7"! for |t| <1. 
n=0 


Thus, the series >» nt™ converges to the function f (t) — tg’ (t) = 
n=0 

t (4—t)-2. (7) 22 (4 —t)-3. (8) (4-L t)™. (9) (14-t)™. (10) t(t--1) x 

(1—t)-3. (14) ¢sin a (1—2t cosa+t?)-!. We put @(a)=e'*= 

cosa+isina and use the fact that @”(a)=e'%"=cosan - 

isinan, g?(—a)—e '*" =cosan—isinan. Let us consider the 


Beneranine: functions 4, (t) Sy p” (a) te == (1 — @ (a) t)7} 
n=0 
A(t) => g?(— a) t*™ = (1 — g(—a@)t)}. Since sinan = 
n=0 


(2i)-!(@ (an) — P(—an)), we have A(t) = >, sin ant? = 
n=0 

(2i)—} (Ay (t) — Ag (t)) = (21)! (A — @ (@) t)-! + (1 —@(— @) t))y = 

(2i)~*t (p (4) — @(— &)) (1 — (g(a) + p(—a@))t + #2)71 = 

tsina(1—2tcosa+t?)-?. (12) (L—tcosa) iene COS & i t2)-2, 


8.3.9. (1) et. By definition, EF (t)= s ant” /nl = 3 t”? n 


n=0 n=0 
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ao 


This series converges to et. (2) e*!. (3) tet. (4) tet. (5) (1 + e)m, 
m 


By definition, E (t)= Yj (m)yt™/nt = S (” t™—(1 4 2t)n, 
a \> 
n=0 n=0 


(6) ef (¢2+2). 
8.3.10. (1)-(6) Compare the coefficients of t*. 


8.3.41. (1) (" ) gm-npn, Q) 1. (3) (may (TY, 


rN 2 


a) care (C= aym D (en (FP) x 
k 


— mm 
(, eae It should be noted that (¢ - 22+ ...+t")= 
e™ (1—27)™ ({—1t)-™. The coefficient of ¢2?” in the expansion of 
({—t")™ is (—1)- ( is Ms The coefficient of ¢”’-™-Rkr jin the 


—N 


expansion of (1—t)-™ i 
pansion of ( t) is (Caen 


} 


ie (6) (1/2)"7? ( a0) for 


even xn and 0 for odd n. (7) (—2)-” > (“) ( ae . The coef- 
h 


4/9 
ficient of #8 in the expansion of (1+ 2t)~1/2 is ( : ~ }2k, The 
coefficient of ¢™-k in the expansion of (1—t'2)-" is 


( ae (—1,2)"-*. Therefore, the coefficient of 2” in the expansion 


of f(t) is > Po Qh ( — 1/2)"-# ae )=(-1:2)" x 


hk 
>, ( Pa \(- 4)r ( a (= 1/2)" S) ( a ( —- \ 
k Rk 
(8) (gop). 27-3. (9) (—1) "1 n-t. (10) (—1)""1 (21). 


We shall use the fact that \ ps —arctant. We have (14+ 
0 


geyr he by} (—1)"2?", Integrating the left- and right-hand sides 


n= 0 
7 (— 1)" ¢2r+1 
between () and ¢t, find that arctant= >) n+l 
n=) 

Qn—1) 4 - 
{x3x...x(2n— cane Mn cet e 
(11) —ox4x...2n On . Hint: \ Vion =aresinfé, 

0 
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(12) (— 2)/2/(n/2)! for even x and © for odd n. (13) (— 1)"/?. (ny2+ 
4)! for even n and 0 for odd n. (14) (—1)” on 


8.3.12. (1) Let us compare the coefficients of ¢"~1 in the identity 
A+" +2)-™-2= (1+ 1)"-™ 2, On the one hand, this coefficient 


3 (s a) (sta = St (1) (EEA) on ti 


m—Ss; 


S 
other hand, arias 2) aye e vee (2) Consider the 
idcntity (1+2¢™ (1—t)™=(1—1t?)™ and compare the coefficients 
of #2”, (3) Consider the identity (1—¢1)" 4—t)"?= 
(—1)™t-m™ (1—t)™-"-! and coefficients of ¢k-™, (4) on the 
identity ((14-+2)"+(14—2)"))?= (14+ 2)°7 +2 (14— 27)” -(1—2)?" and 
coefficients of 7¢?™. (5) Consider the identity eee 1__ 
(1— 2-1) (1-3 — Lt) = (1 28 (1 2 and 
the coefficients of ¢2"*!. (6) Consider the identity (1—zs)?" (4— 
2¢(1— t)-?)=(1+ 127)” and the coefficients of t?™. 
oO 00 oo 


oo 


8.3.13. (1) A(t)= >; Ont = De <7 \ ee dr \ eam 


n=0 n=0 () 0 
[o @) ao ao oc 
3 <2 (ct)" dx= \ e-XF (xt) dx. (2) \ eter dr = 7 \ ert das 
n=0 0 0 0 
(1—t)-!. (3) For the sequence an, we have A(t) - \’ (n)jt". 
a?) 
‘y= YS Mine y se , 
E (t)= > are t - > =k Further. evF (rt) dc — 
0<j<n 0<3<n 0 
00 n yn yn 0° nr 
xt ’ 
oD, To ~ > (r—)! \« pte AO 2 (n); =A (2). 


8.3.14. (1) We use’ aie pe. (1-| t)ard oa + 1)a (14-2), 
Comparing the coefficients of ¢", we find that ( oe °) _ 


) 1 
2D ( a ( k i > cane (@)n—k (b)x. Multiplying both 
R R 


sides by n!, we obtain the required equality. (2) We put a’=-ah, 
b’:=b/h. Applying the identity proved in 8.3.14 (1) to a’ and 0’, 


we find that (a’+ 0’), = > | : (a’)n—-p (6’)x. Multiplying both 
R 
sides by h”, we arrive at the required identity (since (a@’), kh! — 


(2)s, h)- 

8.3.15. (1) We multiply the equality a, —b,- 6p, by 4” and 
take the sum Oven: d In the region of convergence of the series 
fo, @) 


> ant” and y byt”, the following identities are valid; 
n=0 n=U 
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Sant? = VN) (by —bp_1) = s bnt™ — SY) dnt? = B(t) (1—2). 
n=0 n=) n <0 n=1 

(2) We multiply the equality a,=bn,;— bn by t™*! and take the 
sum over 1 hetween 0 and oo. We obtain tA (t)= B (t)—- b)— tB (t). 
(3) We note that 6, =a,y_,;—a,. Hence B(t)== —A (t)(1—t)+a), 
where a)= B(1). (4) Multiplying me equality a,=7nb, by ¢t” and 


taking the sum, we obtain A (t)= 5 nbyt” = te Bit). (5) The 
n=1 

proof is similar to that in 8.3.15 (4). (6) Let us compare the coef- 

ficients of ¢” in the equality A(t)=(1—2z)-? B(t). By definition. 

this coefficient on the left-hand side is a, and on the right-hand 


re 


side, SY (— 1) ( re peg fe Jong (bn). (1 We 


] 
oo oo 
have B (1/2) = > b,t2, B(—P/) = > (—1)”" bnt™/2. Multiply- 
n= n=) ' 
ing the sum of these series by 1/2, we obtain T (B (t?/2)+-B (—t!/?))= 


> ere ake BS a,t”A (t). (8) Note that bp =an41—4n. The equal- 
n=() n=0 
ity A(t) =B(t)t(1—?t)~! now follows from 8.3.15 (2). 

8.3.16. (1) First method. Let C(t) be a generating function of 
the sequence 1, 0, 0, ..... By hypothesis, C (t)=A (t) B(t). 
Consequently, the equalities 1=agby, O=agby+ a,b), ..-, O= 


nr nN 
m ‘1 m 
7D a,-;0;, ... must hold. Since an ~( : > ee ) b= 0 
i=0 i=0 
) ; 
for all n=1, 2. ... and ( : } bo! for n=(. Consecutively, 


we Obtain b)=:1, by== —m, by=m(m+1)/2, b3= —m(m+1) xX 
(m--2) 6. By induction on x we can easily prove that by, — 
Gee Thus, B(t) -(1 -t)-™. Second method. 4 (t)-=({- 2)", 


Bit): [A(é)]-' -:(4- t)-™. Hence on 


—a, by ---0 for n>1, B(t)-=1-4-at. We have A (t)= > (at)” = 


n=0 
({1—at)-1, and since A(t)B(t)=1, we obtain B(t)=1—at. 
(3) Doe by Opes Oy Oy Psa ae ame (4) byn= 
(-— 1)", era n>0, B(t)=(1+127)71. (5) by=by=1, B(th= 
{ 


+t. (6) | = Me B(t)=Vtat. 


8.3.17. (1) Multiplying by ¢"*® and taking the sum, we get 
(t) = a,;t— ad) + ptA (t)— pagt + gA (t) t?. (2) We represent A(t) in 
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the form wt ta Having determined cy and cy, we 
AD | wT ND 
cues oe Ay+ Pag tAydg a1-+ Pag Azdo ; 
find that A (t)—=>— (SPU Plo ato Poa) . Having 


determined the coefficient of ¢” in the expansion of A(t) into a 
series in t, we ae an sane for an. (3) Let us represent 


‘ : Cy Co Ves 
A(t) in the form ava cereerey, ADE From 7 ae Ws +74 
a) + (a; — 2A ap) t __ ay _ ay a 
Saar ny Vs we find that C1= —a~ t 2a, C2 =~ — Go 
Expanding A(t) into a series, we obtain A(t)= >) (cA%+ 
n=0 


Co(n-+1) A”) t”, an= ( a)-+ n (2 pr ay } See 


8.3.18. (1) Hint. Use the identity in Problem 8.1.15 (3). (2) We 
multiply each relation of 8.3.18 (1) by ¢“+! and take the sum over n 
between 0 and oo. Using the initial conditions, we obtain the re- 
1—t 


lations between generating functions. (3) AW)=7—37 7 


B(th= (4) The roots of the equation 14—3t+22=0 


Paes 
{--3t-+ 2? © 
are Ay = (3-+- V 5/2 and A,=:(3— 5)/2. We express A(t) in the 
form A 2 ae a rs =e F + —————— er Since A (t)=(1—1t)/(1—A,t) x 
(1—Agt), re the re hand sides, we get a(1—A,t)+ 
b(1—A,t)=1—t. Hence a= (Ay—1)/(Ay— An) = (14 V 5)/(2 V5), 
— 2 __1 (44+V5 
b=1—a=(yV5—1)/(2 Y5). Thus, AW= se {—hqt - 
V5—1 _ 1 = 
{hat ) . Similarly, we obtain B (z)= Te (—- it a) 
Expanding A(t) and B(t) into series in ft, we find that a,= 
(21/5)! (4+ 75) A? + (V 5— 1) 3), bp =(V'5)* (A — AR). Taking 


into account the inequalities O0< Ag <A,, we obtain lim a,Aj;"= 


(14-7 5)/2V5, lim bqdzn—A/V5. —_ 


8.3.19. (1) Multiplying by ¢” and taking the sum of the initial 
relation, we get A (t) a = tA*(t). (2) We have A OS (2t)-1 (1 — 


(1 —4t)1/2) = (2t)- (4 - 3 aye ( 0") aa") = Dis 1)"-1 


[ee] 


1/2 pays { 2n\ on a " 
( . ) 40) = > rar ( ' FE . (3) Multiplying by ¢” and 


n=0 
taking the sum over x, we obtain for the generating function 
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A(t)= s ant" the equation A? (t)-= A (2t). We seek its solution 
n=0 

in the form A (t)=e*!. This function obviously satisfies the 

equation. Considering that a,—1, we find that a@-.1 whence 

a, =1,n!. The uniqueness of the solution follows from the initial 

relations. 


Rees (1) We number the vertices of the (n -} 2)-gon by 
1, 2, ..., n+ 2 in the clockwise direction. Two cases are possible 
here. The first case. None of the diagonals passes through the ver- 
tex n+ 2. Then there must be a diagonal between the vertices t 
and n -~- 1, and the number of ways of dividing the polygon is 
an-,. The second case. There exists a diagonal emerging from the 
vertex n+ 2. Let k be the smallest number such that the (A + 1)-th 
vertex is joined to the vertex n 7- 2 by a diagonal. If k > 2, there 
exists a diagonal of the form (1, A + 1). Then the number of 
divisions of the initial (A -- 1)-gon is equal to the number of di- 


visions of the (A + 1)-gon with the vertices 1, 2,..., & +1, 
multiplied by the number of divisions of the (n — k + 2)-gon with 
the vertices k + 1,k + 2, ..., nm + 2, 1.0. iS ap-yan-, (2SKK 


nN 
n). Itis natural to assume that a, -. 1. This gives a, = ~ Ap-12n—p- 
k-=1 
D 
As in Problem 8.3.19, we find that a, ~ — ( . Qa, = 
— ( - . The problem is solved in the same way as 8.3.20 (1). 
n> 
8.3.21. (1) nf. (2)(—1)"-l/ (n — 1)!. (38) 12 K BK LL. x 
(r—2)?/n! for odd n, 0 for even n. (4) 0 for odd n, (—1)"/2727") (n/2)l)-t 
for even rn. (9) a for odd n and O for even n. (6) a, = F,,, where 
{F,} =. 1, 1, 2, 3 is a Fibonacci’s sequence. We first prove that 
if fan} satisfies the relation 


Anse = A411 2n; ay = a, = 1, (*) 
it also satisfies the relation 
Grey — AnGnsg = (—1) "1", ag = a, = 1. (**) 


For » = O and 14, the statement is valid. Let us prove that (*) leads 
to the identity 


2 — 2 
An+1 ~ Ap Anse = 243 ~~ €n+04n+4- (** *) 


es 2 
We have ah41 — @n4ns2 = (2n+3 — An+2) _ (Qnse — An4i) @nse 


Bin43 — 2Ansz4nse 1 Insi2nse = Ah+3s — In+4 — nso) Inge + 
Ans12n+2 = 8n+3 — 48n+29n+4 eds + Zaire + Qn+29n+2 = 
Qe — An+24nt4 + Anse (—4nsa Anse T Anse + 8nai) = Brag — 
Qn+e9n+g T 2n+2 (~~ anes Qn+3 = An+3 ~~ Gniof 


Identity (***) 1s proved. Relation (#*) follows from (***) by in- 
duction. Thus, {/',} satisfies (**). In view of uniqueness (which 
can be proved by induction), relation (**) has no other solutions. 
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8.3.22. (1) Multiplying the recurrence relation by t® and taking 
the sum over k, we obtain (1 — t) A, (t) = aa , (t). (2) Since 
a(0O, 0) = 1 and a (0, k) = 0 for all k > 0, Ag (t) = 1. eStee 
out induction on n and using 8.3.22 (1), we Ae that A, (t) = 
(1 — t)-”. (3) Expanding a (n, k) into a series, we obtain a (n, k) = 

—n n+k—1 
( mde ( 7 ). 

: 3.23. (4) 20. (2) 6. (3) 9. 

8.3.24. (1) A(t) = (1 — #11 — #)47 (1 — t5)-t. Let us 
prove that A Ee) is the required generating function. We note that 


(4 — tk) = s tks for k = 2, 3, 5, i.e. all non-zero expansion 


s=0 
coefficients are equal to 1. The coefficient of ¢” in the expansion 
of the product (1 — #?)-1. (4 — #%)-1 (1 — #°)-} is equal to the sum 
of products of the form a,b;c,,, where a, is the coefficient of t2* 
in the expansion of (1 — t?)"1, by is the coefficient of a, in the 
expansion (1 ~~ ¢%)"1, and c,, is the coefficient of tem, and 2k +- 
31 + 5m = n. It should be noted that a, = bs = c; = 1, are 
me number of summands is exactly equal to a,,. (2) A ae = (1 
eT 3) A@=(A+tel+ ... +H?) (1 
ar ace) 2) a ecag a ae) 


8.3.25, (1) It should be noted that A (gt) = [| (14+ gk*#3t) = 
k= 
A (t) (4 + qt)"1, and hence A (t) = A (qt) (4 + qt). The coefficient 


of ¢” on the left-hand side is, by definition, a,, and on the right- 
hand side, ang” — a,_,g". By induction on n, we hence obtain 


a, == ghntt)/2 iT (qt? — 1), n= 1, 2,..., a7 = 1. (2) See 
k=1 
solution to Problem 8.3.24 (4). 


8.3.26. (1), (2) S(n, k, y= 3 (—ayr-| ( iy, )— 
+4 ze 

ae ) Jin t= —Sy—1ye-of PTT) DAES (AD -?x 
ae v=1 


& Jw pk= —S (nA, kh, _— k, 1). (3) S(n, k+A, D= 


Pome (" ) +R w+) = Ie yroyn (PE) wt 


Tr 
k — __ay\n-¥ n — n—1 = 
R+1S (n, k, =n >) (—4) ( ( : ' ( : ) }-+8 (n, k, = 
v= 
(n+ l) S (n, k, l) 4- nS (n — 1, k, 1). (4) The proof is carried 
out by induction on k and by using 8.3.26 (3). Forany /andn> 0, 
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we have S (n, 0, l) = 2A a ee | se )=0. Let the statement 
v 


be correct for a certain i. ~ O, any n > kand rene Letk +1 <n. 
From 8.3.26 (3), we have S (n, k + 4, l) = (n+ 1) 8 (n, ky I + 
nS (n — 1, k, 1). Since k < n — 1, in view of inductive hypothesis 
S (n, k, N=Sin—1, k, l) = 0, and hence S (n, k+1, J) = 
0. (5) Induction on n. We seas S(0, 0,1) =M=1= Ol. Let 
S (mn, n, l) = n! for a certain n > 0 and any l. Using (3) and (4) 
of this problem, we obtain S (n a 14,rn+1,)=(n+14+) xX 
S(inti, n, D+(n+ 1) 8 (n, ny D= (n+ 1) S (a, n, l) = 
(n + 1)!. (6) Induction on k. In view of 8.3.26 (5), we have 
S (n,n, l) = n! > 0 for all n and all l. Let S (n, k, 1) > O, for 
: certain k > nand any nand l. Using 8.3.26 (3), we get S (nik + 

ly=(n+)S(n, k, D+nS (n—1, k, | >O. (7) This 
fcllows from parts (1), (2) and (6) of this problem. (8) This follows 
from (3) and (5). (9) This can be derived from 8.3.26 (3) and (4) 
by induction on k. 


8.3.27. (1) In view of 8.3.26 (9), we have o; (t)= >) S(1, &, 
k=0 


0) = 2 **=t(1—1t)-). Further, in view of 8.3.26 (3) we have 


S (n, ki 1) =ns (n, k)-+nS (n—1, k). Multiplying both sides of 

this expression by tht) and taking the sum over k, we obtain 

O, (t) (1—nt)=nton_, (t). The statement can now be proved 

by induction on n. (2) For n=1, the right-hand sides of 

formulas in (1) and (2) for o, coincide. If we prove that for 
Tr 


On (t)=t > (—1)"-k k ( a (4—t)-! the recurrence relation 


k=1 ' 
On-1 (t) = ((1 —nt)/nt)op (t) is valid, the statement will ae from 
—nt —nt 


it by induction. We _ have a Oy (t) == oF Xx 
. : 1\ 1—nt 
2 n on ee 7 rn— —_— _ 
>) (—1yre a (| day we (—ty-s (7) Ge = 
nr 
_avn-n [71 __(n—k)t ) = eee ian 
ia fea) (1 ~T—kt 3 — = ae 
k=1 


-1 


k=1 


8.4. 
8.4.1. (4) (0, 0, 0, 1). (2) (2, 4, 0, 0). (3) (0, 0, 2, 0, 0, 0). 


(4) (2, 0, 0, 0, 0, 1, 0, 0). 8.4.2. ‘The transposition of the ele- 
ments i and j will be denoted by (i, j). Then (2, 3, 4, 1) = (1, 2) X 
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(2, 3) (3, 4); (4, 2, 3, 1) = (4, 4) (4, 2) (4, 3); (3, 4, 5, 6, 1, 2) = 
(1, 5) (2, 6) (8, 5) (4, 6); (8, 2, 1, 7, 4, 6, 3, 5) = (4, 3) (3, 7) x 
(4, 5) (5, 8) (8, 7). 

8.4.3. (1) There exist four rotations of the square in the plane, 
which transform the former into itself: by 0°, by 90°, by 180° and 
by 270°. These rotations correspond to permutations (1, 2, 3, 4), 
(2. 3, 4, 1), (3, 4, 1, 2). (4. 41, 2, 3). The first permutation is 
of the (4, 0, 0, 0) type, while the remaining ones are of the 
(0, 0, 0, 1) type. The cycle index has the form Pg (ty, t,, t3, ts) = 
(t# + 3t,)/4. (2) In addition to the permutations mentioned in 
8.4.3 (1). we also have four permutations (1, 4, 3, 2), (8, 2, 1, 4), 
(2, 1, 4. 3), (4, 3, 2, 1) corresponding to the rotations of the 
uae about the diagonals. Two of them are of the type (2, 1, 0, 0), 
while the other two are of the type (0. 0, 0, 1). Hence Pg = 
(t4 + St, 4- 2¢2t,)/8. (3) There exist 12 rotations of the tetra- 
hedron: identical, eight rotations by 120° about the axis passing 
through its vertex and the centre of the opposite face, and three 
rotations about an axis passing through the midpoints of opposite 
edges. Hence Po = (t# -; 8t,t, + 3t3),12. (4) Pg = (t] <- 83 4 
3t3t3)/12. (5) Pg = (t4 + 8tyty + 303)/12. (6) Pg = (t# + 3tyt, 4+- 
2t,)/6. (7) Pg — (tt 4- 8tyts 4 3t3)/12. (8) From 24 rotations of the 
cube, one is identical], three are rotations by 180° and six are ro- 
tations by 90° about the straight lines passing through the centres 
of opposite faces, six are rotations by 180° about the straight lines 
passing through the midpoints of opposite edges, and eight are 
rotations by 120° about axes connecting opposite vertices. The 
identical permutation gives six cycles of length 1, the three per- 
mutations corresponding to the rotations by 180° give two cycles 
of length 1 and two cycles of length 2, the six permutations corre- 
sponding to the rotations by 90° give two cycles of length 1 and one 
cycle of length 4, and the other six permutations corresponding to. 
the rotations by 180° give three cycles of length 2. The eight per- 
mutations corresponding to the rotations by 120° give two cycles 
of length 3. Hence Po = (t8 -} 3t3t3 -- 6t?t, + Gt -+ 8t%)/24. 
(9) We have five types of rotation: by 0° (state of rest) corresponding 
to the identity permutation, the rotation by 90° about the diagonal, 
the rotation by 180° about the diagonal. the rotation by 180° about 
the straight line passing through the midpoints of opposite faces, 
and the rotations by 120° about the straight line passing through 
the midpoints of opposite faces. The identity permutation corres- 
ponding to the state of rest gives the contribution to Zg equal to 
ti, the second-type permutation gives (2t,, the third-type permu- 
tation ¢{t3, the fourth-type permutation ¢, and the fifth-type per- 
mutation 2. Each of these types corresponds to 1, 6, 3, 6 and 
8 rotations respectively. Hence Pg = (t8 -!- 6tft, 4- 3t2t3 -- 6t3 — 
8t2)/24. 

8.4.4, (1) We prove this statement directly by using Bernside’s 
lemma. The group G consists of permutations m, = (1, 2, 3, 4), 
ty = (2, 3, 4, 1), u3 = (3, 4, 1, 2), Uy, = (4, 4, 2, 3). It is 
immediately seen that for any pair 1 < i, j < 4 there exists a per- 
mutation 1 such that n; = /. Thus, all the elements are equivalent, 
and we have one equivalence class. 

Let us obtain the result by using Bernside’s lemma. We have 
| G| = 4, b, (m,) = 4, 6, (1;) = 0 for i = 2, 3, 4. Hence v (G) = 
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(4+ 0+ 0+ 0)/4 = 1. (2) Note that the elements 1 and 2 are 
transformed into each other by permutation 15, while permutation 
m, transforms elements 3 and 4 into each other, but none of the 
permutations transforms the elements of the set {1, 2} into the 
elements of the set {3, 4}. Thus, we have two orbits. Applying 
Bernside’s lemma, we obtain |G|= 4, b, (m,) = 4, 06, (m,) = 
b, (m5) = 2, 6, (m4) = 0, Vv (G) = (4+2+24 0)/4 = 2. 

8.4.5. We must prove that |G|v(G)=)) 61 (x), where |G | 

NEG 

is the order (number of elements) of the group G, v (G) is 
the number of classes of G-equivalence (orbits) on the set Z,, and 
b,(m) is the number of elements which do not change places 
upon permutation 1. We put G,_,.={1€G: ay=z}. IW MOZ, 
is a certain orbit and z€ M, then G= |J ae In this case, we 
ye M 
obviously have Gyn Gy. = @ for vy. Note that | Gi ox = 
|G, | if y~ az, ie if y belongs to the same orbit as x does. 
Indeed, lf O€G, and G,,.={,, ..., Mm}, then {on,, ..., 
ONm}€ Cieke where on; #on,; for ij. On the other hand, if 
Gyan (1, ..+,OpR} and o€ Gas then {o-!0,, ...,0-'o,} SG 
and 0-10; # 0-10; for ij. Hence it follows that |G 
[|G 


xe xX 


you |= 


y>x |- Let now My, ..., Mw@) be orbits and 2; € Mj. The 


v (G) v (G) 


By b(t) = DY NGxaxl== DD) | Gysx,1= Dy GI = 161V@). 
xEG - x€Zn i=1 yEM, i=1 


8.4.6. (1) Each permutation x in S, of the type b=(b,, 
by, ..., bn) can be represented in the form of the product of 
cycles so that the length of the cycles does not decrease: n= 
(i1) (ig)... (iy) Cin a? re ae Such two notations can gener- 


ally lead to different permutations. This can be in two cases: 
(a) when identical cycles occupy different places in these nota- 
tions, and (b) when the cycles are equivalent (as the cycles of a 
permutation) but start with different elements (e.g. (1 2 3) and (2 
3 1)). The first reason leads to the repetition of the same permutation 
nr 


[| b,! times, while the second reason, to the repetition of 
k=1 


Tr 

: b a e ° 
|| k ® times. These reasons are independent. (2) By definition 
h=1 


b, (m) : 
Pg (tay +++ tn) = (nly > ae ieee tian 7) aa 
nmES,, 
nN 
b b i] b, 
DY Me Hm = (nyt DAG) TP @) We have 
3% MEH (b) rd 4=1 
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Bo 
x3 


exp(tiz+ tp ty S- +...) = JP exp ttazk/e} = 
k= | 


ao ao 
b Ee 
ll ( >; ra hy hk °R (by!) ). The coefficient of x” is equal to 


k=1 b,=0 
k 
the sum over possible non-negative integers },, be. .... such 


Tt 
} i 
that b,-} 2b,4+-...+nb,- n, of terms of the form | | 1, (by tk Ry-1 
R= | 
8.4.7. It should be noted that a cycle of an even length is an 
odd permutation, while a cycle of an odd Jength is an even per- 


mutation. Each odd permutation of the type (6,, ..., »,) makes 


to the expression Pg, (t;, ..., t,) a contribution ne 


and to the expression Pg (t;, —tz, .--, (—4)""'%t,) a contri- 


bution ¢?! ... ¢2". Therefore, the terms on the right-hand side 
of the equality to be proved, which correspond to odd permutations, 
are cancelled out, while the terms corresponding to even permu- 
tations are doubled. Besides, it can be easily seen that | A, | = 
| S, 1/2 = (n!)/2. Hence follows the statement. 

8.4.8. (1) We must prove that the set {m X o} with the multi- 
plication operation forms a group, that is 

(1) there exists a unit element; 

(2) each element has its inverse; 

(3) the operation is associative. 

The unit element is obviously 1) X 6g where my (O,) is a unit 
permutation in the group G (respectively, in the group //). The 
inverse element to m X o is a permutation a7! X o7!, where a7! 
and o7~! are the corresponding inverse elements. It remains to prove 
that (m, X 0,) X ((%_ X Gy) X (M3 X O3)) = ((My X Oy) X (AL X 
Oy)) X (m3 NX G3). Let us consider the action of a permutation on 
an element v € X U Y. Without loss of generality, we can assume 
that vé X. Then (nm, X o,) X (("g X Gy) X (M3 X G3)) Vv = 
Ty (MyM) v, ((, X Gy) X (My X Gy)) X (Tyg X Gg) V = (NyN,) Ugr, 
and the associativeness follows from the fact that the multiplication 
operation in the group G is associative. The order of the group is 
obviously equal to | G || // | since the elements x and o of the 
permutation = X o are chosen independently, and the two per- 
mutations m, X o, and a, X oy, are obviously different if a, 4 a, 
or 6, Oy. (2) If b; (c;) is the number of cycles of length 7 of the 
permutation a (a) on the set X (Y), then the number of evecles of 
length i of the permutation a X o is equal to 6; +4 c¢:. (3) have 


| 1, (7) 
a by (T) On i cores NS 
Poy y (ti. ee ey \GX H | Ds ty , wee by, ~ |G| lt 
TEGNEL 
by (mt) +e (0) b,(m) +e, (6) 1 ane d(T) \ 
~ a C1 (6 re A n P var Dy ee gen Xx 
uxXG TE 


i c,, (0) 
Gran > pe) ee he — Pgs Py,. 
GE€H 
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8.4.9, (1) 20. The necklace of seven beads can be coloured in 
two colours in 2° = 128 ways. We have a set G of seven different 
rotations 7,, ..., a, transforming the necklace into itself. The 
type of identity permutation is (7, 0, 0, 0, 0, 0, 0), while any 
other permutation is of the type (0, 0, 0, 0, 0, 0, 1). The cycle 


index is Pg (t,, ..., t,) = (t? + 6t,)/7. According to Polya’s 
theorem, the number of different equivalence classes is Pg (2, 
2, 2, 2, 2, 2, 2) = 20. (2) The cycle index is P (t,, ..., t,) = 
(t? + (mn — 1) t,)/n. The number of necklaces is P (k, ..., k) = 


(kn + (n — 1) k)/n. 

8.4.10. (1) The cycle index is (see Problem 8.4.3 (3)) Pg = 
(t4+ 8t,t, + 3t2)/12. According to Polya’s theorem, the number 
of colourings is Pg (2, 2, 2, 2) = 5. (2) The cycle index Pg can 
be taken from Problem 8.4.3 (9). The number of colourings is 
Pg (3, 3, 3, 3, 3, 3) = 54. (3) Let WM be the set of cube faces, G 
the rotation group and JN the set consisting of three colours: red, 
blue and white. We ascribe the weight zx to red, y to blue and z 
to white colour. The cycle index (see Problem 8.4.3 (8)) is Pg = 
(48 + 34222 + 6t?t, + 63 + 822)/24. According to Polya’s theorem, 
the function counting series is Pg (f;, fo, f3, fs), where f, = x + 


1 
yk + zk, k = 1, 2, 3, 4. Therefore Pg (fi, fo, fs, fs) = ay ((e + 


y+ 2+ 3(e+y+ yr @t+t et e+ 6 (e+ y + 2? x 
(x4 + y* + 24) + 6 (x? + y? + 2°)84 8 (2? + y3 + 23)?). The num- 
ber of different colourings for which three faces are red, two are 
blue and one is white is equal to the coefficient c5,.,, (Pg) of 
2o°2) in Pc (f15 hes fs, fa). We have C3,2,1P6 (f15 hes fay fa) = 


' 4 
Poser ety tat 8@+y te e@ty+a)= xy 


A 
6! 
(ssn 4.3% 2x2) a 


8.4.11. Pg (N, N, ..., N). It follows from Polya’s theorem. 

8.4.12. (1) If a rooted tree has k > 1 vertices, ithasi Cqn<k 
edges incident with the root. The subtrees “planted” on edges which 
are incident with the root will be referred to as branches of the 
tree. If the branches are isomorphic to one another, by transposing 
them we can obtain a tree isomorphic to the initial one. The per- 
mutation group of branches is a symmetry group of order n, and 
the figure counting series (branches) coincides with the rooted trees 
counting series 7 (z). The result follows from Polya’s theorem. 

8.4.13. The solution is similar to that of the previous problem. 
If the connectivity components of a graph are isomorphic to one 
another, they can be transposed to give a graph isomorphic to the 
initial one. For a graph with n components, the permutation group 
of components coincides with S,. The figure counting series is 
1 (n). The result follows from Polya’s theorem. 

8.4.14. (1), (2). Let m be a permutation of n elements, having 
k cycles. The element n in it may form a unit cycle. Then such 
a permutation can be put in a one-to-one correspondence with 
a permutation of n — 1 elements with & — 1 cycles (the number of 
such permutations is equal to P (n — 1, k — 1)). If the element n 
does not form a unit cycle, the permutation x can be obtained from 
a certain permutation of n — 1 elements having k cycles each by 


25-0636 
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including the element into a certain cycle. For a fixed permutation 
of n — 1 elements with & cycles, such an inclusion can be carried 
out in n — 1 ways (the element n cannot be placed first since n is 
the largest element). Hence it follows that P (n, k) = P(n—1, 
k —1) + P(n—1, k) (n —1). Multiplying the equality by ¢ 
and taking the sum over k, we obtain the relation #, (t) = 

(t+ n—1) ,_, (t) between the generating functions. By in- 
duction taking into account the equality P, (t) = t, we obtain 


Pf, (t) =t (tt i)... (+ n— 1). 


8.5, 


8.5.1. (1) Note that n<(i+1)(n—i) < ((n+1)/2)? for 0< 
i<cn. Hence n™/? <= ll (i+ 1) (ni) Sm Il (i+ 1) 


{<i<n/2 {<i<n/2 
(n—i) < ((n+1)/2)". (2) Note that (it1) (2n—i) qn(n+1). 
nr nr 


n 


(3) We have (1+ )’-5 Oo oe. <d <2 2 or< 
R 1 


3. (4) Induction on n. For n=1, the inequality is valid. 

If (n/3)" <n! then ((n--1)/3)"*! © (n’3)” ((n + 1)/3) (n+ 1)/ny" < 

(see (3)) < (n/3)" (n+1) <(n+1)! (5) Note that (nl)? < (2n)! 2-" 

and use the result of Problem 8.5.1 (2). (6) Use Cauchy’s inequal- 

ity 7 QQ, ... dk & (a, -+-a,+ ...+-a,)/k, a, SO and the fact that 

the arithmetic mean of the multipliers on the left-hand side of 
nr 


, digo 8 2 9 an-t+1 = 
the inequality is OAD: > a a (7) Putting a,= 


y I 


(2n—1)"K V 3n +1 (2nl!)-1, prove that a2,,/a2 <1. Further, carry 
out induction on n. (8) Note that i(2n—i) <n? fori<cn. (9) e*= 


>, nk/k|>n™/n!. (10) For n=1, the inequality is obviously 


k=0 

valid. We assume that (1--a)">1-+an for all —1<q@ and a 
certain n>1. Then (1+a@)"!=(1+a) (ita@)"*S(1+ea) (1+ 
an)=1+a (n+1)+a%n >pita (n+1). (14) Expanding both 
sides of the inequality according to Newton’s binomial theorem, 
we compare the terms of the expansion with the same numbers. 


We have ( : nh = ( ee ) (n+ t)-# for k=0, 1. Further, 


no | ca (n+1)-k is equal to (1—k/(n+ 


1)) (4—1/(n+1))®. In view of 8.5.1 (10), the ratio does not exceed 
1. Therefore, each term of expansion of (1-+1/n)" does not exceed 
the corresponding term in the expansion of (1+4/(n+ 1))"*!. 


the ratio 
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Besides, in the latter expansion we also have the (n+ 2)-th term 
(n-+ 1)-(*1) > 0. Hence follows a strict inequality. 
2(n—k) \ n 

8.5.2. (1) We put a,= <n) /( ” and verify that 
Qhai/an <1 for k>1. Since a,=1, it follows that the first 
inequality holds. The second inequality follows from Prob- 
lem 8.5.1 (9). (2) (n/k)? <(n),/ki for 1<k<Cn. The second 
inequality can be obtained by using the ratio a,,,/a,, where 

n 

an = ( 


e) kk (n—k)"-kn-?, We have apyi/an= (1+ (n—k— 


1)~1)"-k-1 (4+1/k)-®. Since (1+ 1/m)™ increases monotonically 
with m (see Problem 8.5.1 (11)), @pii/an S21 for k << (n—1)/2. 
Considering that a, <1, we find that the inequality a, <1 is 
valid for k < (n—1)/2. For k >n/2, the inequality follows from 
symmetry considerations. (3) We prove the first inequality by 
induction on n. For n=1, the inequality holds. Assuming that 
it is valid for a certain n >1, we have 


gay —9 sia o oat se 


2 (2n-+ 1) 4 
> ———_—_— 4? > ——_____ Anti. 
Vnt+in 2Vn+1 


The second inequality can be proved by induction and using 
the result of Problem 8.5.1 (7). 
8.5.3. (1) (Qn — 41)I = (2n)! (nl)-12-" ~ [2m (2n) (2n)2” x 
ae / 
e722 (2nn)-3/2n-MeMQ—™ ~ Y2 n®e-"2"_ (2) ( = (2n)! (nf{)-? ~ 


V 4an (2n)2"e-2 (27n)-n-2%e2" ~ (n1n)-1/24", (3) nl ([n/3]!)-2 x 
((n—2 [n/3])1)~} ~ (2nn)/2n"e-"(2n [n/3])~} [n/3]~ 2%/3] @2lr/3) y 
(2n (n — 2[n/3]))-1/2 (n — 2 [n/3])~" F71M/3] en 2 [n/31 ~ (any-1 x 
“[n/3]72_n (n—2 [n/3]) 72/2 n® [n/3] ~ 21°/3] (n — 2 [n/3]) + 21/31, We 
note that (n/3)—1< [n/3] <n/3, n/3<n—2[n/3] <n/3+2. We 
have [n/3]~! (n —2 [n/3])~1/? > ((n/3) — 1) (n/3)~*/? B (n/3)-3/? X 
(1 — 3/n)*~ (n/3)-8/?; [2/3]? (n — 2 [n/3))-/? < (n/3)-? ((n/3) — 
2)-1/2 = (n/3)-3/2 (4 —6/n)—/2 ~ (n/3)-3/2., We put a=n/3—[n/3], 
O0<a<t. This gives [n/3]7("/3] (n—2 [n/3})"~ 2/3] = ((n/3) — 
2)21"/3} ((n/3) + 2a)"~ 2U7/3] — (n/3)" (1 — 8a/n)?lr/3) (4 
6a/n)"- 2/3], Further (1 —3a/n)*'"/3] — (1 — 3a/n)2("/3)-%) — 
(1 —3a/n)2™/3 (1 — 3a/n)~2% ~ (1 — 3a/n)?"/3~ e~*%. Similarly, 
(14 + 6a/n)”~ 21/3] ~ e2%, Hence we obtain the required asympto- 
(m+1)... (mtn) — kl (n+m)! 2s, AL sf 
(k+1)...(k+n) ~— ml (n+h)! m! 
/ eae (n+ m)"*™ (n-+ k)-(MtR) eh-m = nM-Rek-m (4 + 
minynem (1 +t k/n)-?-k ~ A nm-heh-m (1+=)" ( 1+—) ie 


tic equality. (4) 


25* 
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-k 
(1+=)" (1+—) ~ nmek, In the hast case, we have used 


asymptotic equalities of form (1+ i ~e™, (1+(m/n))™ ~ 


eM /N _ 4 for m?=o0(n). (5) (2n)t! ((2n—1)i)-? = (2n)! ((2n — 1)1!)-2. 
Then we can use Stirling’s formula and the result of 8.5.2 (1), 


gnth { 
nt+1 n+1° 


1 on n 
toa | (7) eS (2) 


8.5.4. (1) 


ey | 
(Ih 1)" dt= 5 


© Cir3 oe 


(1banes | 


On the other hand, 


SO Cr ee 


0 k=0 h=0 
1 n 
\ th = ET (i hs (2) Using the result of Prob- 
lem 8.1. 19 9 (3 3), we obtain 
' k-1 a 2Nirv ( 2Niv " 
n _ 1 k hk 
2d iver) = k 2° PS 
V v=0 
k-1 | 2niv \" 
== onan S' eg * Vase 
v=1 


It should a aad that jexp{— 2xirv/k}| =1 and |1+ exp{2niv/k}| = 


amv V Ww 
|1+cos =" -+-i sin ga oe = |2 cos = (cos 5” +i sin ) |— 
2 con | cte00 Hence 


k-1i = 2nirv 2niv i 


de R aa | <(k—1)(2c08 = )"=0 (+). 


(3) Use the result of Problem 8.1.20(1), noting that |4-+ 
ae®MV/* | <4 —a+2acos =~ <1+a for O<v<k. (5) Using 
Problems 8.1.18 (9) and 8.5.3 (2), we obtain 
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8.5.5. (14) Yes, they are. The validity of the inequalities follows 
from the fact that 


(r)e<(Z)m<(t)4 


(2) No, they are not. A counterexample is a sequence {b, } such that 
b, = 2 X 3-* for even k and b,= 3-* for odd k. Putting a = 1/3 
and c = 2/3, we obtain 0 < ak < bh < ck <1. However, in view 
of 8.4.20 (1),. we find that 


nr n 


dor (J m= DOE (Ze) 


h=0 h=0 
+3 (2) (4)"=-10" 
+5 (+1394 (1-z)") > (1—a)”, 
8.5.6. (1) We have Da= > (a;—a)> + > (a; — 
i= a, :|a,-a| > 


a)?> 64t?. Hence 5; < Da/t?. (2) Let us consider a set A= {dap, 


Q1, +++, On 2 in which ay is the number of unities in the 


binary vector a= (%1, ..., &,) having the number v. It should 
be noted that 


q7—9-n -—9-n ue } i 
a=2 By ay =2 > k ( k n/2. 
0<v<2" O<k<n 


Further, we note that the number on the left-hand side _ of 
the inequality to be proved is equal to the number 


of ay for which |ay—a| >tYn. In view of Problem 8.5.6 
(1), this number does not exceed 2"Da(t /n)-?. But 2".Da = 


Dd (ay ayt= Si (ah— a2) = — 202+ Shae( F ) = 2" (n/2)2+ 
0<v<2" 0<v<2" O0<k<n 


(n?+-n) 2 -2 = n2"-2, Therefore, 2”Da/(tV/n)? = 2"-2/t?. (3) Mino- 
rization. We put ¢=Inn. Taking into account 8.5.6(2), we can 


n 
: 1 n _4{n 1 
write Sali )> > ma (2)> 
h=1 


~ (n/2+t Vn)? . 
k: aoe. <tVn 


~~ n 
> ——*+_____ 2" 20/12) ~ 202/72, Majori- 
DS (ag) > page tle Mal 
[k—n/2i<iVn 
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zation. We first note that ( 4 < (+)" in view of 8.5.2 (1) 


n n\ _ k 
and ( k—4 )/ ( k = <1/3 for k<n/4. Therefore, 
n 

_ n n 16 n 

Se(t)eD(t)+e 3 (t)+ 
k=1 k<n/4 kh: | k-n/2|>tVn 

~\-2 ' 
($-1V>] > (5) < eye D) 3-44: 46n-22"/02-4 

kh: |k-n/2|<tVn i=0 
AL (hf in-8/) 27 <S n-302, 
8.5.7. (1) Using formula (43), we obtain 


(")= V nin™(1-+0 (4/n)) 
k V 2nk (n—k) kh (n—k)"-B 


We put r= n/2—k. Then the obtained expression can be written as 


= 
tae n 1_= ) (142) (1-=y" (122) 


Further, we have 


nf (1 BE) (14 EY (Se) n (1-2) 


+($4=)e (42) =( 2) (E(B) 
+ ($e) (Bt (S)e | ate n0( 4). 
ed ee ae (2) As in 8.5.7 (4), by using 


Stirling’s formula we find that 
n ass V nakn™ (1+0 (4/n)) 

k V 2k (n—k) kB (n—k)(P-k) * 
Putting a=a/(a+1), B=1/(a+1), z=an—k, we get 
( n i (a-+1)a"*-* (1+0 (1/n)) . 

k V 2ana (1 — z/an) (1+ 2/Bn) 

(a —2/n)~ *Ot* (B+ 2/n)—6r-* 
a (a+ 1)” (14+0 ((z-+1)/n)) 
V dana (1 —z/an)°"—* (1 + 2/Bn)Pr-* 
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Further, we have 


In (({ —z/an)*"~* (4 -+-2/Bn) Bot) 
== (an — z) (— 2/an — x2/2a2n? — 23/303n3 — ,..) 
+ (Bn + 2) (2/Bn — 22/2B2n? +- 23/3B3n3 — ...) 
= 22/2n (1/a-+4/B) +O (x3/n2) = x4 (a+1)2/2an-++-0o (1/n). 


Finally, we obtain 


(7) ok LEE MPRA O et An) grestar syt/20 
k V dain 


we 


where += na (a-+-1)-!—k. Since r= 0 (n?/3), a = 0 (n71/8), 


Hence it follows that 


4—@ (x) > (2n)-1/2 e~ ©7/4 (g-1 — 2-3) % (2n)-2/2 a1 e~ */2, 


~x2/2 

We put D= © (2,,+ (h/2)) — ® (2; — (h/2)) and ¥(2)=—e : 
It remains for us to prove that 

D = (Y 2n)71 (Y (2k) — ¥ (tm). (***) 


Using (*), we obtain 
D> ® (tm)— ® (tp) ~ (20)-1/? (Y (zn) — ¥ (tm))- 
On the other hand, according to (*), we have 


V 2n D ~ ¥ (xy — (h/2)) — ¥ (2m +(h/2)) 
= W (xp) (1+ O (zmh)) —-¥ (zm). 


For tm — 2a 1, tRr->0co and zak +0, we obtain VY (zm) = 
o (W (x;,)) and VY 2n D~ ¥ (zp) ~ ¥ (xp) — V (tm). If, however, 
Im—Zk<1, we put n= (n, m, k)=(tm—zpz)h-. It follows 
from m—k-—>oo as n-> oo that n = y(n, m, k)-> oo. We note 
that (xz — xh) /2 = > (tm — th) X (Lm + Zr) > hyky. Further 
V 2n D~ ¥ (zp) (1 + O (tmh)) — ¥ (2m) = ¥(tn) — ¥ (em) + A, 
where A=O(¥ (zx) tmh) =O (¥ (xp) zeh). But V (zp) — V (tm) > 
Wiz,) (1 — exp {— (xin — th)/2}) > WV (zp) hy xp. Hence it follows 
that A = 0(¥ (z,)— Y¥ (tm)). Consequently, V 2n D<¥ (xp) — 
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W (zm), Q.E.D. Thus, it follows from (*) and,(*+**) that 
Dd (2) a ~ aya ¥ (2a) —¥ (em) 


Vv 
k<v<m 


8.5.7. (4) We put z}=2-+2 Vinn, k(z)= note y ne 


+4 
Then 
n\ wy y n\ wy ae a 
21 (*) a= 2 (7) a+ 2» (*)¢ 
v2k(x) R(x)<V<R (X1) V>R (x1) 
But 
n n 
>| (*) avn (% ) ar, 
V>k (x1) 


where vy= Jk (z;)[. In view of 8.5.7 (2), we hence obtain 


5; (* | a’ <n (2nna)-1/2 (1 +a)" exp {—22/2} 
v>k (x1) 


2 ee 
= n}/2 (2n)-1/2 (1+ a)™*! exp {=~ Vinn—2I1n n} 


2 
< n-1.5 (2m)-1/2 (1-4 a)M+He— 77/2, (*) 
On the other hand, it follows from 8.5.7 (3) that 
n —x2/2 ~x2/2 
>i *\ av OO (—— a ae : (4%) 
AY V 2x x xy 


R (x)SVSR (X1) 
The required estimate follows from (*) and (#*). 

8.5.8. (1) Using inequality (13) and the inequality n! > 
V 2nn n™e-" following from it, we obtain 


An 2nn V Ap (An)*” (un)4™ exp (—An—pn) 
ot /(12n) 
ee __—_———EE—— G ’ A e 
VY 2nndy arryyr eit 
On the other hand, 
(")> V 2nn n®™ exp {—n} 
An rer An un 4 u 1 
dain VRE (an) (uny™ exp {—An—yn tao —-+ oa} 
__exp {— (1/(12n)) (4/A+ 1/p)} ~ G(n, A). 


V dandy epee 
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(2) The minorant follows from the solution of 8.5.8 (1). In order to 
obtain the majorant, using inequalities (143) we find that 
n 1 4 1 1 
(3) oe @) exp { Tin Tan Tun + 360 Any 
1 
a 360 (un)3 } : 
Without loss of generality, we can assume that A >. Then 


4 4 1 1 
1/(12n) <= 1/(12 An) and 360 (An)? * 360 (un)? idan <= [80u5n= 


4 an . . | 

F2un —a—— <0. Consequently, (7 <G(n, i). (3) Using the minor- 
1 

ant from 8.5.8 (2), we obtain () > Gin, Aye. 12Qnhp. But 


exp {— (12 ndp)1} S>exp {—(8n)-4} Sexp {—1/9} for n> 3, 


exp {—1/9}> VY n/2. For n=2 and An=n-=1, the equality is 
observed. (4) Majorant 


nr 


D (2) <(h,) 3 (454) =atr (3) 


R=An 
(5) The inequality can be easily verified when (a) A = 1/2 
: n i . sy (sy ee 
( since >i (i )<2 = ( 5 5 ; (b) An=n-1 
\ k>n/2 
( the left-hand side is n-+4, and the right-hand side is 


-_4 : 
(—, ) n)3 (c) 3n<5, n/2A<An<n-—-1. (This can be 


checked directly.) Let now n> 5 and n/2<An<n—2. It fol- 
fn - 1/2 
lows from (4) and (1) that >} 7, <1 (20—1)7 (,} < Miz 


kR>An 
(24 — 4)? (2ren (4 ~A))-2/20 AL -B™. We put f(A) =A1/2 (24—1)7? Xx 
(2nn (1—A))71/2. We must prove that f(A)<1 for A€ {1/2 -- e, 
(n—2)/n], where e-=1/n for even n and 1/(2n) for odd n. Differ- 
entiation with respect to A reveals that the function f(A) is convex 
down on the segment under investigation. Therefore, the max- 
imum values must be sought at the ends of the segment. We 


have t(++e] = \++e (14 + 2e)-)? (2un (4/2 — €))7/? == 
(4 — 4e2) 2nn)-1/? < (1 — 16/n?) 2nn)/? <1 for all nB5. For 
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n> 6 we have: f ((n — 2)/n) = V1—2/n (A 4/n)-} (4n)71/2 < 

(1 — 4/n)-! (4ny¥/2 < 4. *If A < 41/2, than p= 41—A>1/2. 
. n\ | n ; : 

(6) Since (7) = ( oe , using 8.5.8 (5) we obtain 


a 
> rs 
ws 
~~” 

| 
— 
ws 
“eens” 
A 
= 
Sa 
a 
* 
> 
bs 


O<k<An k=un 
hk~1 hk—-1 
8.5.9. (1) (nx =n [] (1 — i/n) = n® exp >) In(t1—i/n), 
ee a 


k-i 


3 In (1 —i/n)= ~— > es —(— ) = 


ix=1 v=1 ix1 
2) We have, on the one hand, (n); < n*, which is obvious. On 


k-1 

the other hand, (n),= |] (n — ) >(n — AR = nhl — (k/n))k > 
i=0 

nk (14 —k2/n) ~ (because k=0(Yn)) ~ nt (14—0 (1)). (3) We use 


h—-1 
the fact (see Problem 8.5.43 (2)) that > iV=(vt1yrRvtt + 
i=! 
O (k’). Hence, in view of 8.5.8 (1), for k-»oco and k=o(n) we 
have 


(vn¥)-1 (vw t4)-1 Vt! +0 uy 


(—¥_ +0(4(+)"))}. 


RVvti 


(n)n = nh exp | — px 
V= 


i 


M4 3 


=nk exp {— 


—s 


V= 


But 
Rvti 


Livro 
V 


v 
oa = v (v-+41)n 


KVvth k\v i k\m 4 Km+1 
~ als a (=) =k(=] 1—k/n = 0 nm ie 
v>m vem 


Hence we obtain the required equality. (4) Use 8.5.9 (3) for m = 3. 
8.5.10. (1) In view of 8.1.13 (6 3 and 8.5.9 (1), we have 


eee Gl: 


(2) Make use of 8.5.9 (3). 


v+i : 
dy Ya 
V2 


a (v+1) nn” 
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8.5.11. (1) We have 
h-1 
ee) Sta = HL (*- Ee) 


= exp{ 5) in (1-—+—) } =exp {— 3 Srl | 


i=0 i=0 v=1 
k-1 - 
i {-s ieee = ae £3 i -3 a+ (5 :)" }: 
i=0 i=0 i=0 v>3 
Using 8.5.12, we obtain 
k-1 ‘ h-i ' 
' 
n—i In n—k+4 +0(—] (n— i)? 
i=0 i=0 
1 n = 4 k—1 \o 
n (n?—k) (1+0(--)) In n—k+1 =2 5 n 
o= 


Dra EE (np) 44) 4 O(n —)-”) 
i=0 
for v>2. Therefore 


("FI (2) ~92 {#3 $( 


5) tent neh 
i. an T= a 


1 \°— s*k 
2n (n— k) 


v=0 
sk s (k—1)? stk 


mee yee eee 


aoe 2 { n 2n? 2n (n—k) 


o=3 v=3 


=exp{—-— a a (1+0(= )} 


{ — sv (14-++0 (4)) 
—s >} =(- n ~)° me , wn(n—k)¥—* 
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(2) It follows from 8.5.11 (4). (3) The majorart follows from the 


k-i —sk 
s 
fact (see 8.5.14 (1) that [| (1--+-)< (1-=)" <e” . In 
i=0 
order to obtain the minorant, we shall use the relation 
(see 8.5.44 (41)) 


(2°) (2) = 1 (*s)= (ee) 


= exp {i In (1— =) b=exp {-# ~(—} \*t 
v=1 
s? - s v 
> exp {—k(— k a 2 (n—k)? 2 ( —¥} )} 
v=0 
sk k sn 
=e {—= (1+ n—k a 2 (n—k) (n—k—s) )}. 
m m-1 
8.5.12. Hint. > f (k) is the upper and > f (k) the lower 
h=n+1 k=n 
™m 
integral sum for f (x) dz. 
n 
m m 
8.5.13. (1) We have (see 8.5.12) > Ink< \ In z dx + Inm, 
k=1 4 


n 
\ In ede —2Inz — \ dz=elnz—z. Hence >) Ink <minm— 
° k=1 


Mm m 
m-}-14-+Inm. On the other hand (see 8.5.12), In k> \ in x 
4 


dx=in lnm—m-+1. (2)-(6) are similar to 8.5.43 ). 
8.5.14. (1) Induction on n. For n = 1, we have p; = py — 


apy —1—a. Hence 0<p, <1. Let O0<p, <1 for a certain n> 
1. Then Ppii=—Pn — ap? — p, (1—apP-'), Since O< a <i, 
B>1 and 0O< pp <1, O< Pnyi <1. (2) It follows from the re- 
lation Pns1 — Pr= — QD, B—(), (3) Majorant. We have “#1 Ph 
OPR-1 
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| 


Ph-1— Pk ; dx 
1. Hence n= ————- < —- = ————_ (p “P= 4), 
> ape, az® ae 1) (Pn 
n 


Therefore, pi-®> 1t+a(B—1)n or, which is the same, 
< (1-4-0 (B—1) n)'/t-P. (*) 


Minorant. It Su from (*) and the recurrence relation pp, = 
Pps (1 — a ph 1) that 


Pr/Pn-1 > 1—@/(1+@ (B—1) (n—1)). (**) 
Further, 
1 n 
1 -B = dz Pk-1— Ph 
apa Pn = | pe <P (oo) 


ie J 
Pn k=1 Ph 


It should be noted that, according to(**), pep > Pry (1—a@) for 


4<k<)Vn{[ and pp > pri (1— (ec Vn)) fork>] Yn[, where 
c is a constant. Taking into account the relation (p__,— pp)/ 


apP_ , = 1 we obtain 


iC 
»> a < y a 
k=1 n<ivar 
aie > Pk-17— Pk 


apB s(1—(c/ Vn) 


JV¥n [<k<n 
<(a(t—a))3] Vn[+ni(t—(c/V¥n))=n+0(V nr). 


Taking into account (***), we find that for B >1, x 


ee ae 
a (B—1) 
(pi-® —1)<n+0(Vn). Hence prpS(a (6 —1) (n+ 


O(Y n)))1/1-B), Therefore, for n— oo pp, ~ (a (B—1) n)*/-8). 
8.5.15. (1) We write the equation in the form x = Int — 
In x (*). Since ¢ — co, wecan assume that ¢ > e, and hence x > 1. 
Then it follows from (*) that x < Int, i.e. 1 < 2 < Int. There- 
fore, In zc = O (In Int). Thus z = Int +O (In Int) for t > o. 
Taking logarithms, we obtain Jn z = In In ¢ + In (1 + O (In In t/ 
In t)) =—In nt+O (In In ¢/In?t). Substituting this into 
(*), we obtain a new approximation: zx = Int — In Int + 
6 (In In t/In ¢). Taking logarithms once again and substituting 
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the result into the right-hand side of (*), we obtdin the next approx- 
imation providing the required accuracy (see N.G. de Bruijn, “Asym- 
ptotic Methods in Analysis”, North Holland, Amsterdam, 1958). 
(2) Since t - co, x — oo as well. Therefore, e* < ¢ or, which is 
the same, z< Int. Hence e* = t—Inz>t— InIn¢t and 


z>Int+1n (1 — InIn t/t) = In t —)) v7} (In In ¢/t)¥ = Int — 
v=1 

In In t/t + O ((In Jn t/t)?). Using this relation, we obtain e* = 
t—Inz<t—In(Int—InIn?t/t + O (ln In ¢t/t)?)) = t — 
In Int — In (! — (In In ¢/(t In t) + O ((In t)* (In In ¢/t)?)) = t — 
In Int + O (In In ¢t/(t In t)). Taking logarithms, we obtain << 
7a Me gu eel = Int-+ In (4 — In In ¢t/t -- 
O (In In t/(2? In t))) = In ¢ — In In t/t + O (In In t/t)). The major- 
ant and minorant coincide with the required accuracy. 

8.5.16. Hint. Fifst prove that f (t) = o (t) for t-» oo. Then 
the initial equality can be written in the form eth!) = t + o (t) + 
O (1). Using this equality, prove that f (¢) = o (4) and transform 
the initial equality to et/(t) = ¢+0(41). Finally, prove that 
f() =Int/t +o (=): 


t2 


8.5.17. (1) We expand A(t) into simple fractions: A(t) = 


ns eer gees Cn | 
Ai—t a je—? ee tsa hot + B(t), where B(t) is a poly 


nomial. In order to determine the coefficient C,, we multiply 


A(t) by A,—t. Then (A, —t) A(t) = qo te: For 


t=},, the left-hand side is equal to C,, and the right-hand side 


et . Thus, a= se . Similarly, we can calcu- 


late the coefficients C; (i=2, m). The fraction 


to 


1 
ey can 
. : : t =a - 
be expanded into the geometrical series (1— x) = >; x 
n=0 


(=-}". We obtain A (t) = 5 ay (=-)" +20. Hence 


= yf 
C C C ee | 
fon AISNE er angie ae 


(2) Let us first consider the case when P(t) has no roots other 

than A, and Q(t) hasa power lower than that of P(t) and A, is not 
r-1 

a root of Q(t). Then P (t)=(t—A,)", Q(t)=>) qit?. The expan- 


t= 
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sion in powers of ¢ P-1(t) has the form 


1 on 
P(t) = (=A)? (tit =(—5—)" S(T 2) mar. 


1 


Hence 


h—_. 
“ee” 

be | 
M 3 
— 
>|~ 
= 
“ee” 

= 
a” 
ma 
ae 
Le 
eee 
Rit 


A()=9 (0) P(Q=(—5— 


n=0 ixf) 
Therefore 
r=-1 
(r+n) i 
an=(— Ayr ageem Dg (Tat. 
i=0 


In the general case, A (t)= A, (t) + > mec , where A, (t) 
s==1 (t— As) he 
is a polynomial, and Q;(t) is a polynomial of ' “degree smaller 


than r,. In this case, the asymptotic value of a, is determined 
by the coefficient of ¢” in the expansion of the fraction Q, (t) ‘(t—- 


Ai)". The problem is reduced to the one considered earlier. 


8.5.18. (1) 2 3”. Use the results of Problem 8.5.17 (41). The 
polynomial P, (t)=3t?--4t+1 has the roots 4;=1/3 and A, =1. 


We put @(t)= = (1--t) and P(tj=P— tte, Then 


a, ~ ~ 2 Lt/3) 2 ga ee rtsican. 


P’ (1/3) \'3 9/3 — 4/3 


1 3 \n+1 : ; 
(2) an~ (—-5 (=) ). The smaller (in magnitude) root 
of the polynomial 6¢2+ 5¢—6 is 2/3. Using 8.5.17 (1), we obtain 


1 
the required result. (3) an ~ (—z (+)"" ). (4) don = 0, 


Bonsai, ~ (—1)” ae (5) Hint. 6¢4—1708 + 35t? — 22t --4=6 x 
{ ae 7 ae ye ee ae oan 
(*«— +} (+ 5 ~ te 1+4 3) (t—1—i V3), os 
1 —2 = - , 
(6) ris greed (7) ( ] (VY 3—1) n-2. The roots of the equation 
t?7+ 2t—2=0 are Ay= Y3—1 and Ap= —V3—1. Representing 


A(t) in the form 
ae ct-+-d 


AO GIT Ue 
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we find by the method of indeterminate coefficients that a=0 and 
b=1. Using 8.5.17 (2), we obtain 


= —n-?2 —2 —2 _ 4s. (—* 
pee a (> ( “) +e (7 4) ) =O 3-1)? (~"). 
(8) an ~ (10/7)"*? (~") . The smallest in magnitude root of 


the denominator is 0.7 and has a multiplicity 2. We note that 
ti 2 
A(t) = 97 ST 


140 \nt+2 / — 2 


8.5.19. (1) an ~ (—3(—2)"). Let A(t)= )) ant”. Multiplying 


Using 8.5.17 (2), we obtain a, ~ 


n=0 

both sides of the relation by ¢"*? and taking the sum, we obtain 
A(t) —a,t--aj+3t (A (t)—a))+2t? A (t)=0. Since ag=1 and 
a,;—2, we get A(t) =(1—2#)/(2t2+ 3t+1). The roots of the de- 
nominator are 4, —1/2 and A,.= —1. Using 8.5.17 (1) we find 
that a, ~ (—3(—2)"). (2) 1/2. As in 8.5.19 (1), we can write 
A (t)= (2 (1—1t))-1+-(2 (41 (q—p) #))“). Since g+p = 1 and p, 
q>0, |lq—p| <1; the roots of the denominators are 1,;=1 and 
Ao=G—P, |Ai| < |Ae|. Using 8.5.17 (1) (or directly), we obtain 

4 yntl ae 2mun Snes Amn F (4) a gn 
an™ > : (3) an = V3 3 2 3 ’ n . 
(5) an ~ n22"-5, 

8.5.20. (1) Hint. If the limit of a, exists and is equal to a, 
we have a=(a-+ b/a)/2 or a — Vb from the recurrence relation, 
since a >0. If ay = Vb, then a, = (a)+b/a,)/2=( b+ V 6)/2= 
Vb. 1t can be easily obtained by induction that a, = Yd. Let us 
consider the case when a, > 0 (the case ag<b is similar). We 
prove that a, decreases and ap > |b for all n>0. If a,> Vb 
for a certain n >0, then an,1—apn = ((an+b/an)'2)—a, = (b—an)/ 


(2an) <0. Thus, a, decreases with increasing n. an,; — V b= 


+ (dy + Blan) —V B= (an— V'8)?/(2an) > 0. 


Consequently, a, decreases and has a lower bound. This means that 
there exists a limit a = lim a,. As was shown above, this limit is 


Ww 00 


equal to Vb. (2) Asin 8.5.20 (1), if the limit a, exists, it is 


equal to } 5. Let us consider the case when ay< y b. As in 8.5.20 


(4),we prove that a, monotonically increases, and a,< } 0 for all 
n. Hence it follows that there exists a limit of a,. If lima, = a, 
yf Gee ak? ®) 
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then proceeding to the limit in the recurrence relation, we obtain 


Qon+1 >> 4. Consequently, there exist the limits c = lim a, 
nN? co 
and d= lim a,,,,. Proceeding to the limit in the recurrence re- 
> CO 


lation, we obtain c = (b -- d?) and d = (b — c?). Hence (c — d) X 
(2 —e —d) = 0; since e < b/2< 1/2 and d< b/2 < 1/2, we 
have 2—c —d>0; ce = d. Therefore c= VY 1+ 5 —1. 

8.5.21. (1) Using relations (14) and (15), we find that a; = 
9/428 and a, < 11/128. For n > 3, inequality (15) can be written 
in the form a,4, < 17/1024 + a, (323/1024 +- a,). Hence it 
follows that if a, < 1/8, then a,,, < 1/8 for n > 3. (2) Using 
the fact that a, < 1/8, we derive from (15) a new inequality 


1 n+1 1 3\n+2, n+2 
One < gar te ty ((+) +e tan | 


/ 
(3 \nt+2, 4 
<($) +a an. 
Hence, by induction, an, <9 (=-)”. (3) Using 8.5.21 (2), we 
obtain from (15) any < 1/2%*3+ 66a, (3/4)"t?. Using this ine- 
quality, we get a, =2"-1 (1++0 ((3/4)”)). 
8.5.22. Induction on n. For n=1, we have a,;=—a,X1. Ilan < 
ayn, then ani; San -+ a; Kay (n+1). 
f(n, k+1) n—k .~2h 


8.5.23. (1) Consider the relation ap = fin, ky) RD 2, 
If k< [log, log, nj, then a,>>1, and if k >[log, log. nj, then 
a, <1. Consequently, the maximum value of f(n, k) is attained 
either for & = [logs log. nj, or for k = (log, log, n] + 1. (2) The 
same result as in 8.5.23 (4). 

8.5.24. Note that A (n, r, k) =f (n, r+ 1, k)/f (n, 7, k) = 
(k —7r)22"-! (p44) and that A(n, r, k)>1 for k>=r>0. Con- 
sequently, f(n, r, k) imcreases in r. Hence max f(n, r, k) = 


fin, ky) = (EY 27M?" | min p(n, ry = 2(7)", 
8.5.25. (1) 7 


2™1/n if  [log, n] > log, (n— log, n), 
(2"/n)(4 4 22lices n]—log, (n- log, n) 


? 


) ) if log, (n-—log, n) < 
nj) -w 
a flog, n] < log, (n —log, n—log, log, n), 

gn—-[loge”] if (log, n] < logs (n— loge n— log, logs n). 


26-0636 
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The function f(r, k), as a function of a*real argument &, is 
convex down, and the minimum is attained at k = k*¥= 


log, (n— logs n-LO (22 } , We put ky = [log, n}. Obviously, 


either g(n)=f(n, ky) or g(n)=f (n, ky—1). In order to find g (7), 
we must choose the minimum value between f(n, ky) and 
f(n, kgp—1). Let (a) log, n > ky > log, (n— log, nr). Then 


f (m ky —1) =P Both 4 gB¥O—" W anstin, 


f (ny Hg) = 2" Bo 4 92" x, m—logs m 4 21082 ("108s") | ontrry, 


Let (b) log, (n—log, n) > ky > log, (n — log, n— log, log, n). Then 


n k n hy] -} 
f(n, ha) ~ 42? = aay eer ee 


and 


Consequently, g(n)~f(n, kp). Let (c) ky < log, (n — 
loge xn — log,log,n). Then f(n, ko) = gros p2ho gn-ko Ww 
Aa = 

es ad f (n, ko —1) D> 2? Potl SS Fn, kg). Hence g(r) = 
f (n, ko) = 27-7, (2) g(n) ~ 2” (2%) 4 2-U™)) wherea (n) = 
log, n — [loggn] if a@ (n)<1/2 and g(n) ~ 2” (gi-alm) 4 
QU™)~4) if a (n) > 4/2. 
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exponential, 267 
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Cartesian product, 103 
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correct, 112 
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matching, 104 
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null, 103 
numbered, 137 
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topological, 144 
plane, 114 
graph(s), 
radius of, 128 
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triangulation, 114 
union of, 103 
group, 160 
dimensionality of, 460 
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perfect, 104 
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checking, 164 
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mod-k difference, 83 
mod-k product, 83 
mod-k sum, 83 
multigraph, 104 
directed, 117 
multiset(s), 248 
different, 248 
disordered, 248 
ordered, 248 


Negation, 24 
Lukasiewicz’s, 82 
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network(s), 101 ff 
boundary of, 124 
ae decomposition of, 


chain of, 127 
connected, 125 
strongly, 125 
network(s), 
contact scheme of, 144 
decomposable, 125 
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external, 125 
H-, 125 
internal, 125 
k-pole, 123 
graph of, 123 
isomorphic, 123 
length of, 127 
T-, 
pole of, 144 
series-parallel, 125 
superposition of, 125 
vertex of, 
equivalent, 4127 
internal, 127 
minimal, 127 
width of, 122 
number, 
edge covering, 1419 
of vectors, 10 
vertex covering, 1412 
vertex independence, 112 
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Operator(s), 


autonomous, 204 


boundedly determinate (b.d.), 
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constant, 204 
determinate (d-), 174 
generated, 185 
Without input, 204 


Path, 118 
Hamiltonian, 4118 
Peirce’s error, 24 
permutation, 248, 275 
cyclic, 275 
with repetition, 248 
pole(s), input, 1914 
polynomial, 
mod-k, 89 
mod 2, 39 
degree of, 35 
length of, 35 
7hegalkin's, 35, 40, 42, 54, 
64, 72 
prefix, 164, 174 
pre-period, 184 
principle, duality, 59 
program, 213 
pseudograph(s), 104 
automorphism of, 118 
complete, 120 
connected, 4119. 
strongly, 119 
unilaterally, 1419 
weakly, 141 
directed, 117 
disconnected, 119 
dual, 4141 
group of, 118 
Hamiltonian, 118 
isomorphic, 1418 
self-dual, 111 
strong, 4119 
unilateral, 119 
weak, 119 


Rank, 33 
root, 123 
rule, 
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summation, 249 
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scheme, 191 

connected, 144 

contact, 
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minimal, 144 
simple, 149 

dual, 149 

equivalent, 144 

of functional elements, 445 

isomorphic, 144 
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outputs of, 144 

primitive recursive, 233 
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sentential connectives, 24f 
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recurrent, 269 
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set, 15 

base, 15 
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complete, 15 
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dual, 59. 

Post's, 94 
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self-dual, 59 
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shoot, 124 
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final, 212 


initial, 212 
terminal, 215 
stratum, 16f 
subdivision, 108 
complete, 109 
subfunction, 34 
proper, 34 
subgraph, 102, 118 
generated, 118 
proper, 102 
spanning, 102, 118 
weight of, 132 
subnetwork, 125 
subpartition, 103 
subset, boundary of, 17 
suffix, 164, 174 
superposition, 27, 193f 
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symbol, 212 
dummy, 212 
system, 
complete, 55, 76 
of hereditary functions, 77 
irreducible, 55, 122 


Table, canonical, 188 
tape, 212 
theorem, 
Markov, 165 
Piccard, 95 
Polya’s, 277 
Pontryagin-K uratowski, : 1411 
theory, 
algorithm, 212ff 
coding, 455ff 
graph, 101ff 
of graphs and networks, 137 
Polya’s, 275ff 
tournament, 4120 
transposition, 275 
tree, 103 
code of, 24 
growing, 119 
infinite, 129 
information, 177 
loaded, 178 
minimum spanning, 132 
rooted, 123 
plane, 123 
truncated difference, 83 
tuple(s), 10, 47 
adjacent, 10 
comparable, 41 
incomparable, 14 
opposite, 10 
Turing’s computation, 215 
Turing’s machine(s), 212ff, 
229, 235 
composition of, 216 
configuration of, 244 
initial, 215 
terminal, 245 
equivalent, 216 
iteration of, 217 
zone of operation of, 216 
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fictitious, 175 
vector(s), 
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n-universal, 24 

Boolean, 10, 104 
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trivial, 160 

linearly dependent, 160 
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weight of, 40 
vertex(ices), 104 ff 
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cut, 104 

degree of, 101 

incident, 117 

in-degree of, 118 

initial, 417 
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i-th rank, 4152 

out-degree of, 117 
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separating, 104 

terminal, 117 

zero-rank, 177 


Walk, 102 
chain, 1418 
directed, 1418 
length of, 102, 178 
weight, 176 
word(s), 174 
empty, 164, 174 
equivalent, 169 
infinite, 174 
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length of, 164, 176 
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